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PREFACE. 


A  BEL.IEF  that  considerable  alterations  were  required  in 
the  uraal  mode  of  arranging  the  propositions  of  Geometry^ 
began  to  prevail  with  the  author  from  Itbe  commencement 
ci  the  present  work :  and^  occurring  whilst  the  details  of 
die  subject  were  familiar  to  him^  and  the  inconvenienees 
aS  the  established  principles  fully  apparent^  this  belief 
gradually  strengthened  into  a  conviction  that  such  partial 
dianges  should  be  rendered  unnecessary^  by  an  entirely 
new  method  of  treating  the  subject. 

The  author  was  aware  of  the  cautious  and  forbearing 
hand  which  innovations  in  works  of  elementary  instrue- 
tiou  require ;  and^  previous  to  recasting  a  science  so  widely 
and  justly  admired  as  the  Greek  Oeometry^  gave  minute 
attention  to  the  ailments  that  appeared  to  favour  or  oppose 
the  intended  measure.  T*he  former  seemed  to  him  decisive 
of  tiie  course  that  it  wobld  be  expedient  to  pursue ;  the 
neoesnty  of  the  change  appearing  indeed  almost  established 
by  the  angle  JEwt^  thatf  whilst  the  elements  of  Geometry 
have  retuned  the  form  impressed  upon  them  by  the  Greeks^ 
the  method  of  reasoning  used  by  the  latter  has  not  only  been 
abandoned^  in  every  other  branch  of  mathematics  wherain 
quantity  and  position  are  concerned^  but,  what  bears  most 
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directly  upon  the  present  question^  the  change  has  been 
attended  with  important  advantages: 

The  chief  result  which  the  author  hoped  to  secure  by  the 
proposed  innovation,  was  such  an  arrangement  of  the  subject 
as  would  enable  him  to  dispense  with  the  distinctions  hitherto 
made  between  the  different  branches  of  Greometry;  and  thus 
permit  him  to  treat  the  problems  embraced  under  the  heads 
of — Synthetic  Geometry — Analytic  Geometry — and  the  two 
Trigonometries^  as  composing  one  uniform  doctrine,  the  sci- 
ence of  Quantity  and  Position.  The  path  to  be  pursued  in 
attaining  this  object  was  already  developed  in  the  modem 
works  on  mixed  mathematics^  and  it  only  remained  to  apply 
the  pnnciples  there  laid  down^  to  the  single  branch  of  mathe^ 
matical  science  wherein  the  ancient  methods  were  stSl  used« 
Following  this  route^  a  few  elements  peculiar  to  the  subject 
were  first  considered ;  and  when  these  were  shown  to  ad* 
mit  the  relation  of  addition,  and  the  units  most  convenient 
in  estimating  each  had  been  assumed^  the  extensive  inquiry 
that  has  in  view  the  combination  of  these  elements,  or^  in 
other  words^  the  whole  body  of  geometrical  science,  was  at 
once  reduced  to  a  known  problem  of  algebra. 

That  some  sacrifice  of  clearness  and  brevity  would^  in  a 
few  instances,  result  from  this  general  method  of  treating 
the  subject,  wais,  of  course,  expected ;  but  this  considera* 
tion  was  not  allowed  to  have  influence^  when  placed  in 
competition  with  the  deamess  and  brevity  that,  it  was 
foreseen,  must  b^  gained  upon  the  whole,  by  arranging 
the  different  parts  of  the  subject  according  to  their  intrinsic 
relations,  and  not  simply  according  to  the  distinct  methods 
of  inqniry  that  might  appear  con vement  in  the  several  cases 
discussed. 
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The  principles  of  classification  employed  by  the  author, 
led  him  to  reduce  all  the  propositions  of  Greometry  to  the 
theories  of  angles  about  a  pmnt,  and  of  closed  and  open 
figures ;  in  other  words^  to  the  relations  of  mere  direction^ 
and  of  figures  that  return  into  themselves,  or  which  unite 
distinct  points.  Pursuing  this  idea,  it  became  necessary  to  ■ 
displace  the  circle  and  the  sphere  from  the  forced  positions 
wherein  they  had  hitherto  stood  in  workb  of  geometry,  and  to 
determine^  in  the  first  instance,  the  relations  of  rectilinear 
polygons  and  solids^  not  by  refSerenoe  to  portions  of  spheres 
or  drdes,  but  from  comparison  with  some  elementary  right 
lined  figures,  assumed  as  a  type.  The  selection  of  the  lat- 
ter was  determined  by  the  process  of  superposition  em- 
jrioyed  in  making  the  comparison :  and  the  author  was  thus 
directed  to  the  right  angled  triangle,  and  to  a  4M>lid  that  he 
has  ventured  to  call  the  <<  rectangular  pyrannd/'  Figures 
fliat  appear  not  mtj  the  most  convenient  for  the  purpose  in 
view,  but  so  peculiarly  adapted  to  it^  that  writers  on  Geo* 
metry  have  constantly  employed  them  in  the  same  manner ; 
without  the  use  of  a  type,  as  a  principle  of  investigation^ 
haviiq;  apparently  occurred  to  them. 

Whilst  this  coinddence  wiU^  it  is  hoped^  go  fiir  to  show 
that  in  changing  the  customary  arrangement  of  the  subject^ 
the  author  has  not  deviated  unnecessarily  from  the  beaten 
track ;  he  may  be  permitted  also  to  rq^rd  it  as  a  circum*^ 
stance  fiivourable  to  the  course  that  has  been  chosen  $  rince  we 
miist  certainly  view  in  that  lights  the  fact^  that  writers  whose 
methods  of  obtaining  their  object  did  not  appear  to  lead 
them  into  the  same  route^  have  followed  it  to  so  great  an 
extent.  Hiis  unexpected  result  was  found  useful  in  en- 
aUing  the  virriter  to  avmd;  what  could  not  be  permitted. 
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any  considerable  alterations  in  the  agnification  of  terms 
sanctioned  by  use^  or  in  the  form  of  known  mathematical 
expressions.  And^  accordingly,  the  only  change  made,  in 
these  respects,  will  be  found,  on  examination ,  to  be  merely 
apparent ;  it  occurs  in  the  definitions  of  the  terms  sine,  cosine, 
tangent,  fte^,  which  are  not  the  same  with  the  definitiona 
usually  given,  but  agree  with  them  when  we  have  regM. 
to  the  customary  artifice  iji  making  radius  equal  to  unity. 
It  will  now  be  requiate  to  say  a  few  words  upon  the  use 
of  the  term  *^  induction,'^  as  applied  to  a  science  that  has 
been  supposed  incapable  of  that  method  of  reasoning.  The 
mistake  frequently  committed  on  this  point,  has  its  origin 
in  the  vague  and  erroneous  definition  usually  given  d  the 
inductive  process ;  a  speeies  of  inquiry  not  confined  to  the 
gradual  acquisition  of  general  results  from  a  comparison  of 
the  phenomena  observed  in  the  external  world,  but  extend* 
ing  to  the  acquirement  of  knowledge  firom  a  comparison  of 
any  phenomena,  whether  mental  or  phyacal.  An  essential 
difierence  exists,  it  is  true,  between  these  two  classes  of 
ftcts,  but  the  method  of  induction  will  extend  to  either ; 
and  is,  indeed,  the  only  process  of  reasoning  whereby  it  is 
possible  to  pass,  at  will,  and  in  a  ^ven  direction^  beyond 
the  boundaries  of  our  knowledge.  Truths,  once  acquired, 
may  be  imparted  by  other  methods ;  as,  by  analyris,  which 
Mevetopes  the  consequences  of  truths  already  deduced ;  or 
by  the  synthetic  process,  used  in  the  Oreek  geometry;  and 
which,  agreeing,  in  this  respect,  with  die  method  of  indue* 
tion,  arrives  at  its  conclusions  from  a  stow  comparison  tif 
particular  fiicts,  but  without  indicating  cither  the  sourats 
whence  the  latter  were  obtained,  or  the  principles  employ- 
ed to  govern  their  selection.    That  neither  synthesis  nor 
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analysis  can^  individually,  replape  induction  as  an  instrument 
of  inquiry^  is  evident  from  what  is  here  said  of  them^  and 
the  omissions  noticed  in  regard  to  synthesis  beconre  more 
important  from  the  fact,  that  the  premises,  in  many  cases^ 
conduct  to  a  result  having  apparently  such  little  connec- 
tion with  the  intermediate  steps,  that  its  appearance  at 
the  end  *  of  the  process,  not  unfrequently  excites  a  feeling 
which  borders  upon  surprise. 

But  if  we  also  view  these  three  methods  of  inquiry,  solely 
in  relation  to  the  exercise  they  afford  the  mind,  scarcely 
a  doubt  will  be  entertained  as  to  their  comparative  merits; 
since  it  will  undoubtedly  be  looked  upon  as  more  useful  to 
acquire  habits  of  research,  than  to  learn  a  method  of  demon- 
stration limited  to  truths  already  known,  and  having  little 
connection  with  the  inqmries  that  must  subsequently  occupy 
our  attention.  We  must,  it  is  true,  have  regard  to  other 
considerations,  in  forming  a  just  estimate  of  the  method  pro- 
posed, but  as,  in  the  great  majority  of  cases,  the  chief  use'  of 
mathematical  education  consists  in  the  discipline  it  affords 
the  mind,  and  the  new  powers  of  thought  which  it  devel- 
opes,  the  author  trusts  that  he  shall  not  be  blamed  for  treat- 
ing the  subject  by  the  process  that  seemed  best  adapted  to 
these  important  ends. 

A  third  innovation  has  yet  to  be  defended.  The  author, 
by  requiring  that  models  shall  be  exhibited  of  certain  of  the  * 
figures  concerning  which  he  speaks,  has  laid  himself  open 
to  the  objection  urged  against  the  method  of  Pestalozzi ; 
a  plan  of  instruction  that  has  somewhere  been  described  as 
offering'  too  little  exercise  to  the  faculty  of  conception, 
but  which  ail  allow  to  give  precise  ideas  concerning  the 
objects  taught,  and  to  form  habits  of  careful  observation. 
h 
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The  method  here  alluded  to^  and  that  has  obtained  much 
celebrity  both  in  this  country  add  abroad^  may  be  contrasted 
with  the  practice  of  the  French  mathematicians;  who  are 
accustomed,  even  when  treating  of  the  most  complicated 
problems^  to  dispense  altogether  with  graphical  illustration. 
A  course  that  undoubtedly  leaves  much  uncertainty  on  the 
nature  of  the  proposition  discussed,  but  that  is  otherwise 
possessed  of  many  advantages;  a  fact  ably  shown  in  the 
.works  of  its  authors^  who  have  demonstrated  by  an  almost  | 

unexampled  success^  the  powers  of  conception  and  habits  J 

of  generalization  thus  acquired.  The  choice  offered,  with 
respect  to  a  plan  of  instruction,  seemed  thus  to  lie  between 
two  methods  diametricaliy  opposed.  But  according  to  the 
view  taken  by  the  writer  in  regard  to  this  question,  the 
peculiar  advantages  of  both  are  capable  of  being  com- 
bined :  every  possible  aid — ^by  diagn^ms-^y  solid  and  skele- 
ton models— and  by  reiterated  explanation^  should,  in  his 
opinion,  be  affi>rded  to  the  student^  whilst  the  latter  is  endea- 
vouring to  form  precise  ideas  of  those  elementary  forms 
whereto  constant  reference  is  afterwards  to  be  made.  This 
task  once  accomplished,  the  subsequent  combination  of  these 
elements  may  be  left  to  the  student's  unassisted  powers  of 
conception^  and  will  be  found  to  afford  him  ample  oppor- 
tunities for  that  species  of  exercise  in  which  the  method  of 
^  Pestalozzi  has  been  regarded  as  deficient. 

In  concluding  these  remarks,   upon  the  arrangement 

r 

adopted  in  the  present  work,  it  will  be  proper  to  notice  the 
ofder  wherein  the  book  should  be  read. 

This  order  varies  with  the  extent  to  which  the  student 
has  exercised  the  faculties  required  in  pursuing  a  train  of 
original  inquiry.    And  as  these  powers  are  not  usually 


PREFACE.  XI 


matured  at  the  age  when  students  first  join  our  public  col* 
kges,  it  will  be  right  so  to  proportion  the  demands  upon 
the  fiiculties  of  combination  and  conceptioD^  as  to  keep  pace 
with  the  gradual  development  of  the  powers  in  question^ 
and  the  consequent  improvement  of  the  mind. 

The  plan  adopted  by  the  author,  with  regard  to  the  junior 
mathematical  students  of  the  university^  is  first  to  read 
through  the  preliminary  Section  of  Part  I.,  illustrating  every 
proposition  with  solid  and  skeleton  models :  and  thence  to 
pass  to  the  three  first  Sections  of  the  Second  Part.  The 
knowledge  so  attained^  and  which  presupposes  some  ao« 
quaintanee  with  sim]de  and  quadratic  equations,  will  enable 
the  student  to  master  all  that  is  said  in  Section  IL^  Part  IIL, 
together  with  such  portions  of  the  first  Section  of  that  Part 
as  may  be  required  in  pursuing  this  course. 

When  the  student  has  thus,  in  merely  passing  over  the 
first  elements  of  the  subject,  learned  neariy  the  whole  of 
plane  trigonometry^  he  will  be  prepared  to  enter  upon  the 
rdations  of  solid  fig^res^  and  to  compreh^id  what  is  said 
concerning  the  construction  of  the  tables.  With  these 
views^  be  may  read  two  more  Sections  of  Chap,  l.^  Part  L^ 
and  Sections  I.^  II.  and  IV.  of  Chap.  II.  of  the  same  Part^ 
followed  by  Section  III.  and  what  remains  of  Section  I.  Part 
in.  I  and  reading  at  the  same  time  with  the  other  Sections 
here  mentioned  of  this  part^  such  portions  of  the  Sections^ 
lY.  and  V.  as  can  be  comprehended  by  a  person  who  has 
not  proceeded  in  algebra  further  than  quadratic  equations. 

The  knowledge  which  the  student  will  now  have  attain- 
ed^ embraces  plane  and  spherical  trigonometry^  and  the 
greater  part  of  the  propositions  contained  in  most  treatises 
on  synthetic  geometry;  and  prior  to  entering  further  upon 
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the  subject^  it  would  be  proper  that  he  should  commence 
anew :  observiDg^  as  he  now  passes  over  a  subject  that  has 
become  familiar^  a  more  rigid  attention  to  the  inductive 
order ;  and  reading,  what  may  hitherto  have  been  neglected, 
the  Preliminary  Reflections  and  Suggestions. 

The  order  in  which  the  remainder  of  the  treatise  is  read, 
is  comparatively  of  little  importance ;  but  it  may  be  remark- 
ed, that  a  student  whose  time  is  limited,  may  omit  in  Sec- 
tion IIL,  Chap.  11.^  Part  IL^  all  that  follows  article  112; 
and  in  the  Third  Part  he  may  omit  the  Seventh  Section. 


The  author^  in  dosing  a  work  that  for  the  last  two  years 
has  occupied  the  brief  moments  of  his  leisure^  cannot  lay 
down  the  pen  without  a  few  words  in  explanation  of  the 
occasional  inadvertences  and  press  errors  that  it  contains. 
With  a  view  to  the  benefit  of  his  students^  he  undertook  to 
reduce^  within  a  given  period^  the  science  of  quantity  and 
position  to  a  smaller  compass^  and  to  put  the  whole  in  a  form 
that  should  render  it  immediately  dependent  on  the  portion 
of  their  course  that  preceded^  and  in  unison  with  portions 
'''  that  were  to  follow :  the  distance  at  which  he  resides  from 

the  presS;  and  some  additional  duties,  have  rendered  it 
necessary  for  him^  in  completing  this  task,  to  give  less  than 
due  care  to  the  labour  of  revisal. 


i 
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PART  I. 

THE  SUBJECT  C0N8IDEBED  IN  COHNECTIOK  WITH  MATEEIAL 

OBJECTS,  A2n>  INSTRUMENTS. 


CHAPTER  I. 

CliASSUlOATlOH  Of  THK  VUIIKTIBB  Of  FOftX. 

SscTioiv  I. — Most  obvious  Principles  of  Clessificmtum. — Forms  of 
ezteaal  oljects — relations  observed  Iq  the  forms  of  objects— ^classification 
of  the  varieties  of  form — ^the  comparison  of  figmnes  reduced  to  the  relations 
of  points  in  space — ^the  relations  of  points  in  space  redact  to  the  relations 
of  points  in  one  plane— geometric  investigations  are  performed  by  the  arrange- 
ment of  elementary  figores-— models  of  angles  made  use  of  in  geometry — 
compendious  arrangement  of  angles  in  series — compendious  arrangement  of 
some  other  simple  figures — arrangements  of  more  complex  figures— ^Hnea^ 
tioBs  of  accidental  or  arbitraiy  figures — arrangements  of  certain  complex 
figures  that  occur  in  the  arts-*-arrangement  of  elementary  figures— of  a  prin- 
ciple of  arrangement  that  is  applicable  to  all  figures — nature  of  a  geometrical 
demmistntipn— «  relation  among  certain  lines  may  necessarily  involve  a 
relation  among  othen.    Pfige  5. 

Sbctiov  n. — Principles  conducting  to  a  more  refined  Anelysis.^^ 
ESzample  of  a  geometrical  investigation—reflections  <ai  the  preceding  exam- 
ple—branches into  which  geometry  is  divided — advantages  peculiar  to 
afaeti«ct  geometry — ^principles  on  which  geometrical  investigations  should  be 
conducted— the  comparison  of  figures  reduced  to  the  relation  of  points  in- 
space — the  magnitude  of  all  the  parts  of  a  figure  deduced  firom  its  fbrm  and 
the  magnitude  of  on^  part — the  investigation  of  article  17  made  to  depend  on 
a  single  lineal  measurement— the  investigation  of  article  17  conducted  by 
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assuming  as  known  the  figore  which  is  the  object  of  inqtihry-— rektioiis  of  foim 
and  magnitude  reduced  to  the  relations  of  numbep-— recapitulation— -dements 
peculiar  to  the  subject.    Page  42. 

First  Appendix  to  Part  I. — Of$ome  Simple  Forms.    Page  86. 

Ssooirn  Appendix  to  Part  I. — Principlet  discuseed  in  Part  L  or- 
ranged  under  the  farm  of  Queetiona.    Page  89. 


PART   II. 


DETERMINATE  ANALYSIS. 


PRELIMINARY  REFLECTIONS. 

» 

Geometry  treats  ofthe  relations  of  place,  points  ai>e  the  symbols  of  place, 
geometry  treats  then  ofthe  relations  of  points. 

r  < 

Inquiry  suggested  by  these  It^fiectums, 
An  examination  ofthe  most  obvious  relations  of  a  finite  number  of  points. 


CHAPTER  I- 

PIR8T  FRIHOIPIrKS  OV  THB  80IBNGE  OBTAINED  FROK  THE  BELATI01I8  OF  ▲> 

PINITB  NVMBER  OP  POINTS. 

Section  I. — Of  QtMm/f<y»-^RelatioBs  of  two  pointB-^wfaen  direction  is 
not  regarded,  the  relations  of  quantity  are  the  same  With  those  of  iMimber» 
Page^. 

Sbotion  U.-^O/  Closed  Figure^^Closed  SoUdsr^-imd  their  RdatioHs. 
—Relations  of  three  point8«-*idea  of  an  an^e  results  firom  comparing  the 
directions  of  three  points— 4dea  of  a  triangle  obtained  from  the  same  source 
— lelatioiis  of  four  points— stiaight  lines  that  cross  widiout  meeting^dea  of 
a  plane  obtained  fh>m  the  relations  of  four  points— three  points,  or  two 
straight  lines,  that  are  in  a  fdane,  suffioe  to  detennineits  po8ition'--pl«neB 
mutually  inclined  intersect  in  a  straight  line-^^deasure  of  their  inclinatioB*- 
relations  of  many  points— notation  to  be  used— closed  figures— an^^  abont 
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a  point-Hmit  of  ang^eB-^-opposite,  or  vertical  an^es  are  eqnal^-doeed  solidfl' 
^eolid  angles — their  unit — geometric  analysis  conducted  by  closed  figures  or 
jBoli^.    PagelQ2. 

PRELIMINARY  REFLECTIONS  TO  SECTIONS  HI.  AND  IV. 

From  Sections  L  and  11.,  we  learn  that  all  the  reiationf  of  a  finite  nnmber 
of  points  can  be  obtained  from  those  of  closed  figures  and  solids : — such 
figures  and  solids  can  be  decomposed  into  others  more  simple,  and  again 
compounded  by  putting  these  simple  figures  together.  ^ 

In^irtes  suggested  by  these  Reflections. 

Can  all  closed  figures  be  decomposed  until  their  parts  are  alike : — ^what 
simple  figure,  or  type,  results  from  this  decomposition  :r--in  what  manner  are 
these  types  to  be  placed  side  by  side  so  as  to  compose  any  given  ^ure  % 

Can  the  same  be  done  for  closed  solids^n  what  nmnner  are  we  to  discover 
the  relations  of  these  simple  figures,  or  types  of  comparison  ? 

Section  in. — Relations  djf  the  Type  to  which  Closed  Figures  are  eom^ 
p8re4l.-^Relation8  of  three  points  resumed — symmetry  of  figures— principle 
of  elementary  figures — ^tbe  trian^e  which  has  one  ri^t  angle  assumed  as  a 
type  of  comparison  for  other  triangles — the  relations  of  this  type  deduced 
from  the  principle  of  superposition — relations  of  the  type-NHM>mparison  of 
other  tnanf^  with  the  type  performed  by  supeipositibn— dirther  remarks  on 
the  conaeetion  between  the  parts  of  the  type — ^various  principles  on  which 
the  science  may  be  founded—infinity  <^  space  a  notion  essential  to  geometry 
— fnineq^e  of  homogeneity— symmetry  of  figures.    Page  1 19.  * 

SmonojK  IV.  Relations  of  the  Type  to  sohich  Closed  SMds  are  com' 
pared, — ^Inclinations  of  lines  with  planes — the  triangular  pyramid  with  one 
solid  right  angle— the  rectangular  pyramid — ^the  rectangular  pyramid  chosen 
as  the  type  of  dosed  solidar-relations  of  the  type — angle  which  mesjnnres 
the- inclination  of  a  line  to  a  plane— paiticular  cases  of  such  angles — measure 
chosen  for  the  inclination  of  planes  shown  to  fulfil  the  necessary  conditions — 
companaon  of  closed  solids  with  their  type — vertical  solid  angles  are  equal — 
compaiism  of  solid  angles  contained  by  two  planes  with  those  contained  by 
three  or  ibor.    Page  137. 

l^REUMINARY  REFLECTIONS  TO  SECTION  V. 

The  tjTpe  of  closed  figures,  and  the  type  of  closed  solids,  have  each  had 
their  properties  reduced  to  algebraic  equations ;  but  to  render  these  results 
extensive)^  nssful,  the  process  of  compounding  all  figures  from  their  types 
shodd  also  be  represented  by  equations. 


XVI 


ANALYSIS. 


V 


Inquiries  suggested  ty  these  Reflections* 

Clofined, figures  and  eoliil*  being  componnded  of  their  respective  typet  Hi  is 
required  to  discover  so  uniform  a  method  of  effecting  this  composition,  that  in 
all  cases,  the  results  may  be  represented  by  the  same  equations. 

Section  V. — General  Method  of  Comparing  M  Figures  with  the  Type. 
-^Use  of  parallel  lines  and  plane»  as  instruments  to  compare  compound 
figures  with  the  right  angled  triangle,  and  compound  solids  with  the  rectan- 
gular pyramid — ^theory  of  parallel  straight  lines — 'theoty  of  parallel  planes— 
inclinations  of  lines  that  do  not  npeet — general  method  of  comparing  linear 
figures  with  their  type — elementary  proposition  on  which  this  analysis  is 
founded — ^property  of  closed  figures  which  expresses  the  comparison  sought. 
Page  159. 


iPRllLIMINARY  REFLECTIONS  TO  SECTION  VL 

Our  idea  of  distance,  or  linear  quantity,  was  obtained  by  considering  the 
two  given  points  that  determined  the  directioii  of  a  line,  as  its  boundaries. 
But  lines  themselves  are  the  boundaries  of  planes,  and  planes  the  boundaries  of 
solids. 


Inquiry  suggested  by  these  Reflections, 

By  c<Misidering,  then,  lines  as  the  boundaries  of  planes,  should  we  not  obtain 
an  idea  of  superficial  quantity;  and  by  considering  planes^as  the  boundaries 
of  sohds,  an  idea  of  solid  quantity'! 

These  tnree  species  of  quantity,  being  alike  pa^  of  sp^ce ;  ouft^ht  they  not 
to  have  some  relation  to  each  other  ? 

Lastly,  what  modifications  will  these  new  ideas  require  in  the  analysis  of 
the  preceding  selections? 

Section  VL — Of  the  Different  Species  of  Quantity  which  are  includ^din 
the  relations  of  a  Finite  Number  of  Points^^^The  three  dimensions  of  space 
— of  space  which  possesses  but  two  of  these  dimensions — its  unit— of  space 
which  possesses  the  three  dimensions — its  unit — ^ve  units  employed  in 
geometry — area  of  the  type  of  plane  figures — solidity  of  the  type- of  solid 
figures — ^the  general  analysis  of  figures  extended  to  their  relations  of  aiea 
and  solidity*    Page  17*S, 
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CHAPTER  IL 

OP  TfiB  BLSMBNTB  TO  WHICH  PLACE  »  BBPSERBD. 

'    PRELIMINARY  REFLECTIONS. 

Hitherto  we  have  considered  each  problem  as  distinct,  bat  all  geometrical 
propositions  can  only  be  parts  of  an  infinite  series  of  relations  connecting  all 
the  points  in  space— these  relations  resulting  from  the  positions  of  the  points, 
it  follows,  that  if  we  could  express  and  tabulate  the  positions  of  all  pointv  in 
space,  such  a  table  would  hnplicitly  contain  their  relations. 

But  how  is  such  a  table  to  be  formed-— for  space  being  uniform  and  infinite, 
place  is  only  relative  1  PlacCf  then,  must  be  rendered  ahtolute  by  assuming 
some  fixed  point  to  which  all  otherp  shall  be  referred. 

But  the  references  to  this  point  will  be,  first,  distance;  and  secondly,  direc- 
tions according  to  which  the  distances  are  measured. 

It  will  be  necessary,  then,  not  only  to  assign  a  point  whence  our  meamire- 
ments  shall  commence,  but  also  directions  according  to  which  they  shall  be 
reckoned. 

InquirieM  tuggeeted  by  ihete  JR^ectiont . 

To  how  many  invariable  or  primordiai  elements  must  we  refer  the  position 
of  a  point,  in  order  to  distinguish  it  from  any  other  point  in  space? 

Calling  the  measurements  taken  with  reference  to  these  primordial  ele- 
mentSy  oo-ordinates,  how  shall  we  express  the  relations  of  points  in  terms  of 
their  co-ordinates  1 

SBcnoir  h-^VoHoue  Systemt  of  Primordial  £{emente.---Data  involved 
in  the  position  of  a  point^--position  of  a  point  merely  relative,  and  determined 
by  relation  to  primordial  elements— relations  of  a  point  to  the  primordial  ele- 
ments expressed  by  co-ordinates — examination  of  the  cases  that  occur  when 
the  co-ordinates  are  rectangulai^-these  various  methods  of  expressing  place 
depend  on  three  primordiai  elements  and  three  coordinates — ^further  exami- 
nation of  the  cases  that  occur— oblique  co-ordinates — ^names  of  the  primor- 
dial elements  and  of  the  co-ordinate» — distinction  between  linear  and  polar 
co-ordinates-— the  parts  of  an  open  polygon  assign  the  position  of  a  point— 
subject  of  art.  88  continued— method  of  projections — ^perspective  represents^ 
tions — ^remarks  concerning  different  cases  which  occur  in  the  method  of  pro- 
jections.   Page  202. 

Sbgtion  II«— T%e  Elementary  RekUunu  ofPoinU  expressed  in  terms 
of  their  Co-ordinates. — Geometry  depends  on  two  elements,  the  distance 
between  two  given  points,  and  the  angle  formed  by  two  given  lines— theorem 

C 
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for  afaifting  the  origin— distance  between  two  points  expressed  in  terms  of 
their  linear  co-ordinates — angle  formed  by  two  given  lines  expressed  in  terms 
of  the  elements  that  assign  their  direction — theorems  for  transforming  the 
co-ordinates.    Fn^e  216. 

PRELIMINARY  REFLECTIONS  TO  SECTIOIJ  HI. 

Applying  the  formule  of  the  last  or  preceding  Sections  to  the  relatione 
of  a  given  number  of  points,  the  problem  may  always  be  reduced  to  equations  ; 
but  varying  the  positions  of  the  points,  not  only  do  different  cases  of  the  prob. 
lem  arise,  but  the  equations  undergo  corresponding  variations.  Are  we  then 
to  write  the  equations  of  each  case,  or  would  it  not  be  possible  to  obtain  a 
rule  for  deducing  the  equations  of  one  case  from  those  of  another?  And  if 
this  is  possible,  might  not  the  application  of  that  rule  change  any  deductions 
from  the  equations  pf  one  case  into  deductions  applicable  to  another? 

Inquirie*  mggeMted  by  these  RqflectioM. 

Assuming  one  of  the  most  general  cases  of  a  problem  as  a  type  of  them  all 
<— deducing  the  equations  of  the  type,  and  thence  obtaining  algebraic  express- 
ions for  the  properties  sought:  it  is  required,  first,  to  trace  the  alterations 
which  the  type  undergoes  whilst  passing  into  the  other  cases  of  the  problem : 
secondly,  to  trace  the  corresponding  alterations  in  the  equations  of  the  type : 
thirdly,  the  alterations  in  the  algebraic  expressions  of  the  properties  sought : 
and,  lastly,  to  discover  a  rule  whereby  either  of  the  two  latter  species  of  varia- 
tions may  be  found  from  the  former. 

SBOTtOM  in. — Theory  of  Correlations. — ^Problems  are  resolved  by  a  par- 
ticular case  of  the  problem  taken  as  a  type — ^the  analysis  of  a  geometrical  pro- 
position resolves  itself  into  two  parts ;  first,  the  analysis  of  a  type  peculiar  to 
the  proposition,  secondly,  an  inquiry  into  the  changes  which  the  type  under- 
goes—the first  branch  of  this  double  analysis  performed  by  regarding  the  type 
as  composed  of  one  or  more  closed  figures — ^method  of  auxiliary  elements-— 
the  analysis  performed  by  primordial  elements — the  second  branch  of  the  ana* 
lysisy  or  the  method  of  correlations— demonstration  of  a  general  rule  which 
connects  the  changes  of  the  diagram  with  those  of  the  equations-— correla- 
tions of  angles — angles  greater  tha!n  unity— sequence  in  which  lines  and 
angles  are  to  be  estimated — ^various  forms  of  the  theorem  which  expresses 
llie  relations  of  closed  figures — correlation  of  figures  that  are  used  simultane- 
ously—method of  avoiding  the  superfluous  equations  that  would  result  fit>m 
the  preceding  rules.    Page  227. 

PRELIMINARY  REFLECTIONS  TO  SECTION  IV. 

All  closed  figures  being  compared  with  the  right  angled  triangle,  the  rela- 
tions of  the  latter  should  be  expressed  with  the  utmost  possible  simplicity  : 
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we  have  not,  hitfceito,  formed  a  simple,  or  even  a  manageable  expression,  for 
the  ratio  of  the  sides,  in  terms  of  the  angles.  How  is  the  deficiency  to  bo 
supplied  1  The  best  substitute  seems  to  be  a  table.  A  table  may  be  formed 
by  assuming  an  angle,  as  small  as  any  that  we  have  occasion  to  use,  and 
by  calculating  the  ratios  in  question  for  every  whole  multiple  of  this  small 
angle. 

Inquiriet  suggested  by  these  Refiections. 

Relations  of  angles  about  a  point.  Numerical  value  of  the  sine  of  a  small 
angle:  simple  method  of  obtaining  by  consecutive  calculations  the  sines,  co- 
sines, &c.  of  every  multiple  of  this  angle. 

Section  IV. — Relations  which  the  Angles  of  the  Type  hear  to  the  Rmtios 
of  its  Sides, — Measurement  of  angles,  and  notation  used  to  express  thefar 
quantity — ^possibility  of  reducing  the  sine  of  any  angle  to  that  of  a  small  ali- 
quot part  of  it — ^the  other  ratios  may  be  obtained  from  the  sine-<»the  sine  of 
a  particular  angle  found— calculation  of  the  sine  of  a  very  small  an^e — and 
thence  of  all  the  ratios  of  any  angle  whatever — ^limits  of  the  ratios— their 
algebraic  signs.     Page  269. 


PART   III. 


ANALYSIS  OF  PARTICULAR  PROBLEMS. 


PRELIMINARY  REFLECTIONS. 

The  preceding  analysis  referring  wholly  to  the  relations  of  points,  its  further 
development  may  naturally  be  divided  into  distinct  propositions,  accjbrding 
as  the  relations  of  three,  four,  or  a  greater  number'of  points  are  inquired  into.  . 

The  relations  of  two  points  have  been  fully  developed. 

A  single  point  has  no  relations. 

And,  yet,  if  we  suppose  the  angles  formed  shout  a  point,  these  ralations 
would  include  all  the  relations  of  direction  that  could  oceor  in  any  of  the  pro- 
positions just  mentioned.  For  supposing  in  space  any  number  of  simple 
directions,  and  that  lines  are  drawn  parallel  to  them  from  a  given  point,  the 
angles  fbrmed  by  these  lines  wiU  be  equal  to  the  angles  formed  by  the  direc- 
tions to  which  they  are  paralleL 

In  treatini^  of  such  angles,  as  many  distinct  divisions  can  be  made»  as  in 
tieitiiig  of  the  relations  of  points. 
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Arrangements  suggested  by  these  Reflections, 

First  Division.  Relstions  of  the  angles  about  a  point.  SuhdivisionB, 
Dependent  on  the  number  of  divergent  lines. 

Sboond  Division.  Relations  of  any  number  of  points  in  space.  Subdi" 
visions.    Dependent  on  the  number  of  points.        v 

These  general  principles  of  arrangement  admit  of  modification  whenever 
principles  of  a  more  partial  kind  tend  to  further — the  sole  object  of  classifica- 
tion— ^the  ready  acquirement  and  use  of  knowledge. 

Such  a  subordinate  principle  arises  from  the  facility  with  which  graphic 
models  can  be  delineated  on  plane  sur&ces ;  and  hence  the  angles  formed  by 
diveigent  lines  that  lie  in  one  plane  will  form  the  subject  of  a  separate  section. 


CHAPTER  I. 

DBTAILBD  ANALYSIS  OF  THB  RBLATIONB  OF  DIRBCTION  ;  ANPOFTHB  RBLA- 
TIONS  PBCVLIAB  TO  THBBB — TO  FOUR — AND  TO  A  ORBATBB  NUMBBR  OF 
POINTS. 

Section  T. — Relations  of  three  Divergent  Lines  that  lie  in  one  Plane. 
— ^The  relations  of  direction  are  the  same  with  the  relations  of  angles  that  are 
formed  about  a  common  point — ^relations  of  three  directions  that  lie  in  one 
plane— converse  relations  of  the  type  of  closed  figures — ^transformations  of 
the  converse  relations — ^tables  of  the  most  usefiil  relations  of  angles  about  a 
point  and  in  one  plane.    Page  289. 

Sbction  II. — Relations  of  Three  Points,  or  Plane  Trigonometry, — No- 
tation best  adapted  to  the  relations  of  three  points — ^relations  expressed  in 
terms  of  the  opposite  sides  and  angles — ^relations  of  the  three  sides — ^relations 
of  the  angles  in  terms  of  the  sides — any  three  parts  except  the  three  angles 
will  determine  the  remainder — ^logarithmic  expressions — ^two  sides  and  includ- 
ed angle — three  sides — ambiguity  of  some  of  the  formula — ^properties  common 
to  all  plane  triangles— case  which  admits  two  solutions — ^properties  of  parti- 
cular triangles — ^relations  that  the  parts  of  triangles  have  with  lines  drawn 
in  and  about  the  latter.     Page  303. 

Appbndiz  to  Sbotion  II. — Examples.    Page  316. 

-  Section  HI. — Relations  of  Three  Divergent  Lines, — Equations  of  con- 
dition fulfilled  by  three  lines  that  lie  in  one  plane — ^relations  of  the  angles 
formed  by  three  divergent  lines — ^inclinations  of  the  planes  included  in 
the  relations  of  three  divergent  lines — ^when  one  of  these  inclinations  is  a 
right  angle — without  the  restriction  of  the  last  article — ^notation  proper  to 
three  divergent  lines— opposite  solid  angles — use  of  opposite  solid  angles  in 
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analysis— table  of  the  fonnale  used  when  one  solid  an^^e  is  00^— apply  to 
the  case  herein  a  plane  angle  is  right — Napier's  rules — three  parts,  in  the 
mostgenera!  case*  determine  the  remaindei^-eoumeration  of  data-i-two  plane 
angles  and  an  opposite  solid  angle— or  the  converse— 4wo  plane  angles  and 
the  included  solid  angle — ^two  solid  angles  and  the  interjacent  plane  angle — 
another  solution  of  the  two  preceding  cases— three  sides-— three  angles— 
prspertiea  common  to  every  case  of  three  divergent  lines— particular  xehu 
tioos  of  three  divergent  lines — ambiguous  case»^-appendiz.    P«^  834* 

AppKifiiix  TO  Skotioh  ni. — Examplek.    Page  855. 

^  Section  IY. — Relations  of  two  Points  restricted  to  a  Qiven  Distance 
and  a  Oiven^ Plane. — Equation  of  the  circle— a  straight  line  cannot  intersect 
a  circle  in  more  than  two  points — ^line  which  is  a  tangent  to  a  circle — ^the 
product  of  conjugate  secants  is  independent  of  their  direction — the  arc  of  a 
circle  intercepted  by  two  straight  lines  that  diverge  from  the  centre  measures 
their  inclination — the  sine,  cosine,  dtc.  of  an  angle  may  be  expressed  in  rela- 
tions of  the  arc  that  measures  it*— circumference  compared  with  the  radius— 
the  inclination  of  two  secants  is  measured  by  the  difference  of  the  arcs  inter- 
cepted between  them — ^when  the  secants  intenect  in  the  circumference,  their 
inclination  is  measured  by  half  the  arc  intercepted — to  find  the  radius  of  a 
circle  that  shall  pass  through  three  given  points — ^to  find  the  radius  of  a  circle 
that  shall  be  inscribed  in  a  given  triangle— differentials  of  the  trigonometrical 
functions — ^imaginary  formulsB  connecting  the  arc  with  the  trigonometrical 
iiiQctions  of  it — fbrmule  of  Demoivre — ^formule  of  Eoler— expansions  of  cos. 
X*  and  sm.  x"*.    Page  967. 

Sectioh  V. — Relations  of  Two  Points  restricted  to  a  CUven  Distance. 
—Equation  of  the  sphere — the  section  of  a  sphere  by  a  plane  is  a  circle— the 
tangent  plane  to  any  point  of  a  spherical  surface  is  at  right  angles  to  the 
radius  which  passes  through  that  point — ^if  through  any  point  secants  are 
drawn  to  the  sphere,  their  properties  will  be  the  same  as  those  of  the  secants 
of  the  circle— solid  angles  at  the  centre  of  the  sphere  are  measured  by  the 
portion  of  the  spherical  sur&ce  intercepted  by  them— the  solid  angle  formed 
by  two  secant  planes  is  measured  by  the  difference  of  the  spherical  surfaces 
which  they  intercept — the  shortest  distance  between  two  points  on  a  sphere 
is  the  arc  of  a  great  circle  intercepted  between  them — the  extremities  of  the 
perpendicular  drawn  from  the  centre  of  a  sphere  to  a  circle  of  the  latter  are 
every  where  equaDy  distant  from  the  circle — the  angles  and  sides  of  a  spheri- 
cal polygon  have  the  same  relations  as  the  parts  of  the  solid  angle  which  the 
polygon  subtends  at  the  centre — ^relations  common  to  all  spherical  triangles- 
relations  of  particular  spherical  triangles — ^formule  for  determining  the  parts 
of  a  spherical  triangle  when  one  of  those  parts  is  90 — polar  spherical  trianf^e 
— ^fbrmule  for  determining  the  parts  of  any  spherical  triangle— measure  of  the 
sur&ce  of  a  spherical  triangle— spherical  trigonometry  includes  plane  trigon- 
ometry as  a  particular  case— equality  by  symmetry.    Page  865. 


XXU  ANALYSIS. 


• 

Sbotion  VI. — Systems  of  Primordial  Elements  that  hone  reference  to 
the  Sphere;  additional  Theorems  for  transforming  co^ordinates.-~ThG 
position  of  a  point  on  the  surface  of  a  sphere  is  referred  to  the  centre,  to  a 
great  circle,  and  to  a  point  arbitrarily  chosen  in  the  latter— of  primary  and 
secondary  circles— distance  of  two  points  in  terms  of  their  spherical  co- 
ordinates— ^relative  directions  of  points  expressed  in  terms  of  their  spherical 
co-ordinates — transformation  of  spherical  co-ordinates — ^transformation  of 
polar  systems — equations  of  transformation  used  by  Euler.    Page  400. 

Section  VII. — Relations  of  any  number  of  Divergent  Lines. — Relations 
of  divergent  lines  agree  with  those  of  spherical  polygons— equations  relative 
to  the  inclinations  of  divergent  lines  obtained  from  the  sides  of  closed  figures, 
by  equating  with  zero  the  common  denominator  found,  in  the  values  of  the 
latter — ^in  a  plane,  Imes  equally  inclined  to  other  lines  form  the  same  angle 
as  the  latter-^pplies  also  to  planes  which  have  a  common  intersection — 
perpendiculars  to  the  sides  of  a  closed  figure,  or  to  planes  that  include  a  solid 
an^e,  have  for  their  inclinations  the  supplements  of  the  internal  angles  of 
the  latter — sum  of  the  interior  angles  of  a  polygon — other  relations  of  diver- 
gent lines'— data  required  to  determine  the  relations  of  diveigent  lines.  Page 
409. 

Section  VIII. — Relations  of  any  number  of  Potnt*.— Number  of  dis- 
tances, of  plane  angles,  of  planes,  and  of  solid  angles  involved  in  the  relations 
of  n  points — conditions  exist  involving  merely  the  directions  of  the  points, 
and  a  similar  remark  applies  to  their  distances — use  in  the  analysis  of  closed 
figures  of  the  equations  deduced  for  divergent  lines— number  and  nature  of 
the  dat^  that  assign  the  relations  of  n  points— examples  in  the  relations  of 
four  points.    Page  422. 


PART   IV, 


INDETERMINATE  ANALYSIS. 


PREUMINARY  REFLECTIONS. 

The  principle  that  led  to  the  ideas  of  the  circle  and  the  sphere  admits  of  a 
more  extensive  application.  The  hypothesis  may  be  generalised.  We  may 
assume  more  than  one  point  as  assigned  in  space,  and  innumerable  pointa  aa 
connected  with  them  by  given  relations.  Lastly,  we  may  investigate  the 
nature  of  a  surfkco  wherein  all  the  latter  points  are  found.  , 


ANALT8IB.  XXIIl 

Proceeding  in  this  way  we  shall  be  condacted  to  a  peculiar  science,  teach- 
ing to  airaoge  lines  and  surfaces,  not  by  their  apparent  forms,  bat  the -con- 
nection which  points  I  they  contain  have  with  other  points  that  are  given. 

Inquiries  suggested  by  these  Reflections. 

Given  any  number  of  primordial  elements,  to  find  the  points  that  have 
assigned  relations  with  them. 


CHAPTER  I. 

or  LIKES  aub  sntrAoss. 

Sbctioh  I. — Of  the  Straight  Line. — ^A  straight  line  may  be  regarded  as 
formed  by  an  infinite  number  of  points  that  have  the  same  direction— equa- 
tion of  the  straight  line-— equation  of  a  straight  line  restricted  to  lie  in  a  given 
plane — equations  of  lines  that  are  parallel — when  restricted  to  fie  in  a  given 
plane-^-equations  of  lines  that  are  perpendicular — ^when  restricted  to  lie  in 
a  given  plane — equation  of  a  line  that  passes  through  a  given  point—equa- 
tion of  a  line  that  passes  through  two  given  points— distance  between  a  given, 
point  and  Vine — when  restricted  to  lie  in  a  given  plane.    Page  ASH, 

Sbotion  IL—O/the  Plane. — Equation  of  the  plane— equations  of  parallel 
planes— equation  of  a  perpendicular  to  a  plane — traces  of  a  plane— equations 
of  a  straight  line  that  lies  in  a  given  plane— equations  of  a  ]ine  that  is  parallel 
to  a  given  plane — ^intersection  of  two  planes— projections  of  lines— the  traces 
of  a  plane  eire  at  right  angles  to  the  projections  of  its  perpendicular.  Page 
450. 


PRELIMNARY  REFLECTIONS  TO  SECTIONS  IH.  AND  IV. 

In  investigating  the  relation3  of  a  definite  number  of  points,  the  number  is, 
itself,  a  character,  in  terms  of  which  the  analysis  can  be  arranged.  But  as 
tlus  principle  of  classification  manifestly  fails  when  the  number  of  points  is 
infinite,  we  have  yet  to  supply  that  deficiency. 

Now  the  analysis  of  an  infinite  number  of  points  proceeding  by  the  equa- 
tions they  give  rise  to,  we  may  adopt  a  principle  of  classification  extensively 
used  in  algebra,  and  arrange  the  several  steps  of  the  process  by  the  degrees 
of  the  resulting  equations. 

Inquiry  suggested  by  these  Reflections. 

To  discover  the  curve,  or  surfiice,  formed  by  all  those  points  the  relations 
of  which  to  known  elements  shall  be  expressed  in  an  equation  of  the  second 
degree. 


XXIV  ANALYSIS. 


Section  UL'^Of  Plane  Linet  of  the  Second  Order. — Points  which  lie 
in  a  plane  are  aasigned  by  reference  to  two  primordial  elements— of  the  para- 
bola—of  the  ellipse— of  the  hyperbola— connection  of  the  equations  discussed 
in  this  section — ^the  carves  discussed  in  this  section  referred  to  oblique  co- 
ordinates — conjugate  diameters— equation  of  the  hyperbola  referred  to  its 
asymptotes — polar  equations  of  the  curves  discussed  in  this  section— every 
equation  of  the  second  degree  between  two  variables  will  be  fulfilled  by  the 
co-ordinates  of  one  or  other  of  the  curves  discussed  in  this  section.  Page  461. 

Section  IV. — Of  Surfaces  of  the  Second  Order, — Surfaces  arranged  by 
the  degrees  of  their  equations — equation  of  the  cylinder — sections  of  the 
cylinder — equatiop  of  the  cone-— sections  of  the  cone — surfaces  of  the  second 
degree— ellipsoid — ^hyperboloid  of  one  sheet — hyperboloid  of  two  sheets — 
paraboloid.    Page  469. 


PRELIMINARY  REFLECTIONS  TO  SECTIONS  V.,  VL,  VII. 

AND  vni. 

The  principle  of  arrangement  that  assigns  the  place  of  a  curve  by  the  de- 
gree of  its  equation,  applies  only  to  the  curves  the  equations  of  which  are  alge- 
braic. But  the  idea  of  a  curve,  or  of  a  mathematical  line  of  any  kind,  is 
derived,  as  explained  in  Part  I.,  from  the  intersection  of  two  surfaces  ;  and 
thus  every  principle  of  arrangement  that  applies  to  the  latter  species  of  quan- 
tity,  applies  also  to  curve  lines. 

Inquiry  suggested  by  these  R^ections. 

Of  lines  considered  as  the  intersections  of  surfaces.  Most  commodious 
method  of  arranging  curve  surfaces. 

Section  V. — Of  Lines  considered  as  the  Intersections  of  Surfaces. — 
Remarks  on  the  arrangement  of  lines  and  surfaces — ^lines  regarded  as  the 
intersections  of  surfaces— of  the  helix— of  the  spiral  described  by  the  sun — 
of  curves  arranged  as  the  loci  of  points  subjected  to  known  motions.  Page  511 . 

Section  VI. — Method  of  arranging  Lines  and  Surfaces  by  Parameters. 
— ^A  parameter,  in  the  arrangement  of  mathemaltical  quantities,  is  a  variable 
by  means  of  which  we  pass  from  a  subdivision  to  a  division — parameters  may 
be  measured  as  co-ordinates— of  simple  and  complex  systems  of  lines — ^trans- 
formation  of  parameters— dependent  parameters  are  co-ordinates  of  points 
wherein  the  lines  or  surfaces  of  the  system  intersect  a  line  or  surface  that 
does  not  belong  to  it— two  equations  between  three  co-ordinates  and  a  para- 
meter, indicate  a  line  lying  in  a  given  surface — ^two  equations  between  three 
coordinates  and  two  parameters,  indicate  a  system  of  curves  that  do  not  lie 
in  «  surface.    Page  627. 
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Skctioh  VII. — Arrangefhent  of  Surfaces  by  the  Lines  they  contain, — 
Of  the  plane,  regarded  as  a  system  of  straight  lines — of  the  generatrix' and 
directrix  of  a  surface,  regarded  as  formed  by  motion — of  cylindric  sarfaces 
— of  conical  surfaces — of  surfaces  of  revolution— of  surfaces  of  single  omra*- 
ture-— of  developable  surfaces— of  spiral  surfaces.    Pa^e  541. 

Sbction  VIII. — Of  Systems  of  Surfaces. — A  single  equation  between 
three  co-ordinates  and  a  parameter  belongs  to  a  simple  system  of  sur&ces-^ 
equations  between  three  co-ordinates  and  several  parameters  indicate,  when 
the  number  of  the  latter  exceeds  that  of  the  equations,  a  complex  system  of 
surfaces— examples  of  simple  systems.    Page  555. 


CHAPTER   II. 

aSLATIOIffll  THAT   SXIST  BBTWBBN  THB  LINBS  OB   THB   SUBVACBS    OF  OHB 

STSTBM,  AND  TH08B  OV  AROTHBR. 

PRELIMINARY  REFLECTIONS. 

We  discovered,  in  discussing  the  properties  of  the  circle  and  the  sphere, 
certain  lines  and  planes,  named  tangents  and  tangent  planes,  that  had  remark- 
able relations  with  those  figures. 

Inquiries  suggested  by  these  ReJieeUons. 
Do  all  carves  and  curve  surfaces  admit  of  tangents  and  tangent  plants? 

Sbotioh  I. — Of  Tangents  and  Normals  of  Plane  Curves. — ^Definition 
of  a  tangent — equations  of  the  tangents  of  a  plane  curve— examples — ^fAar 
equations  of  tangents — examples — asymptotes— examples — of  normals— ex- 
amples— of  lines  maidng  known  angles  with  curves — examples.  .  Page  567. 

Sbctiob  II. — Of  Tangents  and  of  Normal  Planes  to  Lines  situated  in 
Space. — ^Equations  of  the  tangents  of  lines  given  in  space— examples— of 
normal  planes.    Page  567. 

Sbctioh  nL — Of  the  Tangent  Planes  and  Normals  of  Surfaces. — 
Equation  of  the  tangent  plane  to  a  sur&ce — examples— equations  of  the 
normal  to  a  sorface— examples — ^inclination  of  the  tangent  planes  to  either 
of  the  co-ordinate  planes,  and  of  the  normal  to  either  of  the  axes.  Po^e 
502. 

Sbotion  IV.— 0/  the  Singular  Points  of  Cartss.— Definition  and  itob- 

d 


«     . 


divkion — of  multiple  points— K:riterk>il  by  whigh  it  is  ^^oveied  wbeiller  a 
given  portion  of  iv  curve  is  cqncave  or  convex-^points  of  inflexion-r- points 
of  reflexion-M^onlpgate'  points — serjfentine  points-^xampl^.*    Page  (NK). 
•  •  » 

SECTi«if  V. — Of  Cufve$  Tungehtial  and  NormiU  to  Sy^temit  and  of  the 
Singular  Points  of  Systems.-^-CurweB  tangential  to  a  system  of  curves — 
jpurves^nonfraf  to  a  83r8tem  of  qurves — singular  points  of  a  system  of  curves 
ir-surfaces  tangmtial  to  a  system  of  surfaces-*envelope  of  a  system  of  sur- 
faces—sur&ces  normal  to  a  system — singular  points  and  lines  of  a  system. 
PageeVi.  .   * 


PART     I. 


.  THE    SUBJSCT  CONSIDERED  IN  CONNECTION  WITH 

MATERIAL  OB^BCTS,  AND  INSTRUMENTS. 


^ 


r 


CHAPTER  I. 


CLASSIFICATION  OF  THE  VARIETIES 'OF  FOEM. 


SECTION  I. 


MOST  OBVIOirs  PBINCIFLES  OF  CLASSIFICATION. 

Ibrms  of  external  objeets — rebUums  observed  in  the 
forms  of  objects — classification  of  the  varieties  of  form — 
the  comparison  of  figures  reduced  to  the  relations  of 
points  in  space — t/ie  relations  of  points  in  space  reduced 
to  the  relations  of  points  in  one  plane — geometric  in- 
vestigations are  performed  by  the  arrangement  of  ele- 
mentary  figures — models  of  angles  made  use  of  in 
geometry — compendious  arrangement  of  angles  in  series 
—compendious  arrangement  of  some  other  simple  fi- 
gures— arrangements  of  more  complex  figures — deline- 
ations of  accidental  or  arbitrary  figures — arrangements 
of  certain  complex  figures  that  occur  in  the  arts — ar- 
rangement of  elementary  figures— ^f  a  principle  of  ar- 
rangement that  is  applicable  to  all  figures — nature  of 
a  geometrical  demonstration — a  relation  among^  certain 
lines  may  necessarily  involve  a  relation  among  others. . 

1.  The  figures  of  external  objects  present  such  ex- 
,  haustless  variety,  that  to  arrange  them  in  general  prin- 
ciples seems  at  first  impossible.  How  little  analogy, 
Ux  example,  exists  in  the  figures  of  the  objects  now 
before  me — the  pencil^  the  inkstand^  the  table^  the 
house!     On   extending  my  observation  further^  what 
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Chap.  I.     Classification  oftheyarietieB  of  form. 
Art  1.    Forms  of  external  objects. 

slender  relations  connect  these  forms  with  the  bolder  and 
more  varied  outlines  that  are  seen  in  the  productions  of 
nature ! 

Figures  allowing  such  abrupt  changes  would  appear 
related  by  very  complicated  laws. 

But  the  fact  is  otherwise  :  an  attentive  comparison  of 
many  objects,  not  only  enables  us  to  trace  a  resemblance 
between  the  most  dissimilar  figures,  but  demonstrates 
their  points  of  agreement  and  gradual  transitions  to  de- 
pend on  a  few  obvious  principles. 

The  forms  of  the  table,  the  inkstand  and  the  house, 
when  closely  examined,  will  be  found  Fig- 1. 

to  have  something  in  common,  and  to 
resemble  each  other  by  the  analogy 
they  bear  to  an  elementary  solid  that 
is  termed  the  right  paralklopipedan. 

Some  of  the  works  of  art,  such  as 
the  blocks  of  stone  or  brick  or  mar- 
ble used  in  building,  agree  so  per- 
fectly with  this  parallelopipedon^  that 
we  shall  refer  to  them  as  sufficiently 
explaining  its  nature*  ^  b 

A  common  brick  that  has  its  opposite  faces  equals  and 
the  angles  at  all  its  corners  the  same,  is  a  right  parallelo- 
pipedon,  and  a  block  of  some  smooth  even-grained  wood, 
accurately  fashioned  into  this  shape,  is  the  model  of  the 

parallelopipedon  alluded  to  in  the  following  examples. 

■ 

2.  Their  object,  it  will  be  borne  in  mind,  is  to  show 
that  figures  very  dissimilar  may  yet  have  a  connection. 

Unitiog  by  straight  lines,  AB,  BC^  CA,  the  corners 
ef  the  model  above  mentioned,  and  catting  the  solid  in 
the  directions  of  these  lines,  or,  which  answers  the  pur- 
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pose^  aoppoGing  it  so  cut^  there  results  fVom  the  opera- 
tion a  pyramid,  ABCD,  that  at  the  same  time  differs 
widely  io  form  from  the  parallelopipedoa^  and  has  oh- 
vious  relations  with  it 

The  pencil  that  served  for  an  object  of  comparison 
in  the  beginning  of  this  artiHe  will  ^fs-  ^ 

offer  us  a  second  illustration  of  the 
present  subject.  As  it  came  to  me 
from  the  manufacturer^  this  pretty 
cedar  stick  was  a  little  model  of  a 
cylinder,  another  elementary  form, 
fig.  3,  that  frequently  occurs  in  these  inquiries.  Now 
if  I  divide  thb  rod  obliquely^  and  pare^  with  any  sharp 
tool,  the  section  perfectly  even  and  smooth,  the  edges 
of  the  part  so  divided  present  a  regular  oval,  AB,  a 
figure  that,  seen  in  tlie  deagns  of  artists,  the  frames  of 
pictures,  or  tlie  flower  beds  of  ornamental  gardens, 
rarely  suggests  the  solid  to  which  it  bears  soeh  intimate 
relation. 

The  pencil  will  also  snpply  us  with  a  third  example. 

A  thread  evenly  wound  about  this  cylinder  forma  the 
helix,  a  spiral  eurvcj  that,  ascending  by 
equal  advances  from  the  base  of  the 
solid  towards  its  opposite  extremity,  re- 
sembles, indeed,  the  thread  of  a  screw, 
but  appears  different  from  any  rectilinear 
figure  that  could  be  traced  upon  a  plane 
surface.  «■- 

It  has  however  an  immediate  depen-  «  ■*• 

dence  on  a  figure  of  this  kind. 

For  if  a  right  angled  triangle  (fig.  5),  an  elemen- 
tary form  that  will  be  understood  from  the  diagram,  is 
cut  out  of  paper,  and  has  its  side  AB  equal  to  the  girt  of 
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the  cylinder,  and  its  other  side  BC  equal  to  the  distance 
between  two  turns  of  the  thread ;  this  triangle^  placed 
with  its  acute  angle  at  A^  and^  wrapped  round  the 
cylinder^  will  follow  the  spiral  line  upon  the  surface  of 
the  latter ;  the  side  AC  continuing  to  fold  itself  exactly 
upon  that  line^  until  after  one  convolution^  the  angle  C 
falls  above  the  point  A^  where  the  triangle  was  first 
applied. 

Commencing  anew  at  C^  and  wrapping  a  second  trian- 
gle round  the  cylinder^  another  convolu-         pig.  e. 
tion  is  obtained :    and  continuing  this 
process  the  whole  spiral  will  be  made  to 
coincide  with  the  sides,  AC,  of  these 
right  angled  triangles. 

3.  The  analogy  of  figures  so  different 
might,  of  itself,  incline  us  to  believe  in 
the  existence  of  elementary  relations  connecting  together 
the  infinite  varieties  observed  in  the  forms  of  objects, 
and  permitting  the  figures  exhibited  by  the  latter  to  be 
arranged  according  to  fixed  principles. 

The  importance  of  such  a  classification  can  hardly 
be  conceived  by  those  not  accustomed  to  scientific  inves- 
tigations. 

Without  it  the  phenomena  of  the  material  world,  the 
most  extensive  portion  of  nature  presented  toow  view, 
^ould  be  wholly  unintelligible ;  and  not  only  the  exact 
sciences,  but — a  more  important  loss — the  arts  would 
cease  to  exist. 

How  many  of  the  latter  depend  for  example,  on  a 
knowledge  of  surfaces  and  lineSj  particular  varieties 
of  form  suggested  by  a  comparison  of  those  solid  and  well 
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defined  objects  whose  existence  is  brought  home  to  our 
mind^l^  the  evidence  of  more  than  one  sense! 

The  sig^  and  touch  incessantly  impart  information  of 
this  nature^  and  afford  us  ideas  of  bodies — not  only  as 
substances,  resisting  the  motions  of  other  substances^  but 
as  ybrm^  occupying  a  definite  space. 

It  is  in  this  light  that  geometry  regards  all  objects. 

In  the  language  of  that  science  it  is  the  definite  space 
which  is  called  the  solids  and  not  the  material  object  that 
fills  it 

The  portion  of  space  exists  independently  of  the  ob- 
ject; the  latter  merely  serving,  at  first,  to  assist  us  in 
conceiving  the  portion  of  space,  and  subsequently,  as  a 
symbol  to  recall  its  limits. 

The  boundaries  of  geometric  solids,  cooddered  in 
this  way  as  sensible  limits  confining  definite  portions  of 
space,  have  themselves,  in  a  certain  degree,  an  independ- 
ent existence — the  mind  can  conceive  them  when  not 
actually  present,  can  invest  them  with  dimennon  and 
colour,  and  regard  them  as  objects  of  sensation. 

Such  boundaries  deprived  of  all  physical  properties, 
and  looked  upon  merely  as  limits  of  space,  are  mathema- 
Heal  surfaces. 

Their  arrangement  offers  obvious  distinctions ;  some 
solids,  as  the  cylinder,  fig,  3,  are  in-  Fi£r«  7* 

eluded^  by  surfaces  that  present  only 
gradual  transitions;  whilst  the  surfaces 
of  others,  as  the  parallelopipedon, 
fig.  1,  or  the  wedge,  fig.  7,  exhibit 
edgeSf  or  abrupt  tranmtions,  dividing 
them  in  many  cases  into  distinct  sur- 
ftces. 

The  globe,  or  ball,  termed  in  geometry  the  spbtre, 

B 
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is  the  most  perfect  example  of  a  solid*      Ficr*^- 
bounded  by  a  surface  of  the  former  kind : 
it  is  in  all  parts  alike,  and  on  this  account^ 
and  from  its  simplicity,  is  much  used  in 
comparing  other  forms. 

The  eone^  a  solid  often  met  with  both  in 
natural  and  artificial  objects^  is  partially  bounded  ^'^K-  9- 
by  a  surface  worthy  of  attention.  It  forms  the 
type  of  a  class,  the  <^  funnel  shaped  surfaces"  of 
the  arts,  the  "conical  surfaces"  of  geometry, 
known  by  these  characteristics — they  terminate 
in  a  point — ^are  in  one  direction  straight — ^and, 
finally,  capable  in  that  direction  of  indefinite  extension. 

A  sheet  of  paper  loosely  folded,  but  fulfilling  these 
characteristics,  ofiers  a  familiar  example         ^'^s-  ^o. 
of  a  conic  surface;  it  will  be  seen  to 
difi&r  in  several  respects  from  the  sur- 
&ce  fig.  9. 

The  surfaces  straight  in  one  direction 
lead  us  naturally  to  the  sur&ce  which  is 
straight  in  all. 

We  have  seen  this  form,  the  pUme^  in 
the  boundaries  of  the  solid,  fig.  1,  where  each  distinct 
face  constitutes  a  portion  of  a  surface  every  where  even 
and  straight,  and  capable  of  indefinite  extension  in  all 
directions. 

The  plane,  like  the  sphere,  consists  of  a  single  spe- 
cies, but,  more  restricted  than  even  the  surface  alluded 
to,  it  offers  no  distinction  between  the  individuals  of  the 
class — spheres  differ  in  magnitude,  but  planes  are  in  all 
respects  alike. 

These  properties  occasion  the  plane  to  be  more  used 
in  geometry  than  any  other  surface. 
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It  forms,  as  we  have  remarked  of  the  sphere,  a  type 
of  comparison  for  other  figures,  and  is  the  surface  on 
which  the  pictures  of  objects  are  delineated  when  it  is 
wished  to  recall  their  figures. 

This  circumstance  occasions  a  natural  division  of  figures 
into  two  classes^  according  as  they  agree  with  their  pic- 
tures, that  is,  have  their  parts  in  one  plane,  or  are  merely 
suggested  by  the  pictures,  as  by  signs  having  a  known 
relation  to  the  thing  signified. 

The  forms  included  in  the  first  of  these  classes  are 
termed  plane  figures,  and  their  arrangement  has  been 
usually  completed  in  works  upon  geometry  before  the 
figures  of  the  second  cli^ss  were  examined. 

But  however  simple  this  division  appears,  it  is  not  that 
followed  by  nature  in  imparting  to  us  a  knowledge  of 
form. 

The  figures  of  bodies  that  can  be  handled  are  the 
first  that  attract  our  attentive  observation ;  whilst  pic- 
tures, and  the  division  they  suggest,  are  little  noticed 
until  the  objects  themselves  have  become  familiar. 

These  considerations  will  explain  the  course  we  have 
taken  in  treating,  successively;  the  sphere,  the  cone  and 
the  plane,  as  the  most  simple  cases  of  surfaces  that  differ 
in  their  capacity  to  enclose  a  solid.  The  plane  is  ob- 
viously the  least  perfect  in  this  respect,  but  after  an 
acquaintance  with  solid  bodies  has  once  given  rise  to  the 
idea  of  a  plane,  it  requires  but  a  slight  power  of  abstrac- 
tion to  consider  the  latter  as,  an  object  by  itself^  uncon- 
nected with  any  particular  solid. 

But  the  study  of  tangible  objects  must  not  be  dis- 
missed until  we  have  obtained  from  it  the  idea  of  a  class 
of  figures  altogether  distinct  from  surfaces^  and  having 
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the  same  relation  to  the  latter  that  surfaces  have  to  the 
solids  they  inclose. 

The  edges  of  the  parallelopipedon,  fig.  1,  and  of  other 
solids,  or,  more  generally^  the  intersections  of  two  sur- 
faces, present  examples  of  such  figures,  and  afford 
perhaps  the  most  accurate  ideas  we  can  attain  respecting 
them. 

These  boundaries  of  surfaces  are  called  lines. 

The  lines  that  form  the  edges  of  the  parallelopipedon 
are,  evidently,  among  such  figures  what  planes  are 
among  surfaces — they  are  in  all  parts  alike,  and  capable 
of  indefinite  extension  towards  either  extremity. 

They  are  distinguished  as  straight  lines. 

A  hair,  or  any  other  fine  thread,  stretched  by  a  force 
at  each  end  ;  offers  an  example  of  a  straight  line  that  is 
not  the  edge  of  a  solid  or  the  boundary  of  a  surface ;  and 
reminds  us  that  other  views  might  be  taken  of  the  sub- 
ject we  are  investigating. 

The  thread,  examined  with  attention,  will,  indeed^ 
be  recognized  as  a  cylinder  whose  breadth  and  thickness 
bear  a  small  proportion  to  the  length ;  but  since  the  two 
former  dimensions  may  be  diminished  to  any  extent,  a 
cylinder,  or  any  other  straight  rod,  when  the  thickness 
and  breadth  are  **  inconsiderable,^'  may,  in  practice,  be 
regarded  as  a  straight  line. 

This  subject  will  again  occupy  our  attention  when  the 
different  classes  of  lines  arising  from  ^'^s-  li- 

the intersections  of  surfaces  have  been 
more  fully  discussed. 

The  cylinder  will  present  a  familiar 
example  of  such  an  intersection  ;  the 
edge  which  is  found  at  either  extrem- 
ity, when  those  extremities  are  not  sloping  exhibits  a 
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eireky  a  line  of  the  most  frequent  use  both  in  science  and 
the  arts. 

The  intersections  of  a  cylinder  by  a  plane  that  cuts  it 
obliquely^  we  have  already  seen^  fig.  3^  to  be  a  figure  of 
a  different  kind ;  but  a  sphere  cut  in  any  direction  by  a 
plane  has  a  circle  for  the  line  of  intersection. 

Both  the  circle  and  the  oval,  fig.  4,  are  plane  figures, 
and  both^  in  the  property  of  enclosing  a  space,  resemble 
the  first  of  the  three  chief  classes  into  which  surfaces 
were  divided. 

We  shall  not,  however,  pursue  this  analogy  further, 
but  proceed  to  relations  immediately  suggested  by  the 
view  we  have  taken  of  lines. 

PaintSf  the  boundaries  of  lines,  are  relations  of  this 
nature  ;  and  arise  from  a  process  of  abstraction  similar  to 
that  already  explained. 

The  parallelopipedon,  for  example,  presents  points  at 
its  corners ;  and  these  points  are  regarded  without  dimen- 
aons  but  merely  in  the  sense  implied  when  the  surface 
was  said  to  be  without  thickness,  and  the  edges  without 
thickness  or  breadth. 

The  points  presented  by  a  solid  are  seen  in  this  way 
to  denote  merely  the  places  occupied  by  its  corners ;  and 
which  remain  the  same  when  the  solid  is  removed. 

4.  This  last  idea  leads  to  important  reflections^  and 
seems  to  rest  the  classification  of  figures  on  principles 
difierent  from  any  we  have  hitherto  considered;  the 
comers  of  a  solid,  we  argue,  determine  the  directions  and 
length  of  its  edge9 — the  latter  determine  the  faces  or 
planes,  that  bound  the  solid ;  and  thus,  in  all  solids  that 
are  contained  by  planes,  the  whole  relations  of  the  figure 
must  be  determined  by  the  ^^  places  oi  Htkt  comets  f^ 
that  is  by  a  definite  number  ot points  in  space. 
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Let  US  illustrate  this  subject  by  an  example :  suppose 
that  having  before  me  a  model  of  the  parallel  opipedon 
fig.  2, 1  wish  to  examine  the  pyramid  ABCD,  cut  from 
the  solid  by  the  plane  ABC,  as  before  described.  The 
actual  section,  if  the  solid  was  of  any  hard  material,  would 
be  difficult  to  execute,  and  if  many  different  sections 
were  examined  it  would  be  previously  necessary  to  ob* 
tain  an  equal  number  of  models. 

But  regarding  the  corners  of  the  pyramid  as  four 
points  in  space  that  determine  the  relations  of  the  solid^ 
the  actual  presence  of  the  latter  may  be  supplied  by  a 
model  of  a  far  more  convenient  character. 

To  obtain  this  model,  place  the  parallelopipedon  upon 
a  smooth  plane  of  some  even-grained  wood,  and  mark 
with  a  pencil  the  points  ACD.  ^»8r-  ^2. 

Procure  a  slender  rod  DB,  fig. 
12,  equal  in  length  to  the  height 
of  the  solid,  and  having  a  sharp 
screw  at  one  extremity.  Adjust 
the  rod  to  the  edge  DB  of  the 
parallelopipedon,  and  in  that  situation  screw  it  into  the 
board. 

With  this  construction,  if  the  solid  is  withdrawn  the 
places  of  the  angles  A,  B,  C,  D,  will  still  be  known. 

The  place  of  B  will  be  denoted  by  the  superior  ex- 
tremity of  the  rod,  and  those  of  A,  C  and  D  by  the  pen- 
cil marks  upon  the  board. 

To  restore,  therefore,  the  edges,  and  study  the  form 
of  the  pyramid,  it  is  only  required  to  unite  the  points 
A  and  B,  B  and  C,  A  and  D,  D  and  C :  the  two  first 
pair  may  be  united  by  lines  of  silk,  and  the  two  latter 
by  the  pencil. 

The  fiicilities  which  a  /incar  model  of  this  kind  affords^ 
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both  in  its  construction,  in  the  modifications  of  that  con- 
struction, and  in  the  mefusurement  of  the  several  parts, 
would  of  themselves  entitle  it  to  be  regarded  as  a  step  in 
the  analysis  of  form. 

The  use  of  the  ^^  linear,'^  or  *^  skeleton"  model  is 
however  fietr  more  important  when  viewed  as  demonstra- 
ting the  immediate  connection  between  the  forms  of  ob- 
jects and  the  places  of  certain  points  in  space. 

5.  The  positions  of  these  points  we  have  seen  to  be 
readily  obtained  by  lines  drawn  upon  a  plane  surface^ 
and  by  slender  rods  temporarily  fastened  into  it :  but  a 
question  immediately  suggests  itself,  whether  it  would 
not  be  possible  to  dispense  with  these  rods^  and  to  deter- 
mine all  the  parts  of  a  figure  by  lines  drawn  upon  a  plane 
surface. 

To  determine  this  question  it  will  be  necessary  to  ex- 
amine separately  each  face  of  the  ^s-  13. 
model.     Let  us  commence  with 
the  face  ADB^  fig.  13,  and  14. 
Apiece  of  thin  board  or  metal^m^ 
accurately  fitted  into  the  open- 
ing formed  by  the  line  AD  and 
the  rod  DB,  will  form  a  measure,  or  model,  of  that  open- 
ing easily  transported  to  any  other  place.     Draw  on  any 
smooth  surface  the  line  AD,  adjust  ^s-  i*- 
one  edge  Da,  of  the  model  m  to  this 
line,  and  mark  with  a  pencil  the  di- 
rection of  the  other  edge:  remove 
the    model,  and    produce,    with    a 
straight  rule,  the  line  Bb  as  far  as    -^ 
may  be  necessary.     Adjust  a  straight  rule  to  the  line 
AD,  fig.  13,  and  mark  upon  it  the  positions  of  the  points 


16  PART  I.      SUBJECT  CONSIDERED  IN  CONNECTION 

Chap.  I.    CbflMfictttion  of  the  Tuieties  of  fonn. 
Aiit  5*    Belatioiis  of  points  in  space  reduced  to  the  relations  of  poiats 

in  one  plane. 

A  and  D.  The  edge  of  the  rule  taken  between  these 
points  is  manifestly  a  copy,  op  model,  of  the  line  AD, 
fig.  13,  and  transporting  this  copy  to  fig.  14,  adjusting 
it  to  the  line  AD,  and,  finally,  tpansferring  the  points 
from  the  rule  to  the  paper,  or  other  surface,  on  which 
AD  is  drawn,  we  obtain  there  an  exact  copy  of  the  line 
of  the  same  name  in  fig*  13.  A  similar  process  applied 
to  DB  enables  us  to  transport  that  line,  also,  to  the  sur- 
face on  which  14  is  delineated. 

By  this  process  the  points  of  BD  are  transferred  from 
the  linear  model  to  the  surface  of  fig.  1 4,  without  de- 
ranging their  relative  positions. 

Hence  adjusting  the  edge  of  the  rule. to  the  points  A 
and  B,  fig.  14,  and  connecting  the  latter  with  the  pencil, 
we  obtain  a  figure,  14,  drawn  with  the  pencil  upon  a 
plane  surface,  that  is  an  exact  copy  of  the  face  ABD  of 
the  linear  model ;  and  that,  placed  in  contact  with  this 
face,  could  be  made  to  coincide  with  it  line  for  line. 

The  process  used  to  obtain  a  picture  of  the  face  in 
question,  fig.  12,  would  equally  apply  to  BDC ;  and  the 
pictures  of  both  might,  in  this  way,  be  traced  upon  the 
same  surface. 

A  similar  remark  applies  to  the  face  ADC. 

And  thus,  to  obtain  on  the  same  surface  complete 
delineations  of  every  part  of  the  solid,  it  only  remains 
for  us  to  draw  there  a  picture  of  the  face  ABC. 

But  in  preparing  to  effect  this  operation  a  reflection 
will  naturally  occur  that  involves  the  most  important 
consequences. 

The  fourth  face  will  be  seen  to  result  from  the  three 
first ;  and  the  pictures  already  completed  of  these  three 
will  enable  us  to  obtain  that  of  the  fourth,  without  refer- 
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nDg  for  that  purpose  either  to  the  linear  or  tbe  aolid 
model. 

The  fourth  face  is  bounded  by  the  lines  AB,  BC^ 
AC  i  wd  either  of  these  will  also  be  fomid  as  a  bound- 
nry  ef  some  one  of  die  three  faces  alluded  to. 

From  the  latter  we  can  therefore  obtaiQ  these  lineaf 
without  the  necessity  of  referring  to  the  model ;  aod^ 
thus,  a  a  knowledge  of  the  lines  bounding  the  fourth 
ftce  is  suAeient  to  determine  their  directions^  the  deli- 
neation of  that  figure  can  be  performed  from  the  data 
affinrded  by  the  pictures  of  the  three  other  faces. 

The  process  to  which  so  much  importance  has  been 
attached  is  therefore  reduced  to  the  solution  of  the  fol- 
lowing problem : — <<  Having  exact  copies  of  the  straight 
fines  that  bound  or  form  a  given  figure  of  tliree  sidesi  it 
is  required  to  place  them  in  the  situations  they  occupy 
in  that  figure.^^ 

To  solve  this  problem  place  tbeUne  AC  in  some^eoa- 
venien  t  part  of  the  plane  sur&ce  wher^  ''»?•  ^' 

the  pictures  already  completed  weiae 
drawn. 

The  p^fl^tions  of  A  nnd  C  wiH  then 
be  compl^ly  fixed ;  but  with  respect 
to  the  linf  AB  our  informalion  iamuoh 
less  ifsAu^e :  we  know  that  h^e  to  ter- 
minate in  A^  but  are  altogether  in  uncertiduty  in  wjhfit 
direction  to  place  it. 

In  this  uncertainty  a  method  of  proceeding  suggests 
itself  that  deserves  attention^  as  an  inatrument  of  fre- 
quent use  in  similar  cases. 

The  method  consists — ^first — ^in  "  supposing"  AB  pla- 
ced^ suecesavely, in  all  fmakionsconaatent  with  th^ con- 
C 
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dition  that  one  extremity  shall  coincide  with  A :  and — 
secondly — in  observing  what  consequences  are  depend- 
ent on  this  supposition. 

AB^  AB'^  AB"^  fig.  15,  may  be  taken  to  represent 
different  positions  of  AB ;  and  it  is  then  immediately  seen 
that  B  must  always  lie  in  some  line^  B'BB",  which  is 
every  where  equally  distant  from  A. 

A  similar  resuk  applies  to  CB ;  and  hence  if  lines  can 
be  drawn,  such  that  one  shall  have  all  its  points  equally 
distant  from  A,  and  the  other  all  its  points  equally  dis- 
tant from  C^  the  point,  B^  where  these  two  lines  inter- 
sect, will  determine  the  position  wherein  AB  and  CB  are 
to  be  drawn. 

But  the  lines  here  alluded  to  are  readily  delineated 
by  means  of  the  mechanical  contrivances  invented  for 
that  purpose. 

These  contrivances  vary  with  the  dimensions  of  the 
figure^  but  whenever  the  latter  does  not  exceed  one  or 
two  feet,  the  compassesy  fig.  16,  ^igr*  i^- 

are  the  instruments  made  use  of. 

The  line  traced  is  that  already 
mentioned  as  the  ^^  circle  :'^  and  it 
is  easy  to  see  that  every  point  of 
this  curve  must  be  equally  distant 
from  the  point  on  which  the  com- 
passes revolve. 

This  point  is  called  the  centre. 

The  opening  of  the  compasses^ 
or  the  distance  from  the  centre  to  the  curve,  is  called 
the  radius  of  the  circle. 

6.  In  the  problem  that  led  to  this  digression  the  points 
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A  and  C  were  the  centres,  and  the  ^^  distances"  AB  and 
CB  the  radii  of  the  circles  described  ;  these  distances,  it 
will  be  recollected,  were  obtained  from  the  pictures  of 
the  first  and  second  faces,  fig.  12 ;  and  as  the  process 
we  have  followed  deduces  from  the  latter  the  ^^  places" 
of  A,  B  and  C,  fig.  15,  the  problem  ift  question  is  re- 
solved ;  and  the  third  face  determined  from  the  pictures 
of  the  first  and  second. 

The  lengths  of  the  lines  AD,  DC  and  DB,  together 
with  the  openings  ADB,  CDB,  figs.  12, 13  and  14,  were 
the  data,  or  parts  given,  and  on  these  the  other  elements 
of  the  figure  were  shown  to  depend. 

The  process  used  to  establish  this  dependence  will  be 
seen^  when  attentively  examined,  to  consist,  merely,  of 
a  classification  and  arrangement  of  certain  figures. 

The  complex  figure,  ABCD,  fig.  12,  was  resolved,  or 
<' analysed"  into  four  more  simple  figures,  ABD,  DBC, 
ABC  and  ADC;  and  then  again  into  forms  of  a  yet 
more  elementary  nature,  into  the  straight  lines,  namely, 
forming  the  sides,  and  into  the  openings,  or  angles^ 
which  those  lines  inclose. 

How  completely  this  resolution  is  effected  may  be 
shown  by  using  frames  of  wood,  or  metal,         ^>fr-  ^7. 
as  models  of  the  figures  alluded  toi 

Thin  laminae  of  some  similar  material 
may  be  fitted  into  the  angles. 

And  it  is  then  apparent  that  on  re- 
moving these  lamin»,  and  separating 
the  part  of  the  frame,  we  obtain  a  few 
detached  lines  and  angles  that  may  justly 
be  rq;ardcd  ^  ^^  ^^  simple  elements"  of  the  complex 
figure. 
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To  resolve  the  latter  into  such  parts  is  to  *^aiialy* 
it/^  but  as  the  complex  figure  may  again  be  constructed 
by  a  due  arrangement  of  its  elements^  the  truth  of  the 
analysis  may  be  demonstrated  by  a  contrary,  or  "  sjrn- 
thetic'^  process. 

To  effect  this  reconstruction,  when  all  the  parts  arc  in 
our  possession,  it  is  only  necessary  to  place  the  latter  ac- 
cording to  their  known  sequence,  and  to  secure  them 
together  by  any  mechanical  contrivance  adapted  to  that 
purpose. 

But  a  far  more  important  problem,  we  have  already 
remarked,  arises  when,  from  certain  of  the  parts  or 
simple  elements,  we  propose  to  determine  the  remainder. 

The  arrangements,  we  have  seen,  may  then  be  per- 
formed in  one  plane. 

But  for  this  purpose  it  is  necessary  that,  besides  the 
lines  and  angles  of  the  given  figure,  we  should  possess 
certain  other  elementary  figures. 

These  auxiliary  elements,  in  elementary  investigations, 
are  circles  of  different  radii,  whose  office  will  be  recalled 
to  mind  by  recollecting  the  method  used  to  determine 
the  point  B,  fig.  16. 

And  thus  it  appears  that  every  step  of  the  preceding 
investigation  may  be  reduced — first — to  an  arrangement 
of  figures  into  certain  classes — in  the  case  before  us,  into 
straight  lines,  angles,  and  circles ;  and,  secondly,  to  an 
arrangement  of  a  different  kind — to  an  actual  juxtaposi- 
tion of  certain  individuals  taken  from  these  classte,  and 
placed  on  a  plane  surface. 

7.  Hence,  to  conduct  practically  such  geometrical  in- 
vestigations, we  ought  to  possess  an  extensive  series  of 


WITH  HaTCREAL  OI^CTS,  Un>  IITBtEUM£im.  SI 

SecL  I.     Matt  obTtoiu  piind^el  of  oUnifinthili. 
Art  7.    liodeli  of  uglei  mde  use  of  In  g«<»eti7. 

models  representing  straight  lines,  circles  and  angles  nC 
every  magnitude. 

Bat  as  right  lines,  represented  in  the  preceding  ex- 
ample by  thin  rods,  are,  strictly  speaking,  merely  the 
edges  of  certain  solids,  our  collection  of  straight  lines 
may  be  put  into  a  form  that  is  extremely  convenient. 

The  edge  of  a  straight  rule  gradoated     ■  ^'K-  i"- 
into  minute  and  equal  subdivisions,  offers  a 
collection  of  straight  Mnes  of  as  many  dis- 
tinct lengths  as  there  are  divisions. 

Such  a  rule,  one  foot  long  for  example, 
and  divided  into  hundreds  of  an  inch, 
affords  exact  models  of  twelve  hundred 
straight  lines. 

And  a  pair  of  compasses,  since  the  dis- 
tance between  the  points  can  be  adjusted  to  any  of  the 
divisions  on  the  nile^or  ''scale,"  will  present  an  equally 
extensive  collection  of  circles.  As  compasses  cannot 
however  be  used  when  they  exceed  a  certain  magnitude, 
it  b  not  uncommon  for  artists  who  have  occaMon  to  make 
geometrical  constructions  on  a  large  scale,  to  possess  a 
numerous  collection  of  circular  *'  arcs,"  cut  from  Imudk 
of  soft  wood. 

The  series  of  angles  may  be  presented  under  a  form 
equally  commodious. 

But  to  obtain  exact  ideas  on  this  subject,  it  will  be 
proper  to  consider  attentively  the  elementary  figure  to 
which  we  have  given  the  name  of  angle. 

Arranging  linear  figures  according         'ViC-  lo- 
to  the  classification  adopted  for  surh- 
ces— namely  into  figures  that  enclose 
a  space — figures  that  enclose  a  space 
onallbutoneside,  and'tastiy — figures 
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that  bound  space  towards  one  side  only:  the  angle 
appears  to  belong  to  the  seoond  of  these  classes,  since  on 
one  side  it  may  be  continued  as  far  as  we  please  without 
arising  at  any  boundary. 

The  comparison  of  quantities  that  in  one  direction  are 
indefinite^  would  seem  to  involve  great  difficulty.  Yet 
our  ideas  of  the  comparison  of  angles  appear  precise. 

Two  angles  are  said  to  be  equal  when^  being  inter- 
posed, they  exactly  coincide  towards  ^'ff-  ^o. 
those  directions  where  the  boundaries 
are  definite.     Their  coincidence  in 
the  remaining  direction  is  not  made 
an  object  of  inquiry.  ^ 

But  from  this  measure  of  their  equality  it  is  evident 
that  angles  are  quantities  capable  of  addition. 

Two  equal  angles  if  placed  side  by  side  will  form  an 
angle  that  is  double  either  of  them :  ^iff-  2^* 

and  three  equal  angles  if  so  placed 
would  form  a  triple  angle,/  <S:c. 

Now  let  us  suppose  the  amount  of 
an  angle  to  be  such^  that^  taking  a 
given  number  of  such  angles,  five^  for  example;  and 
placing  them  together  in  sequence,  the  remote  side  of 
the  fifth  should  exactly  coincide  with  the  near  side  of 
the  first  angle. 

An  angle  of  this  magnitude  would 
evidently  be  one-fifth  part  of  the 
opening  about  0,  or^  as  all  the  parts  of 
that  opening  lie  in  one  plane,  the  an- 
gle in  question  might  be  considered 
as  onefifth  part  of  the  plane  space 
about  a  paint. 

Had  we,  then,  models  of  angles,  of  all  magnitudes^ 


Fig.  23. 
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aad  in  iinliioited 'plumber,  the  magnitudes  of  any  tw» 
coidd  be  compared^  hy  obq^rving  wliat  number  of  eaok 
would  cover  the  plane  space  about  a  point. 

When  the  angle  is  not  contained  an  exact  number  of 
tines  in  the  space  about  a  pointy  >i?e  may  armnge  aide  by 
side  as  many  stxch  angles  as  earn  be  contaihed  in  that 
spm^j  and  afterwarda^cQAtinae  the  process  by  means  of 
a  second  series  phced  over  the  firsts  and  vest^g  «pon  it 

By  such  an  arrangement  the  magnitode  of  the  angle  is 
found  as  readily  as  in  the  <^kse  we  have  already  otHh 
sidered.  * 

Suppose,  for  exampte^.  that  twenty'^five  mndeb  of  an 
^gl^i  placed  side  by  side,  and,  wbw  neieiM^,  in 
suceessite  layem,  ^were  faniid  %o  cover  three  tim6i  tht 
^Mace  about  a  point^-*the  inodels  6nnn&ng  thrM  layevs, 
^r  flieide^  about  that  pointy  and  the  remold  side  of  the 
kstmodel  in  the  upper  series  falKfig  over  the  mat  ride 
of  the  fiuM  modei  ia  the  lower  aeries*  ^ 

Since  twenly-ftve  tim^  this  ai^  ia  e(|ud  to  three 
limes  the  ptaoe-apaoe  about  a  pointy  the  ingle  i(aelf  wtt 
be  equal  to  Uiree  twM^-fiftha  of  that  spaee;  and  if  it 
was  desired  to  oonpare  it  ^th  the  angle  before  men* 
tiened^  an  mi^  eontained  five  times  in  the  ptana  apace 
about  a  pfnnt^  wemay  4^  so  by  considerfaig^  that,  since 
one  angle  is  three  twenty-fifths,  and  the  other>  one-fifth| 
of  the  same  space :  the  magnitodes  of  ttie  Mf^  must  be 
to  each  other  as  ^  to  1^  or'aa  3  to  #. 

8.  It  is  only  in  some  of  tiK  we^aniedl  profbsolona  th^ 
models  of  all  die  angles  aiieasttred  ore  eot  fiMii  taintiM  tf 
wood  or  metal 

The  .carpe)nter«  ahipwright^  and  some  other  artawn^ 
proceed  in  this  manner,  bat  the  geometer,  as  was  before 
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Kmarkedy  ar^Qges  hki  series  of  nqidels  in  a-far  more 
eoApeBdfoas  fornu       ^       ^ 

For  this  porpose  he  commences  with  a4^K|igle  that  is 
an  4iliquol  part  of  the  phne  space  about  a  p^nt-^and  at 
the  ttme  time  less  than  the  least  angle  his  calculatioDS 
require. 

Placing  side  by  siide  a.^rcat  fiumber  of  these  angles. 


and  drawing  cipon  the  pUne  sur&ce  so  %•  ^ 
formed  the  iinos   abf  be^  dV^  Ifc^' 


Fif.aa. 


n 


fig.  23 ;  he  employs  an  artist  to  manin 
&cture  »  scale^  fig.  24,  of  wood> 
ivory,  m  metal,  t&at  shall  present  m) 
itp  edges  an  exact  copy  of  all  the  lineS; 
found  between  the  boundaries  just 
meniiOB^* 

Such  a  scale  presents  0ne  of  the  mast  comniodioiiB 
forms.imder  which  a  series  of  angles  can  be-nrcanged. 

It  is  ftamed  a  protractor^  and  is  used  either  finr  the 
cofljiparison  of  angles  already  dy^lineated,  or  for  tradng 
upon  a  plan^  surface  an^es  of  a  given  magnitude.  One 
example  of  its  application  to  theJattw  problem  will  suffi- 
ciently  illustrate  the  nse  of  the  instrament*    • 

Let  it  be  required  to  delineate  on  aonbe  plabe  sarfiMie 
an  81^  that  shall  be  one-rixth  of  4he  space  about  a 

point-  • 

The  compound  figure  23  is,  evidently^  the  fourth  part 
of  that  space  T  ^^^  ^  dii^  figure  con^  «^<-  ^- , 

tains  twelve  equal  angles,  eight  of 
them  murt  be  equivalent  to  one-«ixth 
nf  the  space  in  question. 

Hence,  |o  trace  such  an  angle, 
transfer,  with  a  fine  peilcil^  the  poBil 
0,  and  the  divittons  o  and  8,  from  the 
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protracftoc  to  the^Mjfrface  en  which  the  angte  is  to. he 
drawn^  1^.  24.  '  ' 

The  ^qfVOy jand  the  ^f  plades/^  hy  and  B,  of  thc^lvi- 
sions  o  and  8  will  still  be  foond  on  that  surfkce  whra  the 
instHHnent  is  removed ;  and  drawings  with  a  rule,  «trilgbt 
lines  through  these  points^  an  ainglo  equal  to  oite-stxth 
of  tli^  plane  space  about  a  point  is  delineated  on  the  sar- 
f^oe  in  question* 

>  Tile  fom  of  the  protractor^  whose,  use  has  been  ilius- 
tiated  in  the  preceding  example,  is  not  the  only  one 
'  employed)  and  is  indeed  nulch  inferior^  mi  r^pect^of 
acduracy^  te  an  arrangement  that  records  the  s^end 
angles  in  the  serie|  by  divisions  not  traced),  as  aboire  de- 
scribed, on  the  edge  of  a  ptfralletogram>^  but  upon  the 
circumfereiice  of  a  circle. 

Either  instrument  will  however  sufficiently  fllAtrate 
thJat  classification  of  figures  which  has  been  the  object  of 
our  research.  ^  ♦ 

And  if,  bearing  this  ob|eet  in  mind,  we  return  back  en 
ivhat  has  been,  said  concerning  the  scale  graduated  into 
equal  parts — the  protractor — and  the  compafsses,  we  can- 
not fail  to  perceive  how  materially  this  classification  has 
been  l!idlit»ted  by  tempressin^  into  forms  so  commodious 
aoeh  extensive,  series  of  right  lines^  angles  and  circles.   « 


'  9.  The  earliest  geometricians  were  not  acquainted 
with  these  instruments  in  the  perfectipn  w^  now  poisess 
them ;  but  the  form  oi  the  very  refined  geometry  they 
have  left  os,  sufficiently  attests  that  at  an  early  period 
instruments  had  been  invented  by  means  of  ¥^eh  lines, 


*  The  toon  of  ih«  four  lidsd  figure  to  which  Uus  mme  is  fiTsn  will  Mm 
sofficientfy  ttndliiiMood  from  the  diagram. 
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ii0S^9.  aud  ckcles^  of  definite  magiiUude^  could  ^e  deli- 
neated at  pleasure* 

The  only  figures  treated  of  in  the  moat  ancient  books 
of  geometry ,.  are  such  as  can  be  reduced  to  <in€^  or  other 
of  tbane  simple  forms.  But  at  a  later  period^  they  added 
some  classes  of  figures  t^at  cannot  be  so  tedi^ced. 

The  sectiam  qf  the  eone  were  the  chief  of  these, . 

The  section .  which  a  plane  make$  with  a  oylindef^  has 
already  been  s^en;  fig.  3|  to  form  an  oval  figure^  th^ 
ellipse  J  a  curva  of  great  importance,  §ino/fi  it  is  that  re- 
gular figure  which  agre^  most  nearly  with  tilie  path 
described  b^  the  planets  in  their  motion  rotnd  the  sim« 

The  section  which  a  plane  makes  with  a  cone  is  also^ 
is  most  positions  of  the  former/ Fi^f- 38.    Fig.  37.    r\g.^. 

ah  ellipse,  fig.  26^  1  and  2:  but 
whe]»  the  plane  has^  a  certain  di- 
rection fig.  27^  1  and^,  the  form 
of  the  section  materially  alters, 
and^  from  being  a  clgsed  figufie> 
becomes  one  of  the  class  that  can 
only . partially  enclose  a  space: 
this  figure  is  called  a  parabola. 

In  the  ellipse  the  tranchant  plane  meets  both  sides  of 
thj5  coiie^^and  completely  divides  th^  superior  from  the 
inferior  portion  of  it. 

In  the  position  of  the  plane  that  cauaes  the  section  to 
l»  a  parabola^  th^e  pbHie  dp^  not  mei^t  one  ^de  of  ihe 
eo&6»  to  whatever  distahee  the  former  is  produced. 

But  a  third  eaae^  fig.  ^/l  and  2^  still  remains;  it  is 
that  wherein  the  plane,  siAeietttiy  prodiiced>  meets  the 
side  of  the  cone,  also  produced^  on  the  exterior  of  the 
solid,  and  beyond  the  «pex. 

Such  a  section  is  a  figure  of  the  same  cliiss  with  the 
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parabola,  but  differs  from  the  latter  in  many  essential 
particulars :  it  is  known  as  the  hyperbola. 

The  ancients  formed  their  series  of  these  figures  by 
means  of  the  solid  whence  they  were  derived. 

This  solid;  the  cone^  might  be  considered  as  contain- 
ing in  itself  all  the  figures  that  could  be  produced  from 
it  by  the  process  we  have  described ;  and  as  constituting, 
in  this  way,  an  extensive  magazine  of  ellipses,  parabolas 
and  hyperbolas. 

If,  for  example,  to  take  a  familiar  illustration  of  this 
subject,  we  had  in  our  possess-  ^'sr*  sd* 
ion  an  unlimited  number  of 
ellipses,  of  all  dimensions,  and 
of  every  form  that  such  a  figure 
admits ;  we  might  choose  from 
these  models  a  set  of  ellipses, 
and  parts  of  ellipses,  so  related 
to  each  other,  that  when  arranged  in  sequence  on  a 
stand,  fig.  29,  they  should  form  a  cone,  fig,  30. 

The  stand  is  merely  a  circular  base  with  an  upright 
shaft,  and  perfectly  resembles  the  file  on  which  it  is  cus- 
tomary to  arrange  certain  classes  of  written  docum^its. 
The  ellipses  we  mdy  suppose  cut  from  thin  laminae  of 
wood,  and  provided  with  a  perforation,  to  admit  the 
shaft:  their  edges  are  also  formed  with  the  obliquity 
which  the  surface  of  the  cone  requires. 

Other  cones  might  be  formed  of  laminea  that  were 
either  parabolas  or  hyperbolas :  but  such  compendious 
series  of  these  figures  are  not  so  perfect  as  those  invented 
for  the  series  of  straight  lines,  angles  and  circles :  nor  is 
it  an  easy  task  to  invent  any  mechanical  arrangement  of 
ellipses,  parabolas  and  hyperbolas  that  shall  be  so  perfect. 

Instruments  that  act  by  continued  motion  do  not  apply 
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SO  happily  to  these  figures  as  to  the  circle:  the  compasses 
by  which  the  latter  are  delineated  are  machines  of  the 
simplest  kind^  but  a  complicated  mechanism  is  necessary 
to  the  construction  of  instruments  that  shall  describe 
conic  sections, 

A  pair  of  compasses  is  shown  in  fig.  31  that  will  de- 
scribe either  ellipses^  parabolas  or  p*,^.  31. 
hyperbolas.  Such  a  machine  is 
introduced  in  this  place  not  so 
much  from  its  practical  value,  as 
with  yie  theoretic  view  of  pre- 
senting a  series  of  conic  sections 
analogous  to  that  used  for  circles. 

The  cylindric  rod  ab  turns  free- 
ly in  the  jaws  cdy  that  by  means  of        . 

a  stiff  joint  can  be  placed  at  any  ^ 
required  angle.  The  pencil  e  is  maintained  by  the  rod 
ef^  in  a  direction  that  passes  through,  or  points  towards^ 
a:  this  rod  ef  slides  through  an  orifice  in  the  arm  ghy 
and  has  wound  round  it  a  spring  that  presses  the  pencil 
against  the  surface  on  which  the  figure  is  to  be  delineated. 

The  frame  work,  with  joints,  attached  to  the  pencil, 
permits  this  action  of  the  spring. 

Now  suppose  that  by  applying  the  hand  at  a,  the  rod 
ch  is  made  to  turn  ;  it  is  evident  that  ae  must  describe 
the  surface  of  a  cone  having  its  apex  at  a.  And  since 
the  plane  against  which  e  is  pressed  intersects  this  sur- 
face obliquely,  the  pencil  will  describe  a  curve  that  is 
the  intersection  of  a  cone  with  an  oblique  plane. 

The  arm  gh  passes  through  an  opening  in  the  cylin- 
dric rod  ab—hy  sliding  it  in  this  opening  the  arm  can  be 
rendered  longer  or  shorter,  and  the  size  of  the  figure 
described  proportionally  increased  or  diminished. 
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We  can  alter^  also^  at  pleasure  the  inclination  of  ed^ 
and  as  this  inclination  determines  the  obliquity  of  the 
plane  with  respect  to  the  cone^  we  are  enabled  to  de- 
scribe any  of  the  conic  sections. 

10.  By  other  continued  motions^  or  from  the  inter- 
sections of  other  surfaces^  figures  different  from  those 
hitherto  described  might  be  obtained. 

But  when  artists  have  occasion  to  delineate  such  forms, 
they  usually  proceed  by  a  method  of  approximation. 

They  endeavour  to  obtain  from  the  problems  that  give 
rise  to  these  figures^  certain  points  through  which  they 
must  necessarily  pass :  this  a.ccomplished,  they  apply,  in 
succession,  to  those  points  a  great  variety  of  models, 
shaped  into  different  figures,  and  kept  for  such  op- 
erations. 

Examining  these  models,  they  select  those  among  them 
that  will  pass  through  several  of  the  points;  and  by  ar- 
ranging the  selected  models  together  form  a  curve  that 
passes  through  all  the  points  required. 

This  curve  is  transferred  to  the  sur-        ^'^-  ^2. 
face  on  which  the  latter  are  traced,  by 
a  pencil,  or  other  tracing  instrument; 
which  is  carried  along  the  edge  of  the 
moulds. 

Such  an  operation  is  delineated  in  fig. 
32 :  where  two  models  ar^  so  arranged, 
that,  together,  they  form  a  curve  passing 
through  several  given  points. 
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of  accidental  or  arbitrary  figures. 

The  curve,  as  it  appears  after  the        F\g.ji3, 
models  are  withdrawn,  is  shown  in  fig.  33. 

In  this  process  it  is  evident  that  only 
an  approximation  to  the  truth  is  obtained: 
the  curve,  from  the  conditions  of  the 
question,  is  known  to  pass  through  the 
given  points,  but  as  other  curves  do  so 
likewise,  it  does  not  follow  that  any  curve  which  passes 
through  these  points  is  the  figure  required  by  the  prob- 
lem. How  widely  we  may  sometimes  deviate. from  the 
truth  by  such  a  supposition  is  proved  p«-  34. 

in  figure  34,  where  two  very  differ- 
ent curves  are  seen  to  pass  through 
an  extensive  series  of  given  points. 

1 1 .  Such  a  process  however  is  often 

the  only  one  that  can  be  used,  and  this  is  especially  the 
case  where  the  figure  to  be  delineated  is,  in  some  degree^ 
the  result  of  accident,  of  caprice,  or  of  causes  that  lie  too 
deep  for  investigation. 

The  line  formed  by  a  coast,  or  a  river,  for  example, 
can  only  be  delineated  on  the  map  from  a  knowledge  of 
numerous  points  through  which  it  has  been  found  to 
pass;  and  a  similar  remark  applies  to  the  figures  that 
result  from  many  of  the  operations  of  art. 

12.  The  shipbuilder,  for  example,  wishes  to  know 
the  line  in  which  the  water's  surface  meets  the  hull  of 
his  vessel. 

Ships  are  composed  of  planks  fastened  to  upright  tim- 
bers that  nearly  resemble  in  shape  and  disposition  the 
ribs  of  the  human  body.     Two  such  ribs  are  shown  in 
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-figure3S,andexhibitthesectionsthat  *^-  ^i- 

would  be  formed  if  the  vessel  was  cut 
asunder  by  a  plane  that  divided  the 
fore  from  the  hind,  or  as  it  is  techni- 
cally termed,  the  after  part.  AB  b 
the  line  in  which  the  surface  of  the 
water  is  met  by  this  plane^  or  it  is  the  depth  to  which 
the  vessel  is  immersed  in  that  element. 

The  architect,  having  models  of  all  the  ribs  before  him, 
measures  in  each  distance  the  AC,  or,  in  other  words, 
the  breadth,  at  the  water's  surface,  from  the  ribs  to  the 
middle  of  the  vessel. 

On  some  level  surface,  the  floor  of  a  very  long  room 
for  example,  he  traces  a  straight  Fig.  36. 

line  DE,  equal  to  the  whole 
length  of  the  vessel ;  and  draw- 
ing lines  across  at  each  of  the 
places  where  a  rib  isto  be  placed, 
measures  on  these  several  lines, 
respectively,  the  breadth  AG  that  belongs  to  the  corres- 
ponding rib. 

When  this  operation  has  been  performed  on  both  sides 
of  DE,*  the  extremities  of  these  transverse  lines  will 
form  points  through  which  the  intersections  sought  must 
necessarily  pass. 

The  remainder  of  the  operation  will  therefore  he  re- 
duced to  an  arrangement  of  models  similar  to  that,  fig. 
33^  which  has  already  occupied  our  attention.-|-     ( Tht 

*  It  ia  uKully  performed  only  on  one  nde. 

\  On  tbe  large  lole  of  which  we  speik,  tlua-amngemeDt  of  nodeli  i« 
M*iiy  impiaedckble,  and  tbe  opention  is  osoally  perfonned  b;  beading  an 
dutic  t«d  until  it  passes  through  all  the  required  points.  The  fine  •« 
(bnned  ia  then  tncedbjpasnng  a  piece  of  chalk,  prepared  for  the  purpoae, 
tloDg  the  edge  of  the  bent  rod. 
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arrangement    is    exhibited^  on   a  reduced   scaky  in 

From  this  example  it  is  evident  that  if  we  had  models 
of  all  the  ribs,  together  with  an  ^^ff-  sr. 

extensive  series  of  models  of  dif- 
ferent figures,  we  could  readily 
discover,  by  the  process  above 
illustrated)  the  form  of  any  part 
of  the  vessel. 

The  models  of  the  ribs  are  usually  lines  drawn  oti  a 
flat  surface,  and  arranged  one  within  another,  as  in 
fig.  37.* 

Such  a  series  of  figures  may  therefore  be  considered 
as  containing  within  itself  the  whole  form  of  the  vessel, 
and  exhibits  a  striking  classification  of  the  parts  of  a  com- 
plex solid. 

To  discover,  for  example,  the  section  that  couljl  be 
made  by  any  horizontal  plane,  we  have  merely  to  draw 
in  the  series,  fig.  37,  a  line  FG,  that  has  the  same  direc- 
tion with  AB,  but  lies  below  it  as  far  as  the  plane  in 
question  lies  below  the  surface  of  the  water.  Mep.suring 
the  breadths  of  the  ribs,  {see  the  preceding  article)  oa 
this  line,  instead  of  on  AC,  and  completing  the  operation 
performed  in  the  preceding  example,  fig.  36,  Uie  form 
of  the  section  required  is  obtained. 

13.  It  would  be  unnecessary  to  multiply  examples 
where  our  only  object  is  to  prove,  what  has  already  abund- 
antly appeared,  that  geometry  arranges  into  series,  or 


*  The  figure  contains  the  ribs  on  the  fore  part  only.  As  both  sides  are 
alike,  it  u  usual  to  delineate  only  one  of  them,  and  to  place  on  the  left  hand 
the  ribs  belong^g  to  the  after  part,  and  on  the  right  those  belonging  to  the 
fore  part  of  the  Teasel. 
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famifieSy  those  figares  that  have  some  natural  analogy^ 

or  accidental  connection  of  place. 

.   But  there  are  classes  of  lines  which  so  frequently 

occur^  that^  already^  they  have  more  than  once  pressed 

themselves  on  our  attention^  and  were  with  difficulty 

neglected  to  allow  room  for  the  development*  of  prior 

ideas. 

Parallel  lines  form  one  of  these  classes. 

We  met  with  such  lines  in  the  edges  of  the  parallelo- 
pipedon^  fig.  1 ;  and  they  have  since  frequently  occurred. 

The  opposite  edges  of  the  paral-  ^K-  ^ 

lelopipedon  do  not  meet^  however  far  ZZZZZZZZZZ 
they  may  be  produced ;  and  it  is  evi-  '_ 

dent  that  lines  may  be  drawn  on  any   — — 

plane  surface  that  shall  possess  this  property;  any 
straight  line,  in  fact^  being  drawn  upon  a  plane^  innu- 
merable other  straight  lines  may  be  so  traced  there, 
fig.  38^  that,  when  produced,  they  shall  neither  meet 
each  otber^  nor  the  given  line. 

Such  lines  are  said  to  be  parallel ;  and  instruments 
have  been  invented  that  serve,  when  a  straight  line  is 
delineated  on  a  plane,  to  develope  all  the  straight  lines 
that  lie  on  that  plane,  and  are  parallel  to  the  given  line. 

In  cases  where  dispatch  is  more  necessary  than  accu- 
racy^  the  cylindric  rule  is  used  for  this  purpose.     But 
for  operations  of  a  more  important  character  the  geome- 
trician employs  either  the  parol-  ^^ff-  39. 
lei  rule  J  fig.  39^  or  the  rule  and 
sqt4are,  fig.  40. 

The  latter  is  an  instrument 
not  yet  described^  but  regarding 
it^  for  the  present,  merely  as  an  invariable  angle,  we 
shall    readily  perceive  that  when  one  arm  i9  slid, 
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fig.  40,  along  the   edge  of  a  f«- ^o. 

straight  and  immovable  rule,  the 
other  arm  will  be  carried  paral- 
lel to  itself. 

Such  instruments  render  all 
other  mbdels  of  parallel  lines 
unnecessary,  and  exhibit  appli- 
cations of  motion  nearly  as  hap- 
py as  that  which  provided  us  with  an  infinity  of  circles. 

The  ^^  square'^  mentioned  in  the  preceding  article, 
and  so  named  in  the  arts,  is  the  model  of  a  particular 
angle,  the  right  angle  of  geometry. 

It  is  seen  in  the  parallelopipedon,  fig.  1,  and  in  the  se- 
ries of  angles  that  are  arranged  on  the  protractor,  fig.  24. 
It  is  the  greatest  angle  that  occurs  in  this  last,  and  is 
denoted  in  the  figure  by  the  number  12.  As  the  pro- 
tractor, however,  is  usually  divided  into  ninety  equal 
parts,  or  degi^ees^  the  right  angle  will  be  formed  on  such 
instruments,  opposite  to  90,  and  is  hence  very  frequent- 
ly called  **  the  angle  of  ninety  degrees.'^ 

The  relation  between  the  right  angle  and  the  plane 
space  about  a  point  will  be  perceived  without  difficulty. 

It  will  be  only  necessary,  for  that  purpose,  to  recur 
to  the  compound  figure  23,  in  which  th^  protractor 
originated.  The  equal  angles  arranged  iii  that  figure 
were  aliquot  parts  of  the  plane  space  about  a  point,  and 
as  the  number  in  the  series  23  was  one-fourth  of  that 
required  to  complete  the  space  in  question,  the  angle 
formed  by  this  sum,  or  the  **  right  angle,"  must  be  one- 
fourth  of  the  space  about  a  point. 

Why  it  should  deserve  greater  attention  than  the  half, 
the  third,  or  any  other  aliquot  part  of  this  space,  is  not 
immediately  obvipus  ;  but  will  be  gathered  from  an  at- 
tentive examination  of  rectilinear  figures. 
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Fig.  41. 
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Glassing  the  latter  by  the  number  of  their  sides,  it  is 
chiefly  those  of  three  and  of  four  sides  that  have  been 
subdivided  with  reference  to  the  right  angles  they  con- 
tain. 

Right  angled  triangles  constitute  one 
of  the  most  simple  classes  of  trilateral 
figures  and  will  hereafter  occupy  much 
of  our  attention. 

Among  quadrilateral  figures  the  rec- 
tangle is  remarkable  for  having  all  its 
angles  right  angles. 

This  figure  we  have  already  remark- 
ed in  the  faces  of  the  parallelopipedon. 

When  all  the  sides  of  the  rectangle 
are  equal,  it  becomes  the  geometrical 
gquare ;  and  differs  essentially  from  the 
figure  to  which  the  same  appellation  is 
applied  in  many  of  the  mechanical  arts : 
the  latter^  as  was  remarked  above^  is 
merely  a  material  model  of  a  right  angle. 


Fig.  42. 


Fig.  43. 


14.  The  last  principle  of  classification  that  need  be 
mentioned  in  this  place^  is,  undoubtedly,  more  impor* 
tant  than  any  that  we  have  hitherto  considered.  It  pro- 
ceeds entirely  on  a  resemblance  inherent  to  the  figures, 
and  not  at  all  on  their  accidental  connections  of  place. 

It  is  called  the  principle  of  symmetry  or  similarity^ 
and  will  be  readily  understood  r,g.  44  and  45. 

from  a  few  examples. 

According  to  this  principle,     /  >.  y^ 

the  varieties  of  form  are  distih-  Z -^  /      > 

guished  from  those  of  magnitude. 
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The  triangles  represented  iu  figures  44  and  45,  for 
example,  are  evidently  of  the  same  form  although  in 
magnitude  there  is  considerable  difference  between  them. 

The  squares  46  and  47  offer  another  example  of  the 
«ame  kind,  and  we  again  meet  with         ^*s-  ^^  •"d  47. 
an  illustration  of  this  principle  in 
the  comparison  of  circles,  which, 
whatever  may  be  the  magnitude, 

are  always  similar  figures. 

This  want  of  connection  between  form  and  magnitude 
is  equally  observable  in  solids,         Fig.  48  and  49. 
which  admit  of  an  unlimited  in- 
crease   or    diminution   of   bulk, 
without  any  corresponding  varia- 
tion in  their  figure. 

It  is  evident  to  how  9*eat  an  extent  such  a  principle 
must  diminish  the  labour  of  classing  the  varietiea  of  form. 

In  place  of  using,  as  we  have  hitherto  done,  models 
equal  in  magnitude  to  the  objects  they  represent,  this 
principle  of  symmetry  enables  us  to  substitute  models  of 
a  more  convenient  size. 

The  circle,  for  example,  apparently  described  by  the 
sun  in  the  heavens,  is  a  figure  of  precisely  the  same  kind 
as  the  curve,  figure  16,  delineated  by  a  pair  of  coni- 
passes.  And  whatever  relations  are  discovered  in  the 
latter  figure  must  be  equally  relations  of  the  former. 

Thus,  to  take  a  £imiliar  example,  let  it  be  supposed 
that  we  have  before  us  many  small         ^'^S*  ^^  •^  ^^  • 
diagrams  of  circles ;  and  let  it  be 
further  supposed  that,  on  compar- 
ing the  girths,  or  circumferences 
of  these  figures  with  their  radii. 
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we  diseover  that,  in  all  the  circles^  the  radius  is  contain- 
ed a  certain  number  of  times  in  the  circumference. 

Such  a  result  would  constitute  a  **  property''  of  the 
circle^  or  a  ^^  relation''  between  that  curve  and  the 
straight  line  which  is  called  the  radius. 

And  if,  as  we  have  supposed,  this  property  was  prov- 
ed to  be  the  same  in  all  the  diagrams,  we  might  pass  at 
once,  by  a  bold  inference,  from  these  minute  figures  to 
the  orbit  which  the  sun  describes,  and  conclude  the  pro- 
perty in  question  to  be  equally  true  for  that  vast  circle. 

15.  But  for  such  an  inference  to  be  just  it  is  necessary 
that  our  examination  of  the  diagrams  should  have  been 
conducted  according  to  a  method  in  the  highest  degree 
worthy  of  attention. 

If  the  relation  in  question  was  obtained  by  any  mecha- 
nical contrivance,  or  by  a  comparison  that  admitted  only 
of  approximative  results,  the  conclusion  might  not  be 

just. 

Artists  often  estimate  the  circumference  of  the,  clr- 
cle  by  a  process  of  the  former  kiad :  they  roll  a  wheel 
along  a  smooth  board  or  sheet  of  metal,  and  measure  the 
part  rolled  over. 

Now,  although  such  an  operation,  if  skilfully  executed, 
would  give  results  nearly  correct,  their  accuracy  must 
still  be  limited  by  that  of  the  senses. 

Were  the  property  we  are  discussing,  then,  establish- 
ed by  such  testimony,  we  could  have  no  certainty  that 
it  extended  beyond  the  figures  actually  examined. 

Deviations  too  small  for  the  senses  to  discover  in  dia- 
grams measured  by  feet  and  inches,  might  rapidly  in- 
crease with  the  dimensions  of  the  figure,  and,  finally, 
render  the  supposed  property  altogether  inapplicable. 
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How  often  such  instances  occur  may  be  gathered  from 
the  figure  of  the  earth. 

The  earth,  in  the  small  portions  of  it  which  the  eye  at 
once  embraces^  seems  an  extended  plane,  and  measure- 
ments made  on  a  surface  of  a  few  acres  would  confirm 
this  result ;  but  a  more  enlarged  inquiry^  a  measurement 
that  reached  beyond  the  immediate  boundary  of  vision^ 
would  not  only  lead  us  to  modify  our  first  conclusion^  but 
to  adopt  a  figure  altogether  inconsistent  with  it. 

From  these  facts^  we  may  conclude  that  properties 
extending  to  figures  of  ev^ry  magnitude^  are  not  to  be 
discovered  by  the  methods  of  inquiry  and  demonstration 
made  use  of  in  the  arts. 

But  what  methods^  then,  ought  to  be  employed? 

Or^  since  investigation  and  proof  are  here  synonymous 
with  a  comparison  of  the  figures  whose  arrangement  has 
occupied  our  attention,  we  may  ask^  in  other  words. 

On  what  principle  ought  such  comparison  to  be  made  ? 

The  answer  is  at  once  obvious — ^<The  comparison 
should  be  mentaV^ 

To  prove  mentally^  indeed,  that  in  every  circle  the 
circumference  contains  the  same  number  of  times  the 
radius^  requires  considerable  preparatioir;  but  this 
^^  mental,''  or  **  geometricaP'  proof  may  be  readily 
illustrated  by  propositions  of  a  more  elementary  charac- 
ter; which  accomplished^  the  student  will  have  little 
difficulty  in  comprehending  the  object  and  nature  of 
Geometry. 

^^  It  is  the  science,  he  will  find^  which  teaches  us  to 
classify  the  varieties  of  form,  and  to  discover,  by^a  mental 
comparison  of  the  figures  so  arranged^  their  hidden  re- 
lations." 

The  first  of  these  two  operations  has  been  already  ex- 
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plained^  and  the  second,  or  the  comparison  so  frequently 
alluded  to  in  the  preceding  paragraphs,  will  be  under- 
stood from  the  following  simple  example  : 

Let  52  and  53  be  two  rectilinear  plane  figures,  whose 
corresponding  sides  and  angles  are  equal. 

It  is  required,  by  a  strict  comparison  of  these  figufes, 
to  prove  their,  identity ;  and  to  show  that  if  right  lines 
be  drawn  from  the  extremity  of  the  first  to  the  extremity 
of  the  last  side — these  lines,  which  cause  the  figure  to 
enclose  a  space,  will  also  be  equal. 

To  prove  the  first  part  of  the  proposition,  it  is  only 
necessary  that  we  should  sup-     ^'ns*  ^         Fig.  S3. 
POSE    the    figure   A'B'C'D'E' 
placed  upon  the  figure  ABODE, 
or,  if  the  nature  of  the  surface 
whereon  the  figures  are  drawn 
renders  this  supposition   em- 
barrassing— that  we  should  suppose  an  exact  model,  or 
copy,  of  fig.  53  carried  from  that  figure  and  placed 
on  52. 

These  two  figures  may,  then,  be  so  adjusted  that  A' 
shall. fall  upon  A,  and  the  line  A'B'  take  the  direction 
AB. 

But  when  this  is  effected  it  involves  a  necessary  eoN- 
seqvekce:  the  point  B',  necessarily,  falls  upon  B; 
since  if  it  did  not,  the  sides  A'B'  and  AB  could  not  be 
of  the  same  length,  a  jsupposition  which  is  contrary  to 
the  hypothesis. 

This  consequence,  again,  produces  another,  the  points 
B'  and  B  coinciding,  and  the  angles  A'B'C  being  equal 
by  hypothesis,  the  sides  B'C  and  BC  ^^must''  coincide 
in  direction ;  and,  as  B'C  and  BC  are  equal,  the  point 
G'  must  fall  on  C. 
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Continuiog  this  reasoning,  it  is  evident^  both  that  D' 
must  fall  on  D  and  E'  upon  E :  and  the  two  figures,  thus 
coinciding  throughout,  are  equal  in  every  respect. 

16.  The  second  part  of  the  proposition  more  particu- 
larly deserves  attention,  as  asserting  the  equality  of  lines 
that  are  not  assumed  to  be  equal,  and  which,  indeed,  are 
not  mentioned  in  the  hypothesis. 

Such  a  result  will  give  rise  to  important  consequences, 
and  offers  an  example  of  a  relation  among  certain  linen 
necessarib/  involving  a  relation  among  others. 

In  the  case  before  us  it  is  the  equality  in  the  lengths 
and  positions  of  the  sides  AB,  BC,  CD,  DE,  fig.  53,  with 
the  corresponding  sides  AB',  B'C,  CD'  and  D'E', fig. 
53,  that  is  asserted  to  involve  an  equality  between  £A 
and  E'A'. 

That  it  does  so  we  have  now  abundant  proof ;  since,  on 
placing  one  of  the  figures,  or  an  exact  copy  of  one  of  the 
figures,  upon  the  other,  it  has  been  shown  that,  A'  and 
E'  can  be  made  to  coincide  with  A  and  E ;  and  conse- 
quently that  an  exact  coincidence  can  take  place  between 
the  lines  AE  and  A'E'. 

Figures  such  as  these,  that  is,  whose  extremities  coin- 
cide, are  called  polygons  or  closed  figures ;  and  act  a 
very  conspicuous  part  in  geometrical  investigations. 
Any  one  side  of  such  figures  has  been  shown  to  have  a 
necessary  relation  to  the  other  sides ;  so  that  angles  and 
sides  taken  at  pleasure,  cannot  always  be  so  placed  as  to 
form  a  closed  figure. 

The  reader  will  by  this  time,  it  is  hoped,  fully  com- 
prehend the  nature  and  object  of  the  very  important 
science  whose  principles  we  are  preparing  to  investi- 
gate. 
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among  others. 

He  will  recollect  the  successive  illustrations  of  the 
following  results. 

First  That  by  a  process  of  arrangement  conducted 
according  to  the  obvious  analogies  which  figures  bear  to 
each  other^  the  complex  may  be  reduced  to  others  more 
simple,  until  the  forms  of  an  extensive  class  are  made  to 
depend  on  the  places  of  their  more  prominent  points. 

Secondly.  That  a  principle  of  classification^  not  less 
important^  distinguishes  form  from  magnitude. 

And^  Finalfyy  That  a  method  of  comparison  may  be 
employed  which^  substituting  the  '^mental''  for  the 
^<  actual'^  superposition  of  figures,  furnishes  demonstra- 
donB  not  dependent  on  the  magnitude  of  the  diagram ; 
and  applicable  therefore  to  all  eases  where  the  form  in- 
vestigated is  the  same. 
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SECTION  II. 


PRINCIPLES  CONDUCTING  TO  A    MORE  REFINED 

ANALYSIS. 


Example  of  a  geometriccU  investigatum — reflections 
on  the  preceding  example— brancIieB  into  which  geome- 
try is  divided — advantages  peculiar  to  abstract  geome- 
try— principles  on  which  geometrical  investigations 
shduld  be  conducted — the  comparison  of  figures  reduced 
to  the  relation  of  points  in  space — the  magnitude  of  all 
the  parts  of  a  figure  deduced  from  its  form  and  the 
magnitude  of  one  part — the  investigation  of  article  17 
made  to  depend  on  a  single  lineal  measurement — the  in- 
vestigation  of  article  17  conducted  by  assuming  <» 
known  the  figure  which  is  the  object  of  inquiry — refo- 
tions  of  form  and  magnitude  reduced  to  the  relations  of 
number — recapitulation — elements  peculiar  to  the  stUh- 
ject. 

17.  The  recapitulation  that  closed  the  preceding  seo- 
tion  contains  the  chief  ideas  that  have  resulted  from  our 
inquiries^  and  little  as  they  seem  removed  from  those 
which  a  moment's  reflection  would  have  suggested;  they^ 
nevertheless^  constitute  facts  imperfectly  developed  ia 
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the  earlier  works  on  geometry^  and  that  are  capable  of 
leading  to  the  most  important  consequences. 

By  their  assistance  we  are  enabled  to  penetrate  some 
of  the  most  hidden  secrets  of  nature ;  and  to  answer  ques- 
tions apparently  far  removed  beyond  the  reach  of  human 
inquiry. 

How  difficult  it  appears,  for  example^  to  estimate  the 
magnitude  of  the  earth! — persons  wholly  ignorant  of 
geometry  are  unable  to  divine  the  first  steps  of  the  in- 
quiry, and  look  on  its  success  as  an  ingenious  fiction — 
and  yet  the  solution  of  this  great  problem  follows  imme- 
diately from  the  elementary  principles  we  have  deve- 
loped. 

There  are  two  ways  in  which  the  form  and  magnitude 
of  the  earth  may  be  determined:  one  proceeds  on  a 
theory  respecting  the  heavenly  bodies ;  but  the  other  is 
altogether  geographical^  and  measures  the  earth  as  we 
would  measure  a  work  of  art — a  colossal  statue,  or  a  ship^ 
or  any  other  object  of  doubtful  figure,  and  dimensions 
greatly  exceeding  our  own. 

Confining  ourselves  to  this  last  method^  and  supposing, 
for  the  present,  the  object  to  be  a  work  of  art ;  let  us 
consider  in  what  manner  we  must  proceed  in  order  to 
determine  its  magnitude  and  form. 

Our  knowledge  of  the  forms  of  objects  is  best  acquired 
and  recorded  by  means  of  pictures,  and  these  pictures 
are  most  conveniently  examined  when  all  the  parts  of 
them  lie  in  one  plane. 

The  intersections  of  planes  with  the  surface  investi* 
gated  are  figures  of  this  kind :  and  when  the  planes  are 
parallel  and  placed  at  equal  distances,  they  afford,  we 
have  seen,  art  ,  a  series  of  pictures  that  express  in  a 
very  compendious  way,  the  figure  of  the  object. 
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Hence  one  of  the  first  steps  in  the  inquiry  is  to  con- 
struct^ practically>  a  plane  that  shall  intersect  the  surface 
investigated. 

If  the  latter  were  of  small  dimensions,  the  readiest 
method  of  attaining  this  end  would  be  to  fashion  a  thin 
board,  or  a  plate  of  metal,  into  a  Fipjf4. 

plane  surface :  and  afterwards^  by 
repeated  trials,  to  shape  the  edge 
of  this  material  plane  into  a  figure 
that  could  be  accurately  adjusted 
to  the  surface  examined*    Fig.  54. 

But  when  the  object  is  of  the  magiutode  which  the 
problem  under  consideration  supposes^  such  material 
plaBes  would  be  altogether  unmanageable,  and  we  must 
have  recourse  to  the  resources  of  geometry  for  sonae 
more  refined  instrument 

The  ^^  mental  comparison  of  figures^"  the  most  pow« 
erful  weapon  that  geometry  employs,  will  readily  fnmiah 
a  method  of  this  kind.  It  follows  from  such  a  compari- 
mn  that  ^<  a  straight  line  lies  wholfy  in  a  plane  whett 
it  has  tUH>  paints  in  common  with  the  latter;  and  alter 
this  abstract  truth  has  been  perceived^  the  practical  ap- 
plication of  it  to  the  construetion  of  plaae  surfiices  will 
be  readily  discovered. 

An  intermediate  step  in  the  process  must  be  demon- 
strated geometrically. 

We  see  immediately,  from  the  principle  in  question, 
that  when  two  straight  lines  meet  they  '       ^*  ^• 
must  lie  in  one  plane. 

For  directing  the  attention  exclu- 
sively to  three  points  in  tb|,ese  lines,  the 
point  A,  common  to  both,  and  the  points 
B  and  C,  taken  at  pleasure  in  AB  and  AC ;  the  ideas  we 
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form  respecting  plapes  sufficieiidy  demonstnte  that  a 
material  model  of  soch  a  sur&ce  could  be  made  to  paas 
through  A  and  B ;  and  it  is  equally  obvious  that,  when 
coincident  with  these  points,  the  plane  could  be  turned 
upon  them  as  centres. 

But  if  this  motion  of  the  material  plane  is  continued^ 
the  latter  must  at  some  instant  pass  through  C. 

The  points  A,  B  and  C^  therefore,  He  in  one  plane* 

But  the  line  AB^  theorem^  p^g^  44,  is  in  the  same 
plane  with  the  points  A  and  B^  and  the  Hne  AC  is  in  the 
same  jdane  with  A  and  C. 

Hence  we  conclude,  as  was  to  be  show%  that  AB 
and  AC  are  in  one  plane. 

The  facts  used  in  this  proposition  are  not  obtained 
from  the  senses,  but  are  mental  perceptions  of  a  class  too 
elementary  to  admit  of  further  analysis. 

Such  truisms  are  called  in  geometry  axioms,  and  are 
the  elements  to  which  all  geometrical  demonstrations 
must  be  reduced. 

The  reduction^  if  developed  in  every  proporitieii^ 
would  render  geometrical  investigations  of  ineonveoient 
lengthy  but  mathematieiaBS  avoid  this  difficulty,  by  ar- 
i^uig^ng  their  demonstrations  in  a  series  so  constructed^ 
that  any  proposition  is  dependent  on  propositions  that 
preeeded  it :  these,  again,  depending  on  others  of  an 
earlier  rank,  until,  by  thus  tracing  the  series  backward 
we  ultimately  arrive  at  propositions  established  on  the 
evidence  of  axioms  alone. 

This  ^^  logical  arrangement'^  is  not  only  an  extensive 
principle  of  investigation,  it  is  a  principle  that  cannot 
be  neglected,  and  that  must  in  a  great  measure  govern 
every  geometrical  classification  of  the  varieties  of  form. 

We  shall  give  an  example  of  its  application  to  the  in- 
quiry before  us. 
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That  inquiry — we  recollect — ^has  for  its  ultimate  ob- 
ject to  discover  the  figure  and  magnitude  of  the  earth. 

It  was  introduced  as  an  example  of  a  geometrical  in- 
vestigation, and  in  prosecuting  it  we  have  been  led  to 
examine  the  most  practicable  methods  of  constructing 
plane  surfaces. 

We  have'  demonstrated  that  two  straight  lines  which 
meet^  lie  in  one  plane :  and  in  immediate  sequence  with 
this  proposition  we  will  now  arrange  a  second^  demon- 
strating, that,  ^^  if  two  straight  lines  which  meet  in  a 
point,  are  each  met  by  a  third  straight  line,  the  three 
lines  \^ill  lie  in  one  plane." 

By  the  preceding  proposition  all  the  points  in  the  two 
first  lines  are  in  one  plane. 

But  as  the  points  in  which  the  third  line  meets  the 
first  and  second,  are  points  in  those  ^*ff-  ^^• 

lines,  they  lie  in  the  same  plane  with 
them.  And  the  plane  passing  through 
the  first  and  second  lines,  has  there- 
fore two  points  in  common  with  the  line  remaining. 

But,  according  to  an  axiom  already  quoted,  straight 
lines  that  have  two  points  in  common  with  a  plane,  lie 
wholly  in  it. 

The  third  line,  therefore,  lies  wholly  in  the  plane  that 
passes  through  the  first  and  second  line,  or,  in  other 
words,  the  three  lines,  as  was  to  be  shown,  are  in  one 
plane. 

The  practical  construction  in  view  is  greatly  facilitated 
by  this  proposition,  which  enables  us  to  trace  every  part 
of  a  plane  by  means  of  an  apparatus  that  is  easily  ar- 
ranged and  transported. 

The  model  of  three  straight  lines  constitutes  the  whole 
of  this  apparatus — fig.  56. 

To  arrange  points  in  a  straight  line  by  this  process  is 
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called,  in  many  of  the  mechanical  arts,  ^^  to  look  them 
out  of  winding^^ — that  is  to  judge-  by  the  eye  when  the 
points  are  brought  into  a  line  that  no  where  ^^  winds,'^ 
or  deflects  from  a  uniform  direction.  In  other  of  the 
arts  the  process  is,  more  simply,  termed  ^^  looking  points 
into  a  right  line/'  or — ^an  appellation  that  we  shall  here- 
after employ — *^  bringing  points  into  the  line  of  visioti.'^ 

With  the  assistance  of  this  optical  principle,  one  of 
the  base  lines  may  be  dispensed  with. 

A  number  of  straight  fillets  placed  upon  a  single  base 
line  may  be  looked  into  one  plane  by  directing  the  eye 
along  their  lower  edges,  and  observing  when  the  latter 
exactly  cover  or  hide  each  other. 

The  line  of  vision  is  in  this  case  brought  to  coincide 
with  a  point  in  each  fillet,  and  if  the  eye  is  placed  at  a 
point,  fig.  56,  in  the  base,  the  line  of  vision  will  be  a 
a  line  meeting  the  base  line  and  each  of  the  fillets :  the 
base,  the  fillets,  and  the  line  of  vision  will,  therefore^  by 
the  last  proposition,  be  in  one  plane. 

This  arrangement  possesses  many  advantages  over  the 
former,  and  is  indeed  so  convenient  that  we  may  regard 
as  completed  the  first  part  of  the  inquiry  proposed  in  the 
commencement  of  this  article ;  and  proceed  to  determine 
the  intersection  of  the  plane,  constructed  as  above,  with 
the  surface  that  it  is  proposed  to  investigate. 

When,  as  in  the  preceding  part  of  this  article,  a  thin 
board,  or  any  other  material  lamina,  was  the  plane  em- 
ployed, its  edge,  fig.  54,  could  be  fashioned  into  the 
form  of  the  intersection  sought :  but  in  the  case  we  are 
now  considering  this  method  of  proceeding  is  no  longer 
applicable ;  and  we  must  seek  to  determine  the  inter- 
section by  assigning  the  places  of  a  sufficient  number  of 
its  points,  art.  12. 
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With  this  viev¥,  a  base  is  erected,  ani  straight  fillets^ 
arranged  at  convenient  distances  upon         ^'^'  ^* 
it^  are  looked  into  one  plane. 

The  extremity  of  the  fillet  which  is 
next  to  the  surface  examined  terminates 
in  a  point. 

By  the  assistance  of  a  ^uare  the  fil- 
lets are  placed  at  right  angles  to  the  base. 

And  in  this  position^  and  whilst  these  straight  rods 
are  all  in  one  plane,  they  are  moved  towards  the  object^ 
until  the  pointed  extremity  of  each  is  in  contact  with  its 
surfiice. 

The  intersection  of  the  fillets  with  the  base  line  is 
then  marked  upon  the  former,  and  the  operation^  as  far 
as  it  has  in  view  to  obtain  an  accurate  record  of  t^s  par* 
ticular  section,  is  complete. 

Similar  operations  are  performed  on  other  sections^ 
and  when  a  sufficient  number  of  the  latter  have  been 
measured^  we  are  in  possession  of  an  accurate  record  of 
the  whole  surface. 

The  process  of  tracing  these  interections  upon  a  plane 
surfoce,  or,  in  other  words^  the  delineation  of  their  pic- 
tures, is  a  subsequent  operation,  and  one  that  may  be 
performed  at  any  time. 

When  a  convenient  period  for  that  purpose  has  arrived^ 
a  straight  line  is  drawn  on  some  smooth  ^*  ^ 
surface^  the  floor  of  a  large  room  for  ex- 
ample ;  and  the  base  formerly  used  hav- 
ing been  adjusted  to  this  line^  a  transfer 
is  made  to  the  latter  of  those  divisions 
on  the  base  that  record  the  positions  of 
the  straight  fillets. 

The  line  drawn  on  the  plane  surface  we  may  connder 
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as  die  representation  of  the  liase,  and  the  divisions^  or 
points,  transfepred  to  it^  as  the  places,  of  the  straight 
fillets. 

From  each  of  these  divisions  lines  are  drawn  perpen- 
dicular to  the  representation  of  the  base,  fig.  58 ;  and 
the  fillets  having  been  adjusted  to  them,  the  division  on 
each  fiUet  that  records  its  intersection  with  the  base  is 
made  to  coincide  with  the  representation  of  the  latter. 

The  whole  of  these  material  lines  are  tljus  brought 
into  the  relative  positions  which  they  occupied  when 
the  section  to  be  delineated  was  examined. 

Those  extremities  of  the  fillets  that  were  then  in  con* 
tact  with  the  object;  will  now^  therefore^  have  the  same 
relative  position. 

And  hence,  the  extremities  in  question,  if  transferred 
to  the  plane  surface,  will  be  so  many  points  in  the  pic- 
ture to  be  delineated. 

And  as  we  have  seen  in  art.  12,  how  to  describe  a 
line  that  shall  pass  through  any  number  of  given  points; 
it  is  only  necessary  to  employ  the  process  there  men- 
tioned in  order  to  obtain  an  exact  copy  of  the  intersec- 
tion sought. 

If  the  body  was  very  irregular,  a  ship,  for  example, 
many  intersections  would  be  required. 

The  example  in  art.  12  will  sufficiently  explain  the 
most  convenient  arrangement  they  admit  of:  we  see 
from  that  example  that  the  investigation  of  the  object 
should  have  been  conducted  by  the  assistance  of  planes 
parallel  to  each  other,^  and  placed  at  small  and  nearly 
equal  distances. 

*  ParaUel  planes  are  those  which  do  not  meet  however  far  produced  { 
they  ifnU  be  underttood  from  what  has  already  been  said  about  parallel 
fines. 
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But  whatever  arrangement  we  adopts  the  method  of 
proceeding  is  the  same,  and  the  process  used  to  obtain 
the  representation  of  one  intersection  is  to  be  repeated 
with  each. 

The  forms,  indeed^  of  many  bodies,  both  natural  and 
artificial^  are  too  irregular  to  permit  an  exact  and  conve- 
nient measurement  by  sectionsi  however  well  chosen  or 
numerous;  but^  even  when  this  is  the  case,  the  same 
principle  of  investigation  may  be  employed^  and  merely 
requires  a  more  convenient  mode  of  application. 

The  principle  alluded  to  consisted,  we  recollect,  in 
measuring  the  position  of  a  point  in  the  object  by  its  dis- 
tance from  a  fixed  base  line.  « 

The  fillet^  or  material  rod^  used  in  measuring  this  dis- 
tance, was  applied  at  a  known  angle  with  the  base,  and 
the  place  where  it  met  with  the  latter^  or  the  length  of 
the  base,  reckoned  from  some  fixed  pointy  was  also  ascer- 
tained! 

But  the  fillet;  and  that  portion  of  the  base  which  is 
measured;  form^  together,  two  sides  of  an  open  figure 
(articles  15  and  16,  figures  52  and  53);  whose  extremi- 
ties are,  the  fixed  point  on  the  base,  and  the  point  sought 
in  the  object. 

In  fig.  58  we  observe  mrnny  of  these  <^  open  figures" 
arranged  in  the  same  plane ;  0  a  b;  for  example,  is  an 
open  figure;  commencing  at  the  fixed  point  0,  and  Cer* 
minating  at  b;  a  point  in  the  object. 

This  arrangement  of  many  open  figures  in  one  plane, 
the  method  of  application  used  in  the  preceding  case^ 
fails;  we  have  observed;  when  the  form  of  the  object 
examined  is  very  irregular ;  but  other  modes  of  arrange- 
ment may  then  be  adopted;  that  shall  still  render  the 
investigation  by  open  figures  available. 
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The  sculptor,  for  example^  has  to  examine  figures  that 
are  not  readily  analyzed  by  sections^  but  which  admit  of 
a  convenient  investigation  by  other  applications  of  the 
principle  we  have  described. 

Let  it  be  required,  for  example,  to  analyze  a  bust, 
fig.  59,  with  the  view  of  preserving  such  a  record  of  its 
parts  as  will  enable  the  artist  to  form,  at  any  time,  an 
exact  copy  of  the  original. 

Prepare,  for  this  purpose^  a  Kg,  59. 

circular  standi  or  table,  F6^  di- 
vided at  its  edge  into  any  conve- 
nient number  of  equal  parts :  let 
a  broad  index,  or  radius  AB^ 
bearing  a  vertical  graduated  rod 
BD9  play  freely  round  a  shaft 
fixed  in  the  middle,  of  the  table. 
Attach  to  the  vertical  rod  a  slide 
£,  that  can  be  carried  to  any  division  of  the  rod^  and 
secured  there  by  means  of  a  screw.  Finally^  let  a  gradu* 
ated  fillet  C  pass  through  the  slide,  and  be  capable  of  a 
motion  towards^  or  from,  the  centre  of  the  table. 

With  such  an  apparatus,  the  form  of  the  bust  can  be 
readily  examined. 

For  if  we  suppose  the  Ulter  placed,  immovably,  on 
the  central  shaft,  the  three  motions  obtained,  by  turning 
the  radius  AB,  elevating  the  slide  £,  and  moving  to  or 
from  the  centre  the  fillet  C,  will  enable  us  to  bring  the 
extremity  of  the  latter  in  contact  with  any  given  point  of 
the  figure.  Now,  if  we  observe  the  division  on  the 
edge  of  the  table  to  which  the  radius  B  has  been  carried ; 
the  division  on  the  rod  BD  that  corresponds  to  a  known 
mark  on  the  slide ;  and  finally,  Uie  division  on  the  fiUet 
C,  that  corresponds  with  the  edge  of  the  vertical  rod  5  it 
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is  evident,  that  whenever  the  radius,  the  slide  and  the 
fillet  are  again  adjusted  to  these  divisions/ the  extremity 
of  the  fillet  must  ^'  again"  be  in  contact  with  the  given 
point  on  the  bust. 

Whence^  removing  the  latter^  and  substituting  in  its 
place  a  block  of  marble,  we  can  ascertain,  by  adjusting 
the  parts  #f  the  apparatus  to  these  divisions,  the  extent 
of  marble  that  must  be  cut  away  in  order  to  arrive  at 
the  point  within  the  solid  that  corresponds  to  the  point 
examined  on  the1)ust. 

Repeating  these  operations  on  all  the  prominent  parts 
of  the  latter,  we  transfer  those  points  to  the  marble,  and 
obtain  data  that  enable  the  artist,  by  the  assistance  of  a 
well  practised  eye,  to  copy  the  original  with  great  ex^ 
actness. 

In  this  process  the  ^^  open  figure''  is  formed  by  the 
three  material  rods  AB,  BE,  and  the  portion  of  the  fillet 
between  the  rod  BE  and  the  object :  its  inferior  extre- 
mity is  at  A,  the  centre  of  the  table,  and  its  superior 
extremity  corresponds  to  the  tapered  end  of  the  rod,  or 
to  the  point  examined  on  the  object.  The  results  to  be 
recorded  for  each  open  figure  are,  the  divisions  on  the 
table,  the  vertical  rod,  and  the  fillet. 

The  dimensions  and  natiHre  of  the  object  are  supposed, 
in  this  arrangement,  to  permit  a  certain  degree  of  mo* 
bility ;  but,  even  with  this  condition,  the  apparatus  is  not 
applicable  to  every  variety  of  form.  Certain  parts  of 
a  statue,  for  example,  may  be  so  placed  as  not  to  admit 
the  approach  of  the  fillet  that  is  to  determine  their  posi- 
tion ;  the  arms,  or  other  members,  or  the  drapery,  may 
be  interposed,  or  lastly,  although  the  contact  takes  place^ 
it  may  be  too  oblique  to  admit  of  accuracy. 

When  such  is  the  case,  an  arrangement  may  be  em- 
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ployed  that  will  afford  us  a  third  example  of  the  use  of 
"  open  figures''  in  analyzing  the  varieties  of  form. 

The  object  in  the  arrangement  Tig.  so. 

alluded  to,  is  placed  upon  a  stand 
in  which  an  upright  pillar  AB  ^ 
turns  freely.  A  cylindric  rod, 
CD,  passes  through  an  opening  at  ' 
B  in  this  pillar,  and  carries  at  its 
extremity  a  .<tecond  rod  EF,  which, 
in  like  manner,  carries  a  third 
6H,  and  a  foorth  IK.  The  last 
being  tapered  to  a  point  at  K. 

The  rods  pass  through  cylinders  at  B,  D,  F  and  H, 
in  which,  by  a  due  application  of  force,  tliey  may  be 
either  sUd  or  turned  round  their  axes. 

Now  suppose  the  rod  AB  to  be  so  turned,  it  carries 
with  it  all  the  rest  of  the  apparatus,  and  along  with  other 
parts,  causes  a  motion  in  the  point  K:  if  this  motion  is 
not  sufficient  to  bring  K  into  contact  with  the  point  to 
be  examined  in  the  figure,  we  may  effect  that  purpose 
either  by  turning  the  several  rods  round  D  and  F,  or 
by  sliding  them  through  their  several  tubes,  or  by  unit- 
ing, at  the  same  time,  all  of  these  motions. 

The  scale  on  which  the  diagram  Fig.  ei . 

is  drawn  does  not  permit  the  whole 
of  the  apparatus  to  be  distinctly 
shown,  but  the  motions  we  have^ 
described  will  be  sufficiently  un- 
derstood from  figure  61,  where 
we  have  exhibited,  on  4  large 
scale;,  the  extremity  of  one  of  the 
rods,  and  the  machinery  by  which 
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it  permits,  in  the  rod  attached  to  it,  the  double  motion 
we  have  mentioned. 

Let  us  choose,  for  example^  the  rods  or  rather  tubes 
CD  and  EF  of  figure  60. 

The  extremity  D  of  .the  first  of  these  tubes^  denoted 
in  figure  61  by  A,  passes  through^  and  is  secured  to  the 
inner  of  the  tv^  circular  plates  £F. 

The  outer  of  these  plates  is  attached  to  a  cylindric 
axis  H^  passing  into^  and  turning  in,  the  tube  A. 

A  short  tube  D,  secured  to  the  outside  of  the  same 
plate^  carries  the  rod  or  tube  denoted  in  figure  60  by 
the  letters  EF^  and  in  figure  61  by  CB. 

As  the  inner  surface  of  D^  and  the  outer  of  CB,  are 
not  cylindric,  the  latter  tube  cannot  be  turned  round  in 
the  former,  but  cm  be  freely  slid  through  it  in  the  di- 
rection of  the  length. 

The  rod  CEt^  and  the  edges  of  the  plates  EF  are  gra- 
duated. 

This  construction  fully  comprehended,  the  two  mo- 
tions to  which  we  have  alluded  will  be  readily  under- 
stood* 

The  first  consifits  simply  in  sliding  CB  through  the 
tube  D ;  measuring  the  extent  of  the  motion  by  the 
parts  into  which  CB  is  graduated. 

The  second  motion  is  produced  by  revolving^  about 
their  common  axis  H,  tfic  outer  plate  EF  and  the  tube 
D  attached  to  it.  The  extent  of  the  revolution  is  here 
measured  by  the  divisions  on  the  edges  of  the  plates  ; 
and  when  the  motion  has  been  completed,  the  possibility 
of  any  subsequent  change  is  guarded  against  by  turning  a 
screw,  6,  that  presses  on  the  axis. 

An  apparatus  of  this  kind  placed  at  the  extremities  D 
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and  F  (fig.  60),  will  render  EF  and  GH  capable  of  being 
moved  through  any  nnmber  of  inches  in  the  directions 
of  their  lengths^  or  of  being  turned  through  any  number 
of  divisions  about  CD  and  £F  as  axes. 

The  rods  CD  and  IK  have  the  sliding  motion  only, 
whilst  the  pillar  AB  has  merely  the  motion  of  revolution. 
The  two  former  slide  through  tubes  at  B  and  H,  and 
the  latter  revolves  in  the  socket  at  A^  where  the  extent 
of  the  motion  is  measured  by  an  index. 

As  these  motions,  when  used  at  the  same  time,  enable 
us  to  bring  the  feeler^  or,  extremity  E,  into  contact  with 
any  given  point  on  the  statue,  we  have  merely,  in  order 
to  record  the  position  of  this  point,  to  preserve  the  num- 
ber of  inches  through  which  the  rods  were  slid,  and  the 
number  of  divisions  passed  over  in  their  revolutions. 

When  such  memoranda  have  been  preserved  for  all 
the  principal  points  in  the  statue^  the  remainder  of  the 
operation^  by  which  we  transfer  those  points  to  an  un- 
hewn block  of  marble,  will  be  identical  with  the  corres- 
ponding process  in  the  preceding  case :  the  two  me- 
thods of  investigation  varying  merely  in  the  different 
modes  of  arranging  and  recording  the  positions  of  the 
parts  of  an  open  figure ;  in  the  former  process,  this  fig- 
ure consisted  of  the  sides  AB^  BC,  and  the  rod  C  (fig. 
59);  in  that  which  we  have  here  described,  of  the  sides 
AB,  BD,  DF,  FH,  and  HK. 

From  these  useful,  but,  comparatively,  humble,  inves- 
tigations, we  now  pass  to  that  great  problem  ^th  a 
view  to  which  our  inquiries  have  be^n  conducted.  The 
dimensions  and  form  of  the  earth  were  the  questions  pro- 
posed at  the  commencement  of  the  present  article  as  an 
illustration  of  the  powers  of  geometry ;  and  the  proposi- 
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tiont  that  have  since  occupied  our  attention  were  mendy 
preparatory  to  this  more  extensive  appiioatioii  of  the 
science /)f  form  and  magnitude. 

Tiie  immense  scale  on  which  our  operations  have  now 
tD.be  conducted  renders  a  material  base  altogether  inap* 
pHoable ;  but  the  experience  gained  in  the  preceding 
jnquiry  has  increased  our  powers  of  investigation^  and 
will  teach  us  how  to  proceed  whilst  endeavouring  to 
overcome  the  difficulty  alluded  to. 

Whilst  engaged  in  examining  elects  of  small  size^  we 
made  use  of  material  planes  to  determine  the  figure. 
As  the  objects  became  larger  we  substituted  for  these 
material  planes  a  number  of  material  lines^  arranged  in 
one  plane. 

Pursuing  this  principle^  we  must  now^  where  the 
object  to  be  examined  is  of  enormous  dimensions^  divest 
ourselves  still  further  of  material  apparatus ;  and  retain 
merely  a  few  fixed  points  in  the  plane  we  wish  to 
construct. 

Nor  will  this  be  difficult :  the  optical  principle  that 

enabled  us  to  dispense  with  one  of  the  bases  will  enable 
us  to  dispense  with  both. 

For  suppose  any  two  points  very  distant  from  each 
other,  fig.  62,  the  summits  of  two  small  pyramids^  for 

Big.  62. 


example :  let  the  eye  be  placed  at  one  of  these  mate- 
rial points^  and  directed  towards  the  other. 

The  line  of  vision  is  in  this  case  the  straight  line  be< 
tween  the  material  points. 
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Now  ima^ne^i  third  pyramid  to  ba  erected  J[)etwten 
the  two  former^  and  let  its  height  be  such  as  to  bring 
th^  summit  exactly  into  the  line  of  vision.  The  siimmits 
of  these  three  pyramids  will  then  be  in  onjB  and.  th^  same 
straight  line. 

In  this  manner  innumerable  points  in  the  line,  inter* 
mediate  between  the  first  and  last  pyramid,  may  be 
obtained :  •  but  the  process  can  be  carried  further^^  and 
will  enable  us  to  obtain  points  beyond  the  last  pyramid^ 
notwithstanding  the  distance  of  this  object  from  the  eye 
may  be  the  greatest  that  is  compatible  with  distipct 
vision. 

To  determine  the  points  here  spoken  of,  it  is  merely 
necessary  that  the  eye  of  the  spectator  should  be  placed 
at  the  summit  of  any  one  of  the  intermediate  pyramids, 
whilst  his  attention  is  directed  towards  that  which  is 
more  remote ;  the  line  of  vision  passing  through  the  sum* 
mits  of  these  two  pyramids,  will  coincide  with  the  line 
which  passes  through  the  summits  of  them  all,  since 
only  one  straight  line  can  be  drawn  through  two  given 
points. 

'  But  as  the  spectator  has  now  approached  the  more 
distant  pyramid,  he  can  see  distinctly  objects  that  lie 
beyond  it ;  and  can  ascertain  when  tlie  summit  of  a  pyra* 
mid  yet  more  remote  attains  the  line  of  vision. 

By  such  a  process^  therefore^  any  number  of  points  in 
a  straight  line  may  be  obtained ;  and  the  line  produced 
to  any  extent  that  is  desired. 

If  this  line  is  to  serve  as  a  base  by  which  the  figure 
and  magnitude  of  the  earth  are  to  be  measured  ;  it  must 
be  continued  to  a  considerable  extent :  two  or  three  hun- 
dred miles  is  but  a  small  quantity  when  compared  with 
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a  body  of  such  great  magnitude ;  it  is  however  a  more 
extensive  base  than  we  shall  require ;  our  present  object 
is  merely  the  illustration  of  a  principle;  and,  hence, 
assuming  a  base  of  fifty  miles,  we  shall  seek  in  what 
manner  to  construct  a  plane  that  shall  pass  through  it. 

The  material  rods,  or  fillets,  used  in  the  preceding 
investigation  will  not  assist  us  in  that  which  now  occu- 
pies our  attention. 

Not  only  would  their  great  length  become  embarrass- 
ing)  but,  even  if  many  intermediate  stations  were  em- 
ployed, it  would  still  be  difficult  at  such  distances  to 
look  the  edges  of  the  fillets  into  one  plane. 

This  difficulty  may  however  be  surmounted  by  having 
recourse,  as  on  a  former  occasion,  to  a  science  foreiga 
to  geometry :  on  the  occasion  alluded  to  we  extended 
our  powers  of  geometrical  inquiry  by  the  assistance  of  a 
principle  borrowed  from  optics,  and  in  the  present  in- 
stance we  may  obtain  a  similar  extension  by  appealing 
to  a  well  known  principle  belonging  to  another  depart- 
ment of  physics. 

Physics  is  a  science  of  observation,  and  its  principles 
are  fiicts  gathered  from  experience. 

Now  it  is  a  fact  gathered  from  experience,    Fig.  €3. 
that "  plumb  lines^^  which  are  freely  suspended  /^^ 
will  take  directions  perpendicular  to  the  earth's    ^T^^ 
surface ;  and  it  is  also  a  fact  of  the  aame  kind, 
that,  when  a  number  of  such  plumb  lines  are 
suspended  from  the  same  straight  line,  they 
will  arrange  themselves  into  one  plane. 

The  summits  of  the  pyramids  are  points  in  ^ 
the  same  straight  line. 

If,  therefore,  we  either  suspended  plummets  from 
these  points,  or,  in  any  other  way,  drew  from  the  latter 
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perpendiculars  to  the  earth's  surface^  the  lines  so  drawn 
would  lie  in  the  same  plane. 

They  would  act  the  part,  in  short,  of  the  straight 
fillets  used  in  the  measurement  of  a  work  of  art.  And 
if  produced  downward  until  they  met  the  earthy  their 
inferior  extremities  would  be  points  in  the  intersection 
of  the  surface  of  that  body  with  the  plane  we  have  con- 
structed. 

The  method  of  proceeding  will  perhaps^  after  what 
has  been  said,  appear  sufficiently  obvious;  but  as  the  mea- 
surements are  to  be  made  from  the  base  line  to  the  sur- 
face of  the  earth,  it  is  necessary  to  perform  the  investi- 
gation in  some  place  where  that  surface  is  regular  and 
undisturbed.  The  violent  convulsions  to  which  the  earth 
has  been  exposed  have  so  deranged  and  broken  up  its 
external  crust,  that  in  many  countries  of  considerable  ex- 
tent the  true  surface  is  no  where  seen. 

In  others^  however,  this  surface  is  exposed  to  the  eye 
in  one  vast^  unbroken  plain,  that  viewed  from  a  distance 
appears  merely  a  continuation  of  the  ocean  that  washes 
its  shores. 

The  bosom  of  the  ocean,  when  unruffled  by  the  wind^ 
ought^  indeed^  on  many  accounts,  to  be  regarded  as  the 
natural  boundary  of  that  solid  body  over  so  great  a  por- 
tion of  which  it  is  spread.  And  the  base  line  of  which 
we  are  speaking  shpuld  therefore  be  carried  along  the 
sea  shore,  that  we  may  measure  at  each  station  the  dis- 
tance from  the  base  to  the  surface  of  the  sea. 

But  in  producing,  according  to  the  method  above 
described^  a  right  line  of  fifty  miles  in  lengthy  the  pyra- 
mids^  built  up  to  the  line  of  vision^  will  at  remote  dis- 
tances become  of  great  height,  and  thus  introduce  prac- 
tical difficulties  that  would 'render  the  inquirylmpossi- 
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Reviewing  this  analysis  of  the  process  we  have  pur- 
sued in  investigating  the  form  and  dimensions  of  the 
work  of  art  which  has  occupied  our  attention^  we  jfind 
the  record  of  that  investigation  to  consist— ^^  first,"  of 
a  model  of  the  angle  at  which  the  fillet  crossed  the  base ; 
"  secondly/^  of  a  graduated  rule ;  and^  *'  thirdly,'^  of  a 
table,  expressing  how  many  divisions  of  the  rule  corres- 
pond to  the  length  of  each  fillet,  and  to  each  interval  by 
which  the  fillets  were  separated. 

But  this  simple  method  is  equally  applicable  whatever 
are  the  dimensions  of  the  object  examined,  and  may  be 
conveniently  employed  to  record  the  process  by  which 
we  proposed^  page  43^  to  investigate  the  figure  of  the 
earth. 

The  distance  between  each  station,  the  height  of  each 
station  from  the  surface  of  the  sea,  and  lastly  the.inclina- 
tion,  at  each  station,  of  the  plumb  line  and  base,  are  the 
facts  to  be  recorded  in  the  table.  The  remaining  docu- 
ments are  the  graduated  rule  aiid  the  protractor,  with 
which  the  distances  and  the  angles  were  respectively 
measured. 

With  respect  to  the  last  we  may  observe,  that,  as  a 
standard  linear  measure  is  kept  among  the  public  records 
of  most  civilized  nations,  it  will  be  unnecessary,  unless 
extraordinary  accuracy  is  required,  to  preserve  the  gra^ 
duated  rule  used  in  the  operation  described.  Every 
measuring  rod,  and,  even,  every  carpenter's  rule,  is 
merely  a  copy,  more  or  less  exact,  of  the  national  stand- 
ard :  and  if  such  were  used  in  the  operations  described, 
we  are  at  liberty,  in  any  subsequent  part  of  the  process, 
to  substitute  for  them  other  copies  of  the  same  standard. 

The  preservation  of  the  protractor  may  also  be  dis- 
pensed with :  for  as  that  instrument  consists,  merely,  of 
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the  right  angle — or  one-fourth  the  space  about  a  pointy 
divided  into  a  certain  number  of  equal  parts ;  an  exact 
copy  of  it  may  be  obtained  at  any  time^  provided;  how- 
ever^  the  number  of  divisions  is  recorded. 

The  table  is^  therefore^  the  only  document  required^ 
and;  to  illustrate  it  yet  further^  we  will  add  an  example 
of  such  a  table ;  supplying  its  contents  from  actual  mea- 
surements that  have  been  performed  upon  the  earth, 
although  according  to  principles  somewhat  different  from 
those  which  the  table  is  intended  to  explain. 


No.  of  stations. 

Distance  of  each  sta- 
tion from  the  first ; 
measured  at  the  le- 
vel of  the  lea. 

Height  of  eaeh  sta- 
tion above  the  sur- 
face of  the  tea. 

Angle    between    tlie 
plumb     line    and 
rose. 

1 
2 
3 
4 

Miles. 

0 
10 
30 
50 

Feel.           laches. 
10            0 
76            4 
697            0 

1658            4 

Degroes. 

90 
89 
89 
89 

Minutes. 
0 

51 
34 
17 

NoTX. — The  degree  is  the  ninetieth  part  of  a  right  angle,  and  the  mbute 
is  the  uxtieth  part  of  the  degree. 

The  remainder  of  the  investigation^  if  pursued  accord- 
ing to  the  method  we  have  already  employed^  would 
require  that  we  should  delineate,  from  the  data  in  the 
table^  a  picture  of  the  section  measured. 

But  as  the  immense  scale  on  which  the  operations 
have  been  conducted  renders  it  impossible  to  delineate 
a  picture  of  the  same  extent^  we  must  have  recourse  to 
the  principle  of  ^^  similar  figures/'  art.  14,  and  construct 
on  a  greatly  diminished  scale  a  representation  of  the 
section  in  question. 

This  reduction  is  easily  accomplished. 

It  is  only  necessary  to  substitute  for  the  graduated  rod 
by  which  the  distances  in  the  table  were  measured — a 
rule  divided  into  the  same  number  of  equal  parts,  but. 
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each  division  on  which  is  a  very  small  portion  of  a  divi- 
sion on  the  rod. 

Let  us  suppose^  for  example,  the  divisions  on  these 
two  graduated  lines  to  have  the  proportion  that  a  foot 
bears  to  a  mile.  The  representation  of  the  base  of  fifty 
miles  would  thus  be  reduced  in  the  same  proportion ;  and 
if  a  plate  of  copper^  or  other  soft  metal,  were  firmly  set 
into  a  solid  bed^  and  wrought  into  a  smooth  plane,  eight 
or  ten  inches  broad,  and  fifty  feet  long,  the  picture 
might  be  delineated  upon  this  plane  with  considerable 
accuracy. 

The  process  of  delineation  is,  in  every  respect^  the 
same  with  that  described  in  Fig.  65. 

arts.  11,  12.  A  picture  ab/- — ^x^  ^ 
fig.  65,  of  the  base  line  is  first  !  ^I^  ""''^^^^^t  ^ 
drawn,  and  a  point,  1,  assumed^--^^  ^  ^  f  ^'' 
as  the  place  of  the  first  station.  A  distance  from  1  to 
2,  of  10  feet,  is  then  measured  along  this  line,  and,  as  a 
foot  corresponds  to  a  mile,  the  point,  2,  so  determined, 
will  represent  the  position  of  the  second  station.  The 
places,  3  and  4,  of  the  third  and  fourtii  stations,  are 
obtained  in  a  similar  manner. 

This  accomplished,  a  protractor  is  successively  placed 
at  each  of  the  stations,  and  straight  lines  drawn  that 
make  with  the  base  the  angles  mentioned  in  the  table. 

The  lines  represent  the  directions  assumed  by  the 
plumb;  and,  consequently,  if,  from  their  intersection 
with  the  base,  distances  are  measured,  equal,  respec- 
tively, to  the  heights  of  the  stations  above  the  surface  of 
the  sea,  the  points  c,  d,  e,  /,  so  determined,  will  be 
points  in  the  intersection  sought. 

In  the  diagram  we  have  referred  to,  the  number  of 
these  points  is  very  limited,  but  the  process  used  to 
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obtain  this  limited  namber  will  provide  as  many  as  are 
required ;  and  when  a  sufficientnumber  has  been  obtained, 
the  methods^  already  described^  for  passing  a  curve  line 
through  given  points  will  enable  us  to  delineate  the  in- 
tersection in  question. 

One  of  the  methods  alluded  to  consisted  in  a  compa- 
rison  of  the  curve  sought  with  the  material  models  of  a 
series  of  known  curves^  art.  11.  If  such  a  comparison 
were  made  in  the  present  instance,  the  arc  of  a  circle 
would  be  seen  to  pass  through  all  the  points.  The 
radius^  however,  of  this  arc  would  be  so  very  great  that 
to  describe  it  with  compasses  would  be  impossible. 

But  other  instruments  are  used  as  compendious  series 
of  circular  arcs. 

The  trammels,  66,  which  are  merely  the  two  sides  of 
a  constant  angle,  compose  an  in-  Fig.  66. 

strument  of  this  kind.  .^^""^^^^^^ 

They  are  made  to  slide  in  con-  A^^i?^_/^^^B 
tact  with  two  fixed  pins  at  A  and^^  ^^ 

B^  and  the  point  of  intersection,  C,  will  then  describe  a 
portion  of  a  circle. 

Arcs  of  every  radius  may  be  formed  in  this  way. 

And  if  a  series  of  such  arcs  was  compared  with  the 
points  delineated  on  the  surface  above  described ^  they 
would  be  found  to  coincide  with  an  arc  whose  radius 
was  nearly  four  thousand  feet. 

Similar  measurements  performed  in  any  part  of  the 
earth  would  give  very  nearly  the  same  result. 

And  since  a  sphere  is  the  only  solid  the  intersection 
of  which  is  a  circle  in  every  position  of  the  dividing 
plane,  we  conclude  the  figure  of  the  earth  to  be  nearly 
that  of  a  sphere,  whose  radius  is  four  thousand  miles. 
I 
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18.  The  process  of  investigation  that  has  led' to  this 
result  will  be  found  to  consist  of  many  portions,  essen- 
tially different  in  their  nature^  and  capable  of  being  made 
the  objects  of  distinct  examination. 

In  some  parts  of  the  inquiry,  the  reasoning  we  have 
used  is  strictly  geometrical^  or  conducted,  art.  15^  by 
^^  mental  superpositions/'  and  consequences  that  ^^neces- 
sarily'' flow  from  them :  whilst  in  others^  such  mental 
processes  are  superseded  by  facts  drawn  from  induction^ 
and  by  actual  superpositions^  tested  by  the  evidence  of 
the  senses. 

All  investigations  relating  to  the  forms  of  bodies  actu- 
ally existing  must  be  of  the  same  mixed  character :  but  a 
comprehensive  system  of  classification  will  separate  in 
such  inquiries  the  portioji3  that  depexid  on  distinct  func- 
tions of  the  mind,  and  will  treat  of  them  as  sciences 

■ 

apart. 

It  is  the  glory  of  algebra^  the  most  perfect  branch  of 
logic,  to  distinguish  in  its  investigations  the  train  of 
reasoning  common  to  a  great  many  propositions^  from 
that  which  is  peculiar  to  each. 

Such  mental  arrangements  in  the  sciences  correspond 
with  the  division  of  labour  in  the  arts ;  and  are  produc* 
tive  of  an  incalculable  increase  of  power. 

Now  if  we  look  attentively  at  the  preceding  investi- 
gation^ we  shall  discover  in  it  these  three  distinct  part». 

<^  First" — ^A  purely  geometrical  analysis  wMch  has 
for  its  object  to  discover  the  relation^  of  figures  consi* 
dered  as  existing  only  in  the  mind. 

*^  Secondly" — ^A  part  whose  object  is  the  actual  con- 
atf  uction  of  lines — planes — and  other  figures. 

<*  Thirdly" — A  part  which>  connecting  these  two. 
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endeavours,   by  their   assistance,   to   solve  particular 
problems. 

19.  These  parts  will  be  found  in  every  such  inquiry^ 
and  give  rise  to  three  sciences. 

The  science  which  treats  of  the  first  is  termed  '^  Theo* 
retical  Geometry^'— or,  simply  ^*  Geometry :''  it  is  to  this 
branch  that  we  have  in  the  present  treatise  more  parti- 
cularly assigned  the  term  ^^  Inductive  Geometry :"  and 
the  reader  will  recollect  that  it  has  been  defined  in 
art.  15 f  as — ^^  the  science  which  teaches  us  to  classify  the 
varieties  of  form^  and  to  discover  their  hidden  relations 
by  a  mental  comparison  of  the  figures  so  arranged.'^ 

The  sciences  treating  of  the  second  and  third  branches 
are  usually  confounded  together  undeif  the  term  ^^  Prac- 
tical Geometry."  They  are,  however,  very  distinct. 
The  fbrmer  treats  of  the  material'  itfstruments  used  in 
practical  geometry,  and  the  latter  of  the  use  of  them. 
The  former — ^that  is  the  second  branch  in  this  triple 
division,  ought  to  be  distinguished  by  a  name  agnifying 
the  construction  of  models ;  for  every  instrument  which 
the  mathematical  instrument  maker  constructs  is  merely 
a  model,  or  a  series  of  models,  of  forms  ali^dy  existing, 
art.  6. 

This  branch  we  shall  consider  in  the  present  treatise 
under  the  head — ^^  Of  the  models  used  in  the  apjplibation 
of  geometry.'^ 

The  third,  or  last,  of  the  branches  above  enumerated, 
arranges  itself  into  as  many  disiindt  subdivisions  as  there 
are  arts  and  sciences  to  which  geometry  can  be  applied. 

But  on  attentively  considering  these  subdivisions,  we 
observe  a  peculiar  chsracteristic  to  distinguish  the  geo- 
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metry  applied  to  the  arts^  from  the  geometry  applied  to 
the  sciences. 

In  the  arts  those  methods  are  to  be  regarded  as  the 
best  which  accomplish  with  suflSicient  accuracy^  and  the 
greatest  economy  of  time,  the  particular  object  in  view. 

But  in  treating  of  the  sciences  other  considerations 
govern  the  choice  of  means.  The  economy  of  time  is 
studied^  not  with  relation  to  its  subdivisions^  but  with 
regard  to  periods  of  great  extent :  increased  accuracy 
becomes  a  source  of  new  discoveries :  and  as  every  part 
of  a  science  is  viewed  in  relation  to  the  whole,  the  prin- 
ciples borrowed  from, other  sciences  must  be  equally 
comprehensive. 

From  these  causes  the  geometry  that  is  most  useful  in 
the  arts  will  not  be  so  refined  and  abstract  as  that  em- 
ployed in  astronomy  or  physics.  It  partakes  of  the 
subject  to  which  it  is  auxiliary ;  and  the  geometrician 
becomes  an  artist  surrounded  by  the  materials  of  his 
profession. 

This  last  subdivision  of  the  branch  we  are  treating 
has  been  termed  by  Monge  "  Descriptive  Geometry/' 
and  is  thus  defined  by  him — <^  Descriptive  geometry 
has  two  objects :  first — to  give  methods  for  representing 
on  a  surface  that  has  but  two  dimensions,  namely,  length 
and  breadth,  all  the  bodies  in  nature  which  have  three — 
length,  breadth,  and  thickness ;  provided,  however,  these 
bodies  are  such  as  can  be  rigorously  defined. 

'^The  second  object  is  to  give  the  method  of  recog- 
nising the  forms  of  bodies  from  exact  descriptions  of 
them ;  and  to  deduce  all  the  truths  that  result  both  from 
their  form  and  their  respective  positions." 

A  slight  sketch  of  the  leading  principles  of  descriptive 


WITH  M ATI^RIAL  OBJECTS,  AND  INSTRUMENTS.  69 

Sect  IL    Principles  conducting  to  a  more  refined  uialyna. 
Art.  19.    Branches  into  which  geometry  is  divided. 

geometry  will  be  found  at  the  end  of  the  present  volume^ 
aitd  in  another  part  of  the  work  we  shall  treat  of  the 
applications  of  geometry  to  surveying,  to  geography^ 
and  to  astronomy. 

The  full  details  of  these  subjects  would  be  improper 
in  a  work  that  is  professedly  an  introductory  treatise  of 
pure  mathematics :  but  the  same  objection  does  not  apply 
to  the  theoretic  branch,  to  which  we  shall  now  return. 

20.  Theoretical  geometry^  we  have  seen^  is  merely  a 
very  refined  method  of  classing  the  varieties  of  form, 
and  so  arranging  them,  that^  truths  proved  of  an  indivi- 
dual figure  shall  be  equally  applicable  to  innumerable 
other  figures  of  similar  forms. 

Its  demonstrations  are  independent  of  the  physical 
objects  that  present  to  our  senses  the  forms  we  are 
investigating. 

Our  models  are  neither  of  wood,  nor  metal ;  they  are 
disembarrassed  of  every  quality  but  figure. 

Existing  only  in  the  mind^  they  can  be  enlarged  or 
diminished,  varied,  or  compared,  with  the  same  facility 
that  other  ideas  are  made  to  pass  through  the  mind. 

Truths  obtained  by  actual  measurement  are  properties 
of  that  figure  only  on  which  the  measurement  is  made, 
but  the  truths  of  geometry  belong  to  an  infinite  series  of 
figures. 

If  we  are  told,  for  example,  that  a 
person  constructed  a  right  angled  tri- 
angle and  made  three  *^  geometricaP' 
squares;  one  square  whose  side  was 
equal  to  AB^  another  with  the  side  AC^ 
and  a  third  with  the  side  BC :  if  we  are  X* 
told,  further,  that  he  cut  the  smaller  squares  into  a  num- 
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ber  of  partsy  and  fitting  them  together,  as  we  fit  the 
detached  parts  of  a  child^s  puzzle,  discovered  the  parts 
of  the  smaller  square  to  cover^  when  taken  together, 
the  area  of  the  larger :  the  fact  so  discovered  would  be 
curious  and  interesting,  bitt  the  question  immediately 
suggests  itself — "  is  this  property  true  of  right  angled 
triangles  of  every  size  and  shape  V^ 

Right  angled  triangles  are  not  all  alike ! — on  the  con- 
trary they  admit  of  infinite  variety — and  what  is  true  of 
any  particular  triangle  of  this  species^  may  be  false  for 
another  right  angled  triangle  of  a  different  form.  A 
method  of  proceeding,  then^  which  examines  individual 
figures^  and  demonstrates  its  truths  of  diem  only^  is^  at 
best,  unfitted  for  the  purpose  of  those  arts  and  sciences 
whose  truths  are  of  a  general  nature. 

But  not  only  would  all  practical  methods  of  meastii^- 
ment  fail  on  the  grounds  here  mentioned — that  is-^be- 
cause  we  could  measure,  by  their  assistance,  only  a  few 
out  of  an  infinite  rtumber  of  figures— they  would  prove 
insufficient  even  with  respect  to  the  figures  that  we  did 
measure :  the  truths  of  geometry  are  applied  to  the  phe- 
nomena of  the  heavens ;  what  we  measure  here  on  dia- 
grams of  a  few  feet  or  inches^  is  there  tested  on  a  scale 
that  knows  no  bounds.  We  thus  want^  not  an  approxi- 
mation to  truths  but  truth  itself;  not  a  measure  relative 
to  our  imperfect  senses^  but  a  necessary  consequence  of 
the  immutable  relations  of  space. 

How  absolutely  necessary  such  results  are  for  the 
applications  of  geometry  to  those  great  problems  that 
afford  the  means  of  intercourse  between  nations,  or 
unfold  the  nature  of  tfie  universe  we  inhabit^  has  been 
partially  illustrated  in  the  only  geometribal  investigation 
that  has  hitherto  engaged  our  attention. 
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With  rude  and  very  imperfect  means  we  endeavoured 
to  discover  the  form  and  magnitude  of  the  earth  upon 
the  principles  adopted  in  measuring  a  work  of  art. 

The  investigation^  adapted  only  to  the  first  infancy  of 
the  science,  led  us  gradually  to  refine  the  yet  more  im- 
perfect means  that  we  had  previously  discovered ;  and 
by  enlarging  our  notions  respecting  the  construction  of 
lines  and  planes^  and  the  methods  of  recording  invcstir 
gations,  enabled  us  to  escape^  in  a  great  measure,  from 
the  work  shop  of  the  artizan. 

But  the  whole  investigation  was  based  upon  a  princi- 
ple that  abstract  geometry  can,  alone,  establish. 

The  principle,  namely,  of  symmetry:  of  the  inde- 
pendence, art*  14,  of  form  aqd  magnitude. 

According  to  this  principle,  the  ratio  obtained  by 
CO tn  paring  any  two  parts  of  a  figure,  will  be  the  same 
as  the  ratio  obtained  by  comparing  two  corresponding 
parts  in  any  other  figure  of  the  ^'  same  form.^^  The 
circumference  of  a  circle,  for  example,  will  contain  the 
radius  as  often  in  a  circle  of  large  dimensions  as  in  one 
of  small. 

This  principle  is,  indeed,  so  very  obvious,  that  it  might 
perhaps  be  assumed  as,  an  axiom,  that  is,  a  truth  that 
does  not  require  the  as^istanc^  of  demonstration.  But 
the  diver^ty  of  minds  is  so  great  that  truths  which  are 
axiomatic  to  one  perspp,  may  appear  very  obscure  and 
even  doubtful  to  another.  The  previous  habits  of  tnind, 
and  the  class  of  objects  with  which  the  senses  have  been 
femiliar^  prpduce  astonishing  diversities  in  this  respect : 
an  artist,  whose  daily  pursuits  render  particular  portions 
of  some  complicated  machine  the  objects  most  familiat 
to  his  thoughts,  will  apquire  an  intuitive  perpeptioo  of 
the  principles  that  gpyeni  their  action.    But  the  acqui- 
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sition  of  this  tact  is  not  accompanied  with  a  power  of 
demonstrating  the  trutlis  so  perceived ;  the  contrary  is 
usually  the  case ;  and  an  ingenious  and  skilfiil  workman 
is  often  incapable  of  explaining  the  laws  that  regulate 
the  machinery  invented  by  himself. 

21 .  But  if^  in  the  arts^  such  are  the  necessary  conse- 
quences of  an  incomplete  perception  of  first  principles,  the 
want  of  this  elementary  knowledge  is  far  more  extensively 
felt  in  the  sciences :  the  vast  field  which  the  latter  em- 
brace renders  it  necessary  to  proceed  with  the  utmost 
caution — a  single  error  may  vitiate  a  whole  science — and 
hence  it  is  not  sufficient  that  fundamental  propositions 
should  be  perceived  at  the  moment  of  considering  them ; 
they  must  be  placed  beyond  the  reach  of  subsequent 
doubt.  The  science  that  is  to  assist  and  direct  so  many 
others  must  itself  be  based  on  unquestionable  founda- 
tions ;  and  cannot  be  regarded  as  complete  unless  every 
proposition  is  traced  back  to  a  few  elementary  truths^ 
that  appear  incapable  of  further  analysis. 

The  independence  of  form  and  magnitude  on  which 
w^  founded  the  investigation  of  art.  17,  is  a  principle 
that  requires  this  ultimate  analysis ;  and  hence,  were  the 
investigation  alluded  to  in  other  respects  unobjectionable^ 
it  would  be  incomplete  in  this. 

That  investigation^  however,  the  reader  is  aware,  was 
not  chosen  as  an  example  of  the  method  that  geometri- 
cians would  adopt  in  examining  the  form  and  magnitude 
of  the  earth :  it  was  intended  to  exhibit  the  power  of  the 
elementary  principles  of  classification  previously  deve- 
loped. 

In  accomplishing  the  illustration  of  these  principles, 
we  had  occasion  to  notice  the  additional  power  and  ac- 


WITH  MATERIAL  OBJECTS,  AlVD  INSTRUMENTS.  7S 

Sect  XL    Principles  condacting^  to  a  more  refined  tnalysifl. 
Art  21.  Principles  on  which  geometrical  inyestigations  should  be  condacted. 

caracy  that  would  be  obtained  by  combining  them  with 
others. 

The  idea  indeed  of  representing  all  figures  by  means 
of  their  most  conspicuous  points  had  occurred  in  art.  4^ 
and  in  the  application  of  this  principle  consisted  the 
chief  advances  that  were  made  in  prosecuting  the  inves- 
tigation of  art.  17 ;  but  although  the  principle  had 
occurred^  the  means  of  carrying  it  into  practice  had  not 
occupied  much  of  our  attention  ;  and  was  only  partially 
developed  in  the  inquiry  alluded  to. 

A  moment's  consideration  will  convince  us  of  this  fact, 
and  demonstrate  at  the  same  time  that  it  is  to  the  disco- 
veries of  abstract  geometry  that  we  must  look  for  the 
improvement  of  that  which  is  practical. 

The  instrument,  for  example,  used  at  the  conclusion 
of  art.  17^  to  construct  the  series  of  large  circular  arcs 
there  mentioned,  depends  upon  a  property  of  circles 
that  can  only  be  fully  established  by  the  mental  demon- 
stration of  abstract  geometry. 

The  property  in  question  asserts  that  ^^all  angles 
inscribed  in  the  same  segment  of  a  circle  are  equal." 

By  a  segment  of  a  circle  is  meant  ^»«r-  68. 

a  portion  cut  off  by  a  straight  line^ 
or  «  chord,"  AB. 

And  an  angle  is  said  to  be  in-  b^ 
scribed  in  a  segment,  when  the  sides  pass  through  the 
extremities  of  the  chord,  and  the  vertex  is  in  the  cir- 
camference  of  the  circle. 

22.  But  if  this  property  can,  by  any  abstract  process 
of  reasoning,  be  generally  established  of  all  circles,  it 
win  follow  that  we  may  dispense  altogether  with  the 
cumbrous  series  of  material  arcs  which  the  property 

K 
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alluded  to  was  employed  to  construct.  We  may  ascertain 
the  nature  of  the  curve  investigated  by  the  points  in  it 
which  the  investigation  has  made  known,  and  without 
the  necessity,  either  of  drawing  a  curve  through  those 
points,  or  of  comparing  them  with  the  materials  models 
of  such  a  line. 

All  that  is  necessary  is  to  con- 
struct on  the  plane  surface  where- 
in the  points  lie,  angles  that  have 
their  sides  passing  through  the 
two  extreme  points^  and  their  vertices  in  the  points 
intermediate. 

If  the  angles  formed  in  this  way  are  equal,  the  points 
lie  in  a  circle,  otherwise  not. 

This  process,  it  is  true,  Ssdls  to  inform  us  of  the  radius 
of  the  circle  that  passes  through  the  given  points ;  but 
it  appears  not  improbable  that  some  other  property  of 
the  lines  drawn  in  a  circle  would  also  accomplish  that 
object ;  and,  accordingly,  in  another  part  of  the  work 
we  shall  see  that  such  is  the  case. 

This  simple  idea,  therefore,  of  determining  the  pro- 
perties of  figures  from  those  of  points  that  lie  in  them, 
has,  after  many  successive  steps,  disencumbered  us  of 
the  greater  part  of  the  physical  machinery  which  em- 
barrassed the  great  problem  considered  in  art  17. 

The  application  of  two  other  principles,  already  de- 
veloped, will  complete  this  series  of  improvements^  and 
render  the  investigation  incalculably  more  refined  than 
the  method  which  first  suggested  itself. 

The  two  principles  alluded  to  are  derived  from  the 
symmetry  of  figures — from  that  independence  of  fbrm 
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OD  magnitude  which  has  already  enabled  us  to  accom- 
plish so  much. 

From  this  truths  when  once  completely  established^  it 
will  follow  that — with  respect  to  a  rectilinear  figure — 
a  figure,  namely,  whose  *'  edges/'  art.  3,  are  straight 
lines — the  form  will  be  determined  when  the  angles  are 
known. 

.  How  completely  the  form  depends  on  the  positions 
and  lengths  of  the  edges  has  been  seen  in  art.  4.  But 
the  principle  of  symmetry  goes  further,  and  asserts,  as 
will  be  hereafter  demonstrated,  the  form  to  depend  alto* 
gether  on  the  angles. 

The  angles  here  spoken  of  are  not,  however,  merely 
the  inclinations  of  the  edges ;  but  the  inclinations  of  all 
right  lines  that  can  be  drawn  from  one  corner  of  the 
figure  to  the  other  comers. 

These  lines  include  the  edges  together  with  lines 
which^  if  the  figure  is  solid,  fall  ^'gi'  "^o. 

within  it.  The  line  AB,  for  ex- 
ample, drawn  between  the  solid 
angles  A  and  B  of  a  parallelopi- 
pedon,  falls  wholly  within  the  solid. 


23.  If  then  in  investigating  many  figures  we  were  to 
measure  all  the  angles  here  mentioned,  the  form  would 
be  completely  determined ;  and  the  principle  of  super- 
position would  then  show  the  magnitude  to  depend  on 
the  length  of  any  one  of  the  sides,  or  edges.  The  pro- 
cess used  to  demonstrate  this  fact  is  in  every  respect  the 
same  as  that  of  art.  15 :  it  proceeds  by  assuming  two 
figures  having,  in  each,  the  corresponding  angles,  and 
one  of  the  sides,  the  same :  and  from  these  data  we  prove 
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that  either  of  the  figures  can  be  made  to  coincide^  liae 
for  line^  with  the  other : — that  in  imagination  such  a 
figure  can  be.  so  placed  as  to^fill  the  same  space : — and, 
in  short,  that  it  is  in  our  power  to  rendier  the  two  figures 
identical. 

The  demonstration  of  this  property  cannot  be  accom- 
plished until  we  have  made  considerable  progress  in  the 
analysis  of  form ;  its  application  to  the  problem  of  art 
17  may  be  readily  exhibited. 

24.  The  demonstration  appears  to  rest  on  two  results, 
that  flow  immediately  from  the  property  in  question. 
It  is  a  corollary  from  this  property,  that  a  knowledge  of 
the  length  of  a  single  line  in  a  figure  determines  the 
magnitude  of  the  whole. 

It  is  also  a  corollary  that,  if,  in  conducting  the  inves- 
tigation of  art.  17,  the  base  line  and  the  several  altitudes 
are  made  parts  of  a  single  figure,  their  lengths  may  be 
estimated  from  the  length  of  some  one  line  in  that  figure. 

The  whole  linear  measurements  involved  may  ^ere- 
fore  be  reduc^  to  the  measurement  of  a  single  line :  and, 
as  the  position  of  this  is  arbitrary,  it  may  be  chosen  where 
the  nature  of  the  ground  or  other  accidental  circum- 
stances render  most  convenienL 

Let  it  be  assumed,  for  ex-  .  Fig.  ri. 

amplcj  that  4  and  3  were  two 
of  the  stations,  and  a  a  pordon 
of  the  base  line. 

Let  also  AB  be  a  line  mea- 
sured along  t\it  shore,  and  AD, 
BC  perpendiculars  erected  there. 

The  altitudes  of  the  stations  above  the  level  of  the  sea 
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will  be  measured  by  vertica)  lines  4  O,  3  0'^  that  fidl 
within  the  eminences  on  which  they  stand. 

Unite,  in  ima^nation^  the  points  O  and  O*  with  A 
and  B. 

The  lines  A  4,  B  4,  B  3,  A  O,  B  0',  O  O',  04,  0'3 
and  a  will  form  the  edges  of  an  imaginary  solid ;  to  deter- 
mine the  form  and  magnitude  of  which,  it  will  only  be 
necessary,  according  to  what  has  been  said,  to  measure 
the  side  AB,  and  the  angles  formed  by  the  edges  of  the 
solid,  and  by  all  the  other  lines  that  can  be  drawi)  from 
point  to  point  of  it.  .  ^ 

Instruments  have  been  contrived  for  measuring  these 
angles  with  great  accuracy. 

The  angles  A  4  O,  B  3  O',  cannot  be  measured  by 
directing  the  line  of  vision  towards  O  and  O' ;  for  those 
points,  lying  in  the  interior  of  the  eminences  on  which 
the  stations  are  erected,  cannot  be  seen :  but  here  also, 
abstract  geometry  comes  to  our  assistance,  and  by  de- 
monstrating the  angles  in  question  to  be  respectively 
equal  to  4  AD  and  3  BC,  removes  the  difficulty. 

By  continuing  the  process  the  other  stations  may  be 
made  points  in  the  figure,  and  their  altitudes  brought  to 
depend  on  the  length  of  AB. 

The  length  of  this  last,  it  appears  then,  determines 
that  of  every  line  in  the  figure  f  and  as  it  requires  to  be 
only  a  few  miles  in  extent,  and  may  be  chosen  on  a  level 
spot,  such  a  method  of  computation  will  be  capable  of 
incomparably  greater  accuracy  than  could  be  attained 
by  the  method  adopted  in  art.  17. 

Nevertheless,  a  difficulty  remains  unsolved. 

It  is  the  'construction  of  the  reduced  model,  or  the 
model  whence  the  figure  investigated  is  to  be  determined. 
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25.  But  the  principle  that  has  so  advantageously  re- 
placed the  actual  measurements  of  the  base  line,*  and  of 
the  altitudes  of  the  several  stations,  may  be  used  to  ad- 
vantage in  the  remainder  of  the  operation ;  and  will  not 
only  surmount  the  difficulty  to  which  we  have  alluded, 
but  enable  us  to  dispense  with  the  construction  of  the 
model  in  question. 

To  attain  this  purpose^  it  is  only  necessary  to  ^^as- 
sume'f  the  form  of  the  earth  to  be  that  of  a  sphere,  and 
to  regard  the  centre  of  the  latter  as  a  point  in  the  solid 
figure  whose  relajtions  we  are  investigating. 

Imaginary  lines  drawn  from  each  station       ^'sr*  ^* 
to  the  centre  of  the  earth  will  effect  this      f%3!^^TT~ 
connection :  and  as  it  will  be  shown  in  our   /p\^\  \ 
future  researches  that  the  angles  at  0  «are  \  \  \ 

immediately  dependent  on  those  at  1,  at 2,  \\ \ 

at  3,  &c.  which  last  have  been  already  \^^ 

measured ;  it  follows  that  we  are  acquaint-  "^ 

ed  with  all  the  angles  of  the  figure  formed  ^ 

by  the  straight  lines  who^e  pictures  are  delineated  in  the 
diagram. 

The  magnitude  of  this  figure  will  therefore  depend  on 
that  of  any  one  of  its  parts. 

But  the  lengths  of  the  base  1, 4,  and  of  each  part  of 
the  base,  have  been  calculated,  and  made  to  depend  on 
the  measured  line  AB,  fig.  71. 

Hence  it  follows,  that  each  of  the  lines  0  1,  0  2,  03, 


*  The  line  from  which  the  curvature  of  the  earth  is  estimated  is  that,  it 
will  be  recollected,  which  is  here  termed  the  base.  In  surveying,  the  term 
is  more  usually  applied  to  the  line  actually  measured,  or  which  corresponds 
toAB. 
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&c.  must  also  depend  on  AB^  and  adipit  of  an  exact  ap- 
preciation by  the  rules  which  contain  the  mutual  depend- 
ence existing  between  the  lines  of  rectilinear  figures. 

These  rules,  we  again  repeat,  are  to  be  the  objects  of 
our  further  research,  and  will  be  established  when  we 
are  prepared  to  treat  in  a  more  methodical  manner  the 
principles  of  abstract  geometry ;  but  in  point  of  fact  these 
rules  are  a  subordinate  part  of  the  question  we  are  con- 
sidering; and  supposing  them  established,  a  question 
immediately  suggests  itself,  how,  from  a  knowledge  of 
the  lines  just  mentioned,  are  we  to  determine  the  form  of 
the  section  1  m  n  p? 

A  very  obvious  reflection  will  enable  us  to  answer  this 
question.  It  will  be  perceived,  that  since  we  assumed 
the  section  to  be  a  circle,  the  length  of  each  of  the  lines, 
ol^  om,  on^  &c.  must  be  the  same,  these  lines  being  radii 
of  that  section. 

Taking,  therefore,  the  known  altitudes  il,  2  m,  3  n, 
&e.  from  the  calculated  lengths  of  0  i,  o  2,  o  3,  Ac,  we 
must  observe  whether  the  remainders  are  equal,  and 
should  this  appear  to  be  the  case,  the  truth  of  the  hypo- 
thesis, or,  in  other  words,  the  circular  form  of  the  sec- 
tion, is  established. 

Much,  indeed,  would  yet  be  wanting  to  prove  the 
several  steps  of  the  process  with  geometrical  accuracy, 
but  enough  has  been  accomplished  to  exhibit  the  powers 
of  geometry,  and  to  demonstrate  the  immediate  depend- 
ence of  the  practical  branches  upon  those  whi^h  are  ab- 
stract. 

26.  A  single  observation,  however,  remains,  b^fete  we 
conclude  the  illustration  that  has  been  afforded  •  l>y -the 


80  PiJlT  I.      SUBJECT  CONSIDERED  IH  CONNECTION 

Chi^.  I.    C]aanficatioa  of  the  virietiea  of  form. 

Art  20.    The  rektions  of  fonn  and  magmtude  reduced  to  relitfoiis  «f 

number. 

« 

preeeding  problem^  •f  the  successive  stages  through 
which  geometry  may  be  supposed  to  have  passed. 

Of  the  two  principles  mentioned  in  art.  25^  the  second 
ha8.yet  to  be  explained. 

Both^  we  have  remarked^  are  founded  on  the  inde- 
pendence of  form  and  magnitude ;  and  both  ought  to  be 
regarded  as  only  particular  methods  of  expressing  that 
truth. 

There  is^  however,  another  view  that  can  be  taken  of 
the  second  principle ;  and  as  this  method  of  considering 
the  subject  possesses  many  advantages^.we  shall  for  the 
future  adopt  it. 

The  forms  of  rectilinear -figures  depend,  we  have  seen, 
upon  the  lengths  of  their  sidei9  and  the  angles  at  which 
the  latter  are  mutually  inclined. 

Let  us  recall  the  principles  upon  which  these  two 
species  of  quantity  are  measured. 

The  lengths  of  lines  must  have  referenoe  to  some  other 
line  that  Is  taken  as  a  standard  j-  and  the  quantities  of 
angles  are  measured  by  their  relation  to  the  whole  plane 
space  about  a  point. 

The  ratios,  theo^  of  either  of  these  quantities  to  the 
standards  that  measure  them,  will  be  Just  expressions  of 
the  quantities  themselves. 

But  as  the  ratios  in  question  are  number^  it  appears 
that  every  relation  of  form  and  magnitude — or,  accordin|f 
to  what  We  have  hitherto  seen — every  relation  of  the 
iiirB\  and  magnitude  of  rectilinear  figures — ^will  be  re- 
duced to  a  relation  of  numbers^ 

The  rules  whieh  guided  our  rosearches  concerning  the 
properties  of  niimber,  will  thus  become  subservient  ta 
the  present  inquiry ;  and  every  improvement  that  re- 
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warded  the  diligence  bestowed  upon  the  former,  will  be 
a  step  in  the  acquisition  ef  the  latter  science. 

ff 

27.  With  these  remarks  we  shall  close  the  prelimioary 
investigation  that  has  occupied  our  attention  in  this  di- 
vision of  the  work :  but^  prior  to  entering  on  a  more 
methodical  inquiry,  it  will  not  be  amiss  to  state  briefly 
the  elelnents  to  which  we  have  ultimately  traced  the  re- 
lations of  form  and  magnitude. 

The  elements  peculiar  to  geometry  may  be  considered 
as  among  the  simplest  ideas  we  possess*  They  tre  few 
in  number;  and  neglecting  certain  notions  about  (Con- 
tinuity, may  perhaps  be  reduced  to  three — place,  di- 
rection and  distance. 

The  first  steps  beyond  these  simple  ideas  have  an 
immediate  reference  to  them^  teaching  to  designate  by 
agns  the  places  spoken  of^  and  to  obtain  proper  mea- 
sures of  their  directions  and  distances. 

For  science^  which-  has  grown  out  of  art  by  refining 
and  extending  its  processes^  and  rendering  the  operative 
part  of  them  purely  mental,  has  been  unable  to  dispense 
with  many  conceptions  having  theit*  origin  in  the  ruder 
operations  of  the  measurer  of  land,  or  in  the  labours  of 
the  artizan.  The  pegs  and  stakes  used  by  the  former  to 
mark  the  most  prominent  places  hi  his  fields,  probably 
^ve  birth  to  mathematical  points,  symbols  used  for  the 
same  purpose  in  the  mental  measurements  of  the  geome- 
trician. 

The  size  of  the  points  is  neglected  in  either  case;  it 
is  omitted  by  the  surveyor  because  the  nature  of  his 
work  does  not  make  account  of  such  small  quantities ;  by 
the  mathematician,  for  an  analogous  reason-r-the  sensible 
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points  he  employs  are  regarded  as  symbols  of .  position* 
that  ought  not  to  be  considered  as  existences  or  magni- 
tudes. 

In  this  way  we  pass  by  an  easy  transition,  from  an  ac- 
quaintance with  external  objects,  to  the  ideas  of  place, 
direction  and  quantity.  We  reason  on  the  parts  of 
space,  which  are  every  where  alike,  by  making  use  of 
something  adventitious  to  them — of  objects,  course  and 
rude  in  the  first  infancy  of  science,  and  gradually  dimin- 
ishing in  size  as  it  becomes  necessary  to  indicate  with 
increasing  accuracy  the  plcLce  of  which  they  are  the 
signs :  this  process  may  be  continued  without  limit,  un- 
til, neglecting  the  magnitudes  of  the  symbols,  and  de- 
priving them,  as  far  as  possible,  of  physical  properties, 
we  are  led  to  the  abstract  notion  of  mathematical  points^ 
signs  that  are  not  regarded  as  having  a  real  existence. 

The  comparison  of  two  points,  the  only  idea  we  have 
of  direction,  will  again  lead  to  a  similar  abstraction — 
the  straight  line,  or  the  symbol  of  space  that  has  every 
where  the  same  direction. 

And  following  this  process,  and  passing  from  the  di- 
rection of  points  to  the  distance  that  separates  them,  we 
obtain  the  notion  of  quantity ^  and  its  correlative — tnea- 
surement. 

The  distance  of  the  points  is  the  straight  line  which 
joins  them.  And  we  estimate  the  quantity  of  the  line 
by  a  continued  superposition  of  its  own  parts,  or  the 
parts  of  some  other  line  similar  to  it — a  process  also  bor- 
rowed from  the  operations  of  art,  and  forming  the  pri- 
mary notion  involved  in  every  species  of  measurement ; 
operations  which  have  their  origin  in  the  same  humble 
source:  whether  the  surveyor  carelessly  stretches  his 
line  over  the  asperities  of  the  ground ;  or  the  philosophic 
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artist  exhausts  all  the  refinements  of  ingenuity  in  adjust- 
ing the  microscopic  divisions  of  his  standard  unit  /  or^ 
lastly^  the  geometrician  conceives  the  superposition  of 
his  imaginary  iines^  and  proves  the  possibility  of  their 
coincidence,  the  leading  idea  is  in  all  these  cases  the 
same:  yet  how  wide  is  the  step  made  by  the  latter  in 
substituting  the  possibility  of  performing  an  operation 
for  the  operation  itself;  and  thus  replacing  the  limited 
testimony  of  the  senses  by  evidence  purely  mental ! 

And^  as,  from  the  comparison  of  points  situated  in  one 
direction  we  obtained  the  notion  of  distance,  so,  by  the 
comparison  of  two  directions  we  form  the  idea  of  an  an- 
gle ;  an  idea  altogether  distinct  from  the  former,  but^ 
like  it,  capable  of  measurement  by  th^  superpo^tion  of 
its  own  parts. 

Symmetry  might  be  classed  with  the  elements  of  po- 
rition  :  but  as  it  seems  a  combination  of  the  ideas  already 
enumerated  with  that  of  order,  which  is  common  to  our 
conceptions  of  time,  space  and  number;  there  would 
perhaps  be  as  much  impropriety  in  ranking  it  with  the 
elements  peculiar  to  geometry,  as  in  referring  equaKiy 
to  the  same  source. 

A  similar  observation  will  apply  to  our  ideas  of  con- 
Hnuity  and  infinity ,  both  of  which  seem  to  involve  the 
conceptions  of  motion  and  timej  they  must  be  classed 
among  tiiose  obscure  ideas  that  all  minds  perceive  with 
difficulty,  and  yet  that  perhaps  all  perceive  alike.  The 
reader  may  be  surprised  to  find  in  a  science  having  such 
pretensions  to  accuracy,  the  foundation  of  much  that  is 
essential  referred  to  ideas  concerning  which  no  distinct 
notion  can  be  formed.  But  it  may  often  happen  that, 
whilst  the  primary  idea  is  obscure,  many  of  its  relatives 
are  distinct ;  and  enter  so  extensively  into  our  reasoning, 
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as  to  render  it  impossible  to  discard  them.  Where  such 
is  the  case^  we  should  lay  the  difficulty  fairly  before  the 
student,  and  let  him  appeal  to  his  own  mind  for  the  de- 
gree of  evidence  he  finds  there  concerning  it.  A  viola- 
tion of  this  simple  rule  led  the  ancient  geometers  into 
erroneous  views  concerning  the  use  of  definitions  and 
axioms;  errors  that  are  unavoidable  where  too  great 
weight  is  placed  upon  the  dignity  of  science. 

The  infinite  of  space  seems  always  to  require  a  refer- 
ence to  eternity^  the  infinite  of  time.  If  we  conceive  a 
point  as  receding  uniformly,  and  for  ever^  from  another^ 
we  have  perhaps  as  distinct  a  notion  of  quantity  infinitely 
great  as  it  is  possible  for  finite  minds  to  acquire. 

But  we  can  also  suppose  two  points  uniformly  to  ap- 
proach each  other^  and  whatever  distance  is  assigned  to 
them  at.a*  given  moment^  we  can  suppose  a  time  when^ 
by  their  approach,  this  distance  is  diminished  to  one 
half;  another  time  when  the  remaining  distance  is  also 
halved ;  and  continuing  the  bisections  we  continue  to 
decrease^  at  a  uniform  rate,  the  distance  of  the  points : 
nor  is  it  possible,  on  one  liiand,  to  set  a  period  to  the 
operation,  nor  on  the  other  to  assign  quantities  so  small 
that  the  distance  between  the  points  shall  not  at  last  be- 
come less  than,  these,  the  least  quantities  perceptible  to 
the  mind.  Such  quantities  are  said  in  mathematics  to 
be  infinitely  smally  and  although  regarded  as  small  with- 
out limit,  are  considered  as  retaining  all  their  properties 
but  magnitude. 

It  will  follow  from  what  has  preceded,  that  the  terms 
nothing  and  infinitely  small,  though  often  confounded, 
are  not  identical ;  the  latter  always  conveying,  in  mathe- 
matics the  idea  of  an  actual  existence,  whose  quantit/  is 
neglected  ;  nor  shall  we  frequently  err  by  extending  the 
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same  signification  to  the  zero  of  mathematicians,  which 
rarely  means  non- entity. 

The  reader  will  now^  it  is  hoped^  more  perfectiy  com- 
prehend the  ideas  intended  to*be  conveyed  when  points, 
regarded  as  symbols  of  place^  are  said  to  be  without  di- 
mensions— straight  lines,  the  boundaries  of  angles^  as 
length  without  breadth — and  surfaces,  the  boundaries  of 
solids,  as  length  and  breadth  without  thickness.  These 
ideas,  he  will  perceive,  are  abstractions  formed  from  ex- 
isting objects^  to  facilitate  the  process  of  classiiying  their 
forms. 

The  principles  on  which  this  process  ought  to  be  me- 
thodically pursued  must  now  be  considered^  and  will 
occupy  OUT  attention  in  the  second  ^vision  of  the  work. 
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OF  SOME  SIMPLE  FORMS. 


The  ancients^  in  the  attempts  which  they  made  to  ar- 
range the  varieties  of  formi  distinguished  rectilinear 
figures  into  the  ^^  regular''  and  ^^  irregular/'  subdividing 
them  again  according  to  the  number  of  their  side;, 

A  regular  figure  is  one  that  has  all  its  sides  and  angles 
equal. 

The  regular  plane  figures  may  have  any  number  of 
sides,  but  the  regular  solids  are  more  restricted. 

Among  the  simplest  examples  of  the  first  class  we 
distinguish^ 


Fig.  73. 


Fig.  73. 


Fig.  74. 


Fig.  75. 


The  equilateral  triangle,  which  has  three  equal  sides^ 

fig.  72. 
The  square;  which  has  four,  fig.  73. 
The  pentagon  with  five^  fig.  74. 
And  the  hexagon  with  six  equal  sides,  fig.  75. 
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The  regular  solids  axe  only  five  id  number^  namely. 
Pig.  re. 


The  tetraedroD,  or  regular  tnangular  pTramid,  having 
four  triangular  faces,  fig.  76. 

The  hexaedron^  or  cube,  having  six  square  faces,  fig. 
77. 

Pig.  re.  -Kg.  re.  Kr- so. 


The  octaedroQ  with  eight  triangular  faces,  fig.  78. 

The  dodecaedron,  with  twelve  pentagonal  feces,  fig. 
79. 

And  the  icoeaedron,  with  twenty  triangular  faces,  fig. 
80. 

Models  of  these  solids  may  be  formed  by  previoosly 
developing  them  on  a  plane  surfoce. 

Fig.  M.  F^.  83. 


The  development  of  the  tetraedron  is  an  equilateral 
triangle,  fig.  81,  and  if  this  is  divided  into  four  espial 
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and  equilateral  triangles^  each  of  tht  ktter  will  repre** ' 
.  s^nt  the  i}evelopme0t  of  one  Of  the  frees  of  the  tetrap- 
dron*  •  . 

Hence^  'to  form  a  model  of  that  solid^  it  is  only  neces- 
sary to  eot  m  pasteboard  an  eqnilaterar triangle^  and  to. 
divide  it  by  sections  that  do  Dpt'pass  through  the  substance 
elf  the  boards  into  the -partial  triangles  represented  in 
fig.  78.  •  The  outer  triangles  turned  upon  their  bases, 
as  upon  hinges^  will  meet  in  a  point  and  form  the  mir- 
&ce  of  the  tetraedron. 


f%.S5. 


The  figures  82,  83^  84^  and  85^  .represent  develop- 
ments of  the  cube,  the  octaedron,  the  dodecaedron,  and 
the  icosaedron.  that  afford  similar  facilities  for  the  eon- 
fltru9t>0&  of  the  models  of  those  solids. 
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SECOND  APPENDIX  TO  PART  I. 


PRINCIPLES   DISCUSSED   IN   PART  I.  ABRANOED  UNDER 

THE  FORM  OF  QUE8TK>N6. 


1.  Whence  is  a  knowledge  otfdrm  derived'P 
%.  The  varieties  of  form  are  infinite  io  number,  and 
appear  to  pass 'mto  essch  other  by  insensible  gradatiods ; 
yet,  mathematicians,  in  estabBsbiag  a  geometric  analysis, 
Itare  proeeeded  on  a  principle  that  both  enables  them  to 
refer  to  any  variety  dT  form,  and  rendeito  a  separate  ex- 
aminadofi  tS  each  variety-  onnecessary.  Ez[dafn  the 
principle  hei^  alluded  to. 
8.  On  what  principles  arfe  the  varieties  of  foriA  clalsed  ? 

4.  The  tomparison  of  figures  may  be  reduced  to  re- 
lations yet  more  genef  al,  and  which  dispense  with  the ' 
Btoessity  of  maltriaS  and  solid  iaodels :  what  are  these 

relatioiiS? 

•  •  • 

5.  The  comparison  of  solid  figurea  may  be  reduced 
tcr  die  relations  of  pietures  drawn  on  a  plane  surface :  by 
what  process  is  this  aeeofbplished  ? 

6.  How  are  geometric  investigations  performed  ? 

7.  When  geometrical  investigations  are  performed 
practically,  it  is  necessary  lo  be  in  possesion*  of  exten- 
sive series  of  certain  elementary  figures :  explun  the 
arrangement  of  some  of  the  most  simple  and  compen- 
dious of  these  series* 


•  % 
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8.  Known  figures  may  be  analysed  into  detached  lines 
and  angles^  as  simple  elements ;  and  may  be  reconstruc- 
ted by  placing  these  elements  in  their  former  position : 
but  a  more  important  problem  arises^  when,  from  cer« 
tain  of  the  parts,  or  simple  elements  of  a  figure,  it  is 
required  to  determine  the  remainder :  how  is  this  prob- 
lem resolved  ? 

9.  Two  species  of  arrangement  are  used  in  geometry 
— the  first  has  for  its  object  to  classify  the  varieties  of 
form — ^the  second^  to  employ,  in  the  analysis  of  more 
complex  figures^  the  elementary  forms  already  classed : 
explain  the  principles  on  which  these  two  s|)ecies  of  ar- 
rangement proceed. 

10.  Explain  the  method  by  which  angles  are  com- 
pared. ' 

11.  Explain  the  compendious  arrangement  of  angles 
that  is  known  under  the  name  of  the  ^^  protractor.'' 

12.  What  kind  of  figures  are  the  ellipse,  the  hyper- 
Ixda^  and  the  parabola  ?  Explain  the  compendious  ar- 
rangement of  these  figures  made  use  of  by  the  ancients. 

13.  In  what  manner  arearbitrary  or  accidental  figures 
delineated  ? 

14.  What  is  that  principle  of  arrangement  which  is 
common  to  all  figures^  and  which  distinguishes  form  from 
magnitude  ? 

15.  Prove  that  a  relation  among  certain  lines  may 
necessarily  involve  a  relation  among  others. 

16.  Explain  the  nature  of  a  geometrical  investigation, 
and  show  in  what  it  differs  from  an  investigation  con- 
ducted practically. 

17.  Explain  the  different  kinds  of  reasoning  used  in 
art.  17;  distinguishing  the  processes  that  belong  to  pure 
geometry. 
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18.  What  are  the  advantages  peculiar  to  abstract  ge- 
ometry  ? 

19.  What  are  the  principles  on  which  geometrical 
investigations  should  be  conducted  ? 

20.  How  are  the  relations  of  form  and  magnitude  re- 
duced to  the  relations  of  number  ? 

21.  What  are  the  elements  peculiar  to  geometry? 

22.  What  is  the  idea  intended  to  be  conveyed  when 
a  line  is  said  to  be  withdut  breadth,  and  a  point  without 
magnitude  ? 

23.  What  essential  distinction  is  there  between  the 
measurements  of  abstract  geometry  and  those  of  art  ? 


I 

L. 


PART    II. 


DETERMINATE   ANALYSIS. 


PRELIMINARY  REFLECTIONS. 

Geometry  treats  of  the  relations  of  place^  points  are 
the  symbols  of  place,  geometry  treats  dien  of  the  rela- 
tions of  points. 


i^QUmT  SUGGESTED  BT  THESE  REFLECTIONS. 

An  examination  of  the  most  obvious  relations  of  a 
finite  number  of  points. 


CHAPTER  I. 

FIRST  PRINCIPLES  OF  THE  SCIENCE  OBTAINED  FROM  THE 
KELATIONS  OF  A  FINITE  NUMBER  OF  POINTS 


N 


SECTION  I. 


OV  QUANTITY. 

Relations  of  two  points — when  direction  is  not 
regarded^  the  relations  of  quantity  are  the  same  with 
those  of  number. 

28.  The  comparison  of  two  points  affords  the  ideas  of 
a  distance  and  a  simple  direction ,  and  as  things  so  dis- 
similar do  not  combine^  these  are  the  only  relations  which 
this  comparison  offers. 

29.  It  has  been  remarked  in  the  preceding  pages  that 
the  calculation  of  quantity  by  the  geometrician^  and  the 
process  whereby  the  carpenter  estimates  the  proportions 
of  lus  work)  have  their  foundation  in  the  same  elementary 
idea — an  humble  appeal  to  experiment  is  the  source 
whence  either  derive  this  evidence ;  but  it  has  also  been 
remarked^  that  with  this  common  origin,  all  analogy 
ceases  between  the  two  methods.  The  artist  applies  his 
standard  measure  as  well  as  the  nature  of  the  object  will 
admits  and  trusts  to  observation  for  their  coincidence. 
But  the  geometrician  sets  himself  above  the  imperfection 
of  his  senses^  and  appeals  to  mind  for  the  process  as  well 
as  the  result.  Conceiving  one  magnitude  applied  to 
another^  and  abstracting^  mentally,  the  obstacles  which 


». 
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Chap*  I.  .Fink  prindBtes  of  the  icieBce  obbused  from  the  relationft  of  a 

.'fihite  ntimbCMt  of  points. 

Art  29.    BelatioBB  of  quantitf'redaced  to  those  of«uiBber. 

premt  tbeh*  coincidence^  he  observes  the  number  of 
^  tipes  ttett  one  contains  the  other,  and  analyses  the  quan- 
tity'  of  this  last  iato  that  of  the  first  line  and  of  number^ 

ItL  like  manner,  if  (he  first  line  be  applied  in  successioii 
to  many  others^  the  quantities  of  the  latter  will  be  made 
to  depend' upon  that  of  the  .line  applied,  and  the  numow 
of  times  it  is  contained  in  them.  Thus^  if  this  line  is, 
respectively,  contained  in  several-  otliers^  3^  5  and  9 
timeS;  we  have  an  exact  idea  of  the  length  of  these  lines, 
by  calling  to  mind  the  length  of  the  firsts  in  conjunction 
with  the  numbers  3,  5  and  9-  The  process  is  not  only 
analogous  to  that  of  division  in  arithmetic,  but  consti- 
tutes bne  of  the  sources  whence  our  idea  of  division  is* 
obtained. 

It  follows,  that  if  we  -agroe  to  represent  the  line  used 
'  as  a  measure  by  the  letter  A^  the  lines  containing  this 
.measure  3,  5  and  9  times,  will  be  represented  by  the 
expressions  3  A,  5  A,  9  A;  where  the  symbols  3, 5  and  9 
are  signs  of  number,  and  A  recalls  to  mind,  simply^  the 
idea  of  a  particular  extension.    But  whilst  that  exten- 
sion continues  the  same,  that  is,  whilst  we  employ  the 
same  common  measure  to  compare  the  lengths  of  lines, 
there  is  some  advantage  in  considering  this  measure  as 
the  unit  of  length,  and  in  making  its  symbol  the  same 
^  with  the  unit  of  number ;  since,  by  so  doing,  the  ex- 
pressions A,  3  A,  5  A,  9  A  become  simply  1, 3, 5  and  9. 

The  method  we  have  followed  has  enabled  us  to  reduce 
the  relations  of  extension  to  those  of  number,  and  even 
at  this  early  period  of  our  progress,  we  have  obtained  an 
advantage  less  perfectly  possessed  by  the  ancient  geome- 
try. The  rules  of  algebra,  from  which  this  advantage 
is  derived^  teach  us  to  denote  numbers  that  are  arbitrary, 
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or  unknown^  by  letters  of  the  alphabet^  and  in  this  wajr 
we  can  as  readily  express  a  line  whose  quantity  is  an 
object  of  research,  as  we  could  one  whose  length  is  ex- 
pressly given. 

Hencey  when  we  meet  with  such  an  expression  as  the 
fine  a^  we  have  merely  to  pat  it  under  the  form  ^^a,  in 
order  to  perceWe  that  it  signifies  a  line  which  contains 
the  lisear  unit  a  times. 

And  in  the  same  manner  we  can  interpret  such  ex- 
pressions as  the  line  a'  cA,  or  a  line  denoted  by  the  more 
complicated  expression  v«*+a?*  5  for  forming  an  equation, 
as  before^  we  perceive  these  combinations  of  algebraic 
characters  to  denote  the  number  of  times  which  the  linear 
onit  is  contained  in  the  lines  they  represent. 

Combining  what  is*  here  said,  with  the  remark  in  th^ 
first  paragraph  6f  this  section,  it  appears  that  problems 
involving  only  the  relations  of  two  points,  or  of  quantity  ' 
without  direction^  can  be  reduced  to  numerical  propo* 
rations^  and  be  solved  by  \he  rules  of  arithmetic  and 
algebra* 

Let  it  be  required,  for  example,  to  find  a  mean  pro* 
portional  between  two  straight  lines :  by  combining  these 
lines  with  the  unit  of  linear  measure^  we  are  enabled  to 
expftss  them  by  known  numbers^  a  and  b ;  and  assuming 
X  to  representthe  number  of  times  which  the  mean  pro- 
portional sought  contains  the  linear  unit^  we  derive  tho. 
equation^ 

X*  =  abi 
the  solution  of  which  determines  the  line  sought. 
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the  directiona  of  three  pointa. 


SECTION  II 


OF  CLOSED  FIGURES — CLOSED  SOLIDS-^AND  THEIR 

RELATIONS. 

Relations  of  three  points:  idea  of  an  angk  results 
from  comparing  the  directions  of  three  points — idea  of 
a  triangle  obtained  from  the  same  sources-delations  of 
four  points-^-straight  lines  that  cross  without  meeting 
— idea  of  a  plane  obtained  from  the  relations  of  four 
points — three  points^  or  two  straight  lines,  that  are  in 
a  plane,  suffice  to  determine  its  position^^planes  mutu- 
ally inclined  intersect  in  a  straight  line — measure  of 
their  inclination — relations  of  many  points^^-notation 
to  be  used — closed  figures — angles  about  a  point — unit 
of  angles — opposite^  or  vertical  angles  are  equal — closed 
solids — solid  angles — their  unit — geometric  analysis 
conducted  by  closed  figtires  or  solids. 

30,  Comparing  the  directions  AB  of         ^'^-  ^ 
the  points  A  and  B,  with  the  direction 
AC  of  the  points  C  and  A^  we  form  the 
idea  of  an  angle  BAC. 

And  observing  that  every  point  in 
ABy  or  AB  produced^  has  the  same  direction  with  re- 
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Sect  II.    Of  closed  figures— closed  tolids— And  tlieir  rektioiii. 

Art  30.    RelmtionB  of  three  points :  idea  of  an  angle  results  from  comparing 

the  directions  of  three  points.    Art.  31.    Idea  of  a  triangle 

obtained  from  the  same  source. 

spect  to  A ;  and  that  every  point  in  AC,  or  AC  pro- 
duced^  has  also  the  same  direction  with  respect  to  A ; 
we  perceive  the  angle  BAC  to  be  independent  of  the 
distances  AB  and  AC. 


31 .  The  angle  BCA  results  from  comparing  the  direc- 
tions BC^  CA ;  the  angle  ABC  from         ^^  ^7. 
comparing  AB  and  BC. 

And  thus,  from  a  comparison  of  all 
the  points  two  and  two^  and  all  their 
directions  two  and  two,  we  obtain  three 
directions — ^three  angles — and  their  ar^ 
rangement* 

This  arrangement  is  termed  a  triangle. 

32*  Since  the  number  of  distances  is  obtained  by  com- 
bining the  distances  two  and  two^  the  relations  of  four 
pmnts  will  involve  six  distances  and  fifteen  angles. 

The  former  may  be  estimated  by  considering  three 
distances  as  connecting  the  point  A  with 
the  other  points,  B,  C  and  D ;  and  three 
as  oonnecting  B  with  A^  C  and  D ;  nor  "^^ 
will  it  be  necessary  to  carry  the  process 
further,  since  the  distances  coni^ting 
C  and  D  with  the  remaining  points,  are 
the  same  with  those  reckoned  from  A  and  B,  taken  in  a 
contrary  direction.  ^-  ®^- 

Of    angles    there   are, — twelve^ «»   ^---'/^ 

about  the  four  given  points,  three  ] 
about  each — and  three  that  are  not 
about  the  given  points,  namely,  two 
at  e  and  /,  formed  by  producing 
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out meetmg* 

the  lines  D  A^  CB ;  and  AB,  DC ; — ^and  one  at  0^  formed 
by  the  lines  AC,  BD.* 

33.  But  reflecting  on  the  position  of  these  points,  it 
will  immediately  be  seen  that  A,  B,  C  and  D  are  placed 
at  the  angles  of  a  pyramid,  (fig.  00), 
and,  consequently,  that  several  of  the 
lines  we  have  been  considering,  cross 
without  intersecting  or  meeting  each 
other.  This  may  be  the  case  with  AC 
and  BD,  regarded  above  as  meeting  in  the 
point  0;  with  BC  and  AD,  regarded  as 
meeting  at «,  and  finally  with  AB  and  DC. 

34.  These  lines,  that  admit  of  being  produced  indefi- 
nitely, without  having  a  point  in  common,  suggest  an 
idea  only  inferior  in  simplicity  to  those  of  the  straight 
line  and  the  angle :  for  reflecting  on  the  remark  made  in 
the  preceding  article,  that  BD  and  AC  cross  each  other 
without  meeting,  we  are  led  to  the  idea  of  a  surface 
where  this  result  could  not  occur ;  of  a  surface,  such  as 
that  of  the  paper  or  the  table  on  which  it  is  placed, 
wherein  all  straight  lines,  joining  two  points  in  the  sur- 
face, and  produced  until  they  crossed^  would  not  only 
have  a  point  in  common,  but  lie  wholly  in  the  surface. 
Such  a  surface  is  named  a  plane  surface^  or  simply,  a 
plane. 

This  new  idea  exhibits  the  preceding  diagrams,  not  as 
models^  but  as  mere  pictures  of  the  objects  they  repre- 
sent ;  or,  to  speak  more  correctly, — ^it  is  from  the  com- 

•  Either  of  the  angles  BOC>  ADD,  AOB,  DOC  might  be  taken  for  the 
Inclination  of  the  lines  AC  and  BD;  which  of  them  is  to  bo  chosen  will  be 
afterwards  specified. 
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parison  of  four  points  that  we  are  first  led  to  reflect  on  the 
circumstanced  just  mentioned^  and  to  recogni2e  among 
the  ideas  experience,  has  furnished  us  with,  this,  which 
geometricians  have  named  a  plane  surface. 

Hoarding  the  plane  as  a  material  lamina  whose  phy- 
sical properties  and  thickness  are  neglected^  we  perceive 
that  it  is  capable  of  being  transported  in  space,  and  made 
to  revolve  about  any  line  that  it  contains* 

• 

35.  And  from  the  last  property  it  may  be  shown  that 
a  plane  is  determined  in  position  when  we  know  three 
points  through  which  it  passes^  provided  they  are  not  in 
the  same  straight  line. 

For  suppose  the  points  were  A,  B  and  C;  and  ima(^ne 
a  plane  passing  through  the  indefinite        ^'*e-  ^^ 
rig;ht  line  AB,  to  commence  revolving 
about  that  line^  and  towards  the  side 
where  C  is  situated  $  after  a  sufficient 
revolution  the  plane  will  have  attained  '  "A 

C^  and  if  its  motion  is  continued,  C  will  pass  from  lying 
OA  one  side  of  the  plane  to  lie  on  the  other;  whence  it  is 
obviouS;  that  only  one  plane  which  passes  through  A  and 
B  can  also  pass  through  C. 

And^  in  like  manner^  if  we  suppose  two  straight  lines 
that  have  a  common  point,  A,  to  be  in  a  plane,  they  will 
also  determine  its  position;  since,  by  choosing  other 
points  B  and  C  in  each  line,  the  theorem  is  reduced  to 
the  preceding. 

36.  When  two  planes  meet,  their  intersection,  or  the 
pmnts  common  to  them,  form  a  straight  line ;  for,  by  the 
last  article,  three  points  not  in  a  straight  line  will  deter- 
mine the  plane  wherein  they  lie,  and  cannot  be  common 
to  two  planes. 

o 
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37.  The  comparative  direction  of  two  planes  affords  the 
example  of  an  angle  different  from  those  we  have  hitherto 
considered.  But  it  should  be  remarked,  that  our  notion 
of  the  inclination  of  lines^  or  the  angle  formed  by  them^ 
was  necessarily  obscure^  until  we  had  obtained  the  idea 
of  a  plane^  and  demonstrated  some  of  its  elementary  pro- 
perties. The  property,  for  example,  that  two  strdght 
lines  having  a  point  in  common  are  in  the  same  plane, 
will  enable  us  to  measure  the  inclination  of  such  lines  by 
the  opening  between  them,  or  the  portion  they  cut  off 
from  a  plane  infinitely  extended. 

38.  And  the  inclination  of  planes  might  be  measured 
in  a  similar  way,  and  reduced  Fig.  92. 

to  that  of  lines :  for  drawing 
from  any  point  0,  in  their  in- 
tersection, straight  lines  O  m 
and  0  n,  one  in  each  plane ; 
the  inclination  of  these  lines, 
provided  the  following  condi- 
tions are  fulfilled,  will  measure  that  of  the  planes. 

1 .  After  once  the  angles  m  0 A  and  n  OA  have  been 
assigned,  they  must  in  all  cases  be  retained  the  same. 

2.  The  same  inclination  must  result  wherever  the 
point  0  is  chosen. 

3.  When  the  inclination  of  the  planes  is  varied,  the 
angle  m  0  n  should  vary  in  proportion. 

These  conditions  are  fulfilled,  as  will  be  shown  here* 
after,  by  drawing  OM  and  ON  at  right  angles  to  AO  ; 
and,  accordingly,  the  angle  formed  by  such  perpendicu- 
lars has  been  taken  to  measure  the  inclination  sought. 

39.  Extending  our  researches  beyond  the  limited  cases 
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discussed  in  the  preceding  articles^  we  still  &11  on  com- 
binations of  the  same  relations :  distances  and  simple 
directions  result  from  arranging  the  points  two  and  two^ 
plane  an^es  from  a  comparison  of  these  directions^  planes 
from  an  arrangement  of  the  points  three  and  three,  solid 
angles  from  a  comparison  of  the  planes. 

But  immediately  on  entering  this  extended  inquiry, 
we  feel  the  want  of  a  well  arranged  and  uniform  lan- 
guage, capable  of  expressing  the  data,  and  connecting, 
according  to  invariable  laws,  the  results  of  each  investi- 
gation. Nor  is  it  easy  to  choose  a  notation  that  shall 
unite  simplicity  and  an  analogy  to  the  ordinary  language 
of  algebra,  with  sufficient  expression  to  serve  as  a  conve- 
nient instrument  of  research. 

A  slight  examination  will  convince  us  of  this  fact,  and 
place  in  a  strong  light  the  difficulties  to  be  reconciled. 
Turning  our  attention,  for  example,  to  the  lines  involved 
in  the  relations  of  many  points,  we  immediately  perceive 
the  conflicting  nature  of  the  conditions  required : — to 
preserve  an  analogy  with  the  notation  of  algebra,  each 
line  should  be  expressed  by  a  single  letter,  whilst  to  dis- 
tinguish the  lines,  and  call  to  mind  Fig.  93. 
their  position,  each  symbol  must 
comprehend  many  assertions.  Thus 
considering  A  as  a  centre  whence  the 
lines  AB,  AC,  AD,  AE  diverge ; 
to  distinguish  them  from  others  di- 
verging at  B,  C,  D,  or  E,  their 
symbols  should  have  reference  to  A ;  and,  again,  as  AB, 
AC,  AD,  AE,  all  diverge  from  A,  to  distinguish  these 
lines  Apart  their  symbols  must  have  reference  to  the 
points  referred  to. 

And  similar  remarks  may  be  applied  to  the  planes  in- 
volved in  the  relations  of  many  points,  and  to  the  signs  used 
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to  express  them :  but  in  this  ^g-  ^ 

case  every  symbol  must  com-       //^ — ^  ^ 
prehend  even  more  assertions       //  y^S><^^  \  .  // 
than  in  the  case  preceding,     y    /^^^  ^^^^^^^    / 

Fpr  thesign  of  a  plane  should^  /[  _^ ^J\ 

have  relation  to  three  points    p — ' 

at  once,-  since  it  requires  that  number  to  determine  its 
position.  Thus  the  symbol  used  to  represent  the  plane 
MN^  determined  by  the  points  ABD,  should  have  refer* 
ence  to  those  points ;  as  the  symbol  used  to  represent  the 
plane  PQ  should  have  reference  to  the  points  A^  C  and  D. 
But^  unless  it  is  otherwise  expressed^  the  symbols  will 
not  be  restricted  to  the  positions  of  the  planes^  but  re- 
present certain  portions  of  the  latter^-namely,  in  the 
first  plane  the  symbol  will  denote  the  area  ABD;  and  in 
the  second  the  area  CAD. 

The  symbol  of  an  angle  should  express  the  lines  or 
planes  between  which  it  is  included ;  but  as  angles  are 
usually  preceded  by  the  words  cosine,  sine,  tangent^  or 
other  trigonometrical  expressions  that  serve  to  separate 
the  angle  from  the  adjacent  quantities,  the  language  of 
algebra  will  be  less  departed  from  when  angles  are  re- 
sented by  combinations  of  more  than  one  letter.  And 
as  it  seems  impossible  to  denote  them  by  a  single  letter^ 
and  at  the  same  time  maintain  a  sufficient  distinction  be- 
tween their  quantities  and  the  lines  that  include  them^ 
we  must  be  contented  with  fulfilling  in  all  other  respects 
the  conditions  required. 

The  notation  for  lines^  planes  and  angles^  given  in  the 
annexed  table^  seems  in  a  great  measure  to  fulfil  these 
conditions^  and,  accordingly,  we  shall  employ  it  through- 
out the  subject  of  our  immediate  inquiry — namely,  the 
relations  of  a  definite  number  of  points. 


emphyidtoa^pnmikertkstiamof 

I.  PointB  are  ezpreased  by  the  capital  letters  of  the  alphabet,  A,  B,  C»  8cc 
3.  The  rank  of  these  letters  is  denoted  by  their  distance  from  A«  thas, 

0193456789 

ABCDEFGHIK^fcc 
Ex.  The  letter  E  is  in  the  fourth  rank,  saperior  to  F*  and  inferior  to  D. 

3.  A  straight  line  drawn  through  a  point  is  considered  as  diverging  from 
U. 

4b  Astnightlinediswn  through  tvo  p4rints  is  ooondered  asdsDer^gtNf 
from  the  p<Hnt  denoted  by  the  superior  letter.  Ex.  A  line  pasnng  through 
the  points  B  and  E  diverges  from  B. 

5*  Straight  lines  direrging  from  a  pdnt  sre  denoted  by  the  letter  belong- 
iQI^  to  that  point    Ex.  A  strai|^t  line  divergiiig  from  A  is  denoted  by  & 

&  When  many  lines  direige  from  the  same  point  they  are  distinguished 
apart  by  accents. 

7*  When  a  line  diveiging  from  one  point  passes  through  another,  as  many 
accents  are  placed  orer  the  letter  denoting  the  line  as  there  are  units^  want- 
ing one»  in  the  dififbrence  of  the  ranks  occupied  by  those  points.  Ex.  1. 
A  line  pasmng  through  the  points  D  and  G  is  denoted  by  (T.  Ex.  %  A 
line  pasung  through  the  points  A  and  F  is  denoted  by  <^". 

8*  An  angle  formed  by  two  lines  is  denoted  by  placing  the  letters  exr 
preaaing  those  lines  in  a  parenthesis,  and  separating  them  by  a  comma.  Ex. 
(Oy  b)  denotes  the  angle  formed  by  the  lines  a  and  b.  But  if  the  words  arc^ 
rin.,  tan.,  fcc.  precede  the  expression  for  the  angle,  the  parentheas  and 
eomma  are  omitted*  Ex.  The  sine  of  the  an^^e  formed  by  the  lines  c  and 
€  is  written  sin.  ee*. 

9.  A  plane  passing  through  three  points  is  denoted  by  the  capital  letter 
representing  that  one  of  the  points  which  occupies  the  highest  rank. 

10.  As  many  accents  are  placed  over  the  letter  representing  a  pUne  which 
passes  through  three  points,  as  there  are  units,  wanting  one,  in  the  differ 
ence  of  the  ranks  occupied  by  the  two  superior  points. 

II.  And  as  many  accents  are  placed  under  the  letter  denoting  the 
plane  as  there  are  units,  wanting  one,  in  the  difference  of  the  ranks  occu- 
pied by  the  two  inferior  points.  Ex.  A  plane  passing  through  the  points 
A,  E,  H,  is  denoted  by  A^. 

12.  An  angle  formed  by  two  planes  b  denoted  by  placing  the  letters  ex- 
pressinf^  those  planes  in  a  parentheris^  and  separating  them  by  a  comma. 
Ex.  (A,  B)  denotes  the  incUnation  of  the  planes  A  and  B.  The  notation 
admitting  of  a  nmilar  abbreyiation  to  that  in  rule  8. 

13.  An  allele  formed  by  more  than  two  planes  A,  B  and  C|  is  denoted 
in  fike  manner  by  (ABC). 

14.  An  angle  formed  by  a  straight  line»  Of  and  a  plane,  A,  is  also  denoted 
by  (a  AX 
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40.  But  though  provided  with  a  language  capable  of 
expressing  these  relations^  we  cannot  hope  to  succeed  in 
the  analysis  of  them^  until  we  have  obtained  some  gene- 
ral principle  that  may  serve  to  guide  us  in  the  investi- 
gation. 

Such  general  laws^  when  pursued  through  the  nume- 
rous ramifications  they  admits  assume  a  greater  degree 
of  simplicity  than  would  be  expected  from  the  number 
of  elements  involved. 

They  may  be  arranged  in  a  few  classes^  referring 
either  to  arrangements  that  can  be  made  out  of  the  re- 
quired relations^  or  to  simple  elements^  in  terms  of  which 
all  others  should  be  expressed. 

From  the  relations  of  three  points,  partially  develop- 
ed in  the  thirty-first^  or  from  those  of  four  in  the  suc- 
ceeding article^  it  will  appear  that  one  of  the  simplest 
arrangements  that  can  be  made  out  of  the  relations  of  a 
definite  number  of  points^  is  the  chsed  figure  or  pofy- 
gan^  an  idea  that  may  be  illustrated  through  the  inter- 
vention of  motion :  for  whatever  may  be  the  number  of 
points^  it  is  obviously  possible  to  commence  with  any  one^ 
and  passing  through  all  the  remainder,  return  without 
visiting  any  point  twice^  to  the  place  where  the  route 
commenced ;  such  a  figure,  returning  back  on  itself,  is 
called  a  closed  figure^  or  polygon. 

The  relatione  of  a  greater  number  of  points  than  three 
will  admit  of  being  arranged  in  more  than  one  closed 
figure.  Thus^  the  relations  of  the 
points  A^  B,  C^  D,  may  be  analysed  into 
four  triangles,  and  three  closed  figures  3^ 
of  four  sides ;  the  latter  will  be,  ABCDA^ 
ACBDA  and  ABDCA. 
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41  •  Leaidng  this  subject  to  be  further  examined  here- 
after^ let  us  proceed*  to  a  class  of  relations  which  at  first 
appear  distinct  from  those  belonging  to  a  definite  number 
of  points.  I  speak  of  the  angles  formed  about  a  common 
vertex.  From  any  point  we  may  imagine  indefinite 
straight  lines  diverging  as  from  a  centre — nor  does  there 
seem,  on  a  casual  observation,  any  connection  between 
the  angles  included  by  these  divergent  lines^  and  the 
relations  that  form  the  subject  of  this  chapter. 

But  a  little  reflection  will  lead  us  to  perceive  that  it 
is  always  allowable  to  regard  the  relations  of  angles  about 
a  point  as  properties  <iommon  to,  and  in  ^,    ^>«-  ^• 
some  measure  connecting  an  infinity  of    V— ^^-.^s^ 
polygons.  V^^f^VH 

The  angles  about  the  point  0,  for  ex-     {/   ^s/    \ 
ample^  may  be  regarded  as  belonging  to  /^x'''^^^^\.  \ 

an  infinity  of  such  figures  as  M^CTi^JX- — 2SA 

A'B'C'D ;  whose  sides^  the  last  always^ 

excepted,  are  indefinite^  and  equal  in  number  to  the 

angles  at  0. 

Commencing  with  the  case  where  the  divergent  lines 
are  in  one  plane^  we  remark  in  them  the  simple  but  im- 
portant property  of  forming  adjacent 
angles  that  are  additive;  the  angles 
ABC^  CBD,  for  example^  if  equal  and 
adjacent^  will  form  an  angle  ABD, 
which  is  double  either  of  the  parts.        q  a 

And  as  this  property  is  obviously  general^  we  must  re- 
gard angles  as  ^^  quantities,''  and  therefore  capable  of 
comparison  with  a  unit  of  their  own  kind. 

42.  The  choice  of  this  unit  seems  too  clearly  indicated 
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by  the  nature  of  the  quantities  to  admit  of  a  doubt  as  to 
the  angle  that  should  be  chosen. 

In  measuring  most  quantities  the  choice  of  a  unit  is 
arbitrary^  but  angles  are  so  evidently  portions  of  the 
space  surrounding  their  vertex,  and  this  space  so  mani- 
festly the  same  in  all  cases,  that  we  are  forced  to  regard 
it;  directly  or  indirectly,  as  the  standard  to  which  all 
angles  should  be  referred. 

Perhaps  one  of  the  simplest  illustrations  that  can  be 
g^ven  of  the  unit  is  to  regard  it  as  the  sum  of  all  those 
angles  that  admit  of  being  drawn  within  one      ^'ir-  ^ 
common  plane  and  about  one  common  vertex. 
For  though  the  whole  space,  or,  as  we  shall 
hereafter  call  it,   the  whole  plane-spaee 
about  the  given  vertex  is,  itself,  an  idea 
more  simple  than  any  of  its  parts,  the  latter 
will  perhaps  assist  in  obtaining  a  just  conception  of  the 
former — ^being  objects  more  readily  presented  to  the  eye. 

Assuming  then  the  plane-space  about  a  point  as  our 
unit  of  plane  angles,  it  is  abundantly  evident,  that 
wherever  the  point  is  chosen,  the  unit  we  have  de- 
scribed, and  consequently  any  portion  of  it,  will  remaia 
the  same. 

And  it  will  follow,  as  a  corollary,  that,  when  two 
straight  lines  meet,  the  vertical,  or  opposite  angles,  are 
equal :  for  since  a  straight  line,  produced  indefinitely, 
divides  plane  space  into  two  equal  ^-  ^« 

parts,  the  sum  of  the  angles  ABC  and 
GBD,  which  compose  the  space  on  a 
ade  of  AD,  will  be  equal  to  the  sum 
of  thS  angles  ABC,  ABE,  which  com- 
pose the  space  on  a  side  of  EC ;  and  taking  from  these 
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t  

equal  sums  the  common  angle  ABC^  we  shall  have  the 
angle  ABC  equal  to  the  angle  CBD. 

43.  The  divisions  of  this  unit  that  most  frequently 
occnr^  are  the  half^  and  the  fourth  part^ 

The  latter  diviaon  is  named  the  right  angle^  and  the 
difference  between  it  and  any  other  angle  is  called  the 
complement  of  the  latter,  as  the  difference  between  the 
half  unit  and  any  angle  is  called  its  supplements  Either 
division^  for  reasons  we  shall  hereafter  explain^  has 
very  generally  been  considered  as  the  unit  of  angles. 

44.  When  the  lines  diverging  from  a  point  do  not  lie 
in  one  plane^  the  angles  they  form  are  no  longer  ad^- 
tional :  but  among  the  possible  series  of  the  plane  angles 
it  is  obviously  possible  to  choose  such  an  arrangement^ 
thaty  to  iUustrate  our  meaning  through  the  intervention 
of  motion,  we  might  commence  with  any  angle,  and  pass- 
ing over  all  the  remainder,  and  without  viriting  any  one 
twice^  return  to  the  angle  the  route  commenced  at: 
plane  angles  so  arranged,  involving  a  definite  portion  of 
the  whole  space  about  their  vertex^  are  said  to  inclose  a 
«>Kd  angle. 

45.  Bat  supposing  a  plane,  as  ABGF,  ^*  ^^' 
or  CDEF>  oppoate  to  each  of  the  solid 
angles  about  a  p<nnt;  the  sum  of  all 
these  planes,  it  is  evident,  will  form 
the  auHace  of  a  eloBed  solid,  or  polyed-^ 
ran.  An  idea,  perhaps,  more  imme- 
diately derived  from  the  relations  of  a 
defimte  number  of  points ;  since  by  an- 

p 
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alyzing  the  latter^  as  before  mentioned,  into  combinations 
of  threes,  art.  39,  and  passing  planes  through  each  oC 
these  combinations^  we  form  an  assemblage  of  planes 
capable  of  being  analysed  into  many  closed  solids. 

Uniting  both  views^  we  shall  conclude  from  arguments 
analogous  to  those  in  art.  41 ,  that  solid  angles  having  a 
common  vertex^  produce  relations  common  to  an  infinity 
of  polyedrons.  The  solid  angles  at  0,  for  example^  may 
be  regarded  as  relations — ^not  only  of  the  closed  solid 
OABDEO^  but  of  any  closed  solid  that  could  be  formed 
by  planes  opposite  to  0,  and  intercepted  betw^n  the 
faces  of  the  solid  angles  there. 

46.  And^  art.  44,  bearing  in  mind  that  angles  of  the 
kind  last  mentioned  are  definite  portions  of  the  space 
about  their  vertex^  we  immediately  perceive  this  space 
to  form  a  unit  of  comparison  for  such  angles,  and  can 
apply  to  it,  with  proper  modifications^  the  remarks 
made  concerning  the  infinite  plane  assumed  as  the  unit 
of  plane  angles ;  observing  however  that  the  solid  right 
angle  is,  not  the  fourth,  but  the  eighth,  part  of  its  unit 

From  a  casual  view  of  the  definition  in  art.  44  it  would 
appear  that  a  solid  angle  could  not  be  inclosed  by  less 
than  three  planes,  but  if  we  turn  to  art.  9  we  shall 
observe  the  solid  enclosed  by  two  planes,  mentioned  in 
that  article,  which  solid  is  the  true  measure  of  their 
inclination,  to  be  equally  a  definite  portion  of  the  whole 
of  space,  and  therefore  of  the  same  nature  with  the  solid 
angles  about  a  point. 

Nor  will  it  be  difSicult  to  show  the  relation,  or^  rather 
the  identity  of  these  two  species  of  angles. 

But  to  attain  this  end  we  must  first  demonstrate  that 
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lar  probl^'**  in  view — methods  deau.  ^^e,  and 

from  gp^^^  principles,  and  working  ac.  "^  to- 

fiiles* 
That  Buch  principles  cannot  be  very  remote  is  c 

from  the  limited  number  of  elements  admitted — the  a,, 

^ce  between  two  points— the  angle  made  by  two  lines^ 

ape  the  simple  elements  out  of  which  all  the  relations  of 

a  definite  number  of  points  may  be  compounded. 

)(ow  whilst  the  distance  of  the  point  B 

from  A,  C  from  B,  D  from  C,  E  from 

D,  are  the  only  data;  or,  more  gene- 

juDy,  whilst  the  system  can  be  passed 

over  in  such  an  order,  that,  for  each 
point,  the  only  given  relation  is  its  dis-  ^ 
tance  from  the  point  preceding :  no  con- 
clusion can  be  drawn  respecting  the  re-  ^ 
maining  relations. 

But  connect  E  with  A — the  first  point  with  the  last 

and  the  remaining  relations  will  be  subject  to  a  condi- 
tion ! — the  angle  E,  for  example,  is  made  dependent  on 
those  at  D,  at  C,  and  at  B. 

But  to  make  this  connection  is  to  include  all  the  given 
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lines  in  a  closed  figure :  and  had  £  been  connected  with 
any  other  point  in  the  sydtem^  with  C^  for  example, 
similar  results  would  have  followed^  the  lines  between 
C  and  E  would  have  formed  a  closed  figure  and  thdir 
angles  been  subjected  to  a  condition. 

It  is  tru9  that  when  the  data  include  angleSf  a  condi- 
tion may  be  involved  among  the  angles  remaining,  the 
inclinations,  for  example^  of  ED  and  CD  to  AB,  when 
the  lines  are  in  one  plane,  will  involve  the  inclination 
of  £P,  to  CD ;  but  as  the  conditions  in  this  cas^  as  we 
shall  show  hereafter,  are  the  same  with  those  of  angles 
haviipg  9,  common  vertex,  we  are  led  to  tiiis  remark^Me 
conclusion^  that^  every  proposition  relating  to  a  defipite 
number  of  points  may  be  deduced  from  the  properties 
.of  one  or  morc^  closed  figures.  In  practice  it  will  be 
often  convenient  to  analyze  by  polyedrons  instead  of 
polygonsi  but  this  fact  does  not  restrict  the  generality 
of  tiie  preceding  remark,  since  the  latter  species  of  ana- 
lysis will  be  shown  to  include  the  former. 


PRELIMINARY  REFLECTIONS  TO  SECTIONS  III. 

AND  IV. 

From  Sections  I.  and  11.^  we  learn  that  all  the  rela- 
tions of  a  finite  number  of  points  can  be  obtained  from 
those  of  closed  figures  and  solids: — such  figures  and 
solids  can  be  decomposed  into  others  more  simple^  and 
again  compounded  by  putting  these  simple  figures  to- 
gether. 


INQUIRIES  SUGGESTED  BT  THESE  REFLECTIONS. 

Can  all  closed  figures  be  decomposed  until  their  parts 
are  alike : — what  simple  figure^  or  type,  results  from  this 
decompoation : — ^in  what  manner  are  these  types  to  be 
placed  side  by  side  so  as  to  compose  any  given  figure? 

Can  the  same  be  done  for  closed  solids  — ^in  what  man- 
ner are  we  to  discover  the  relations  of  these  simple 
figures;  or  types  of  comparison  ? 


SECTION  III. 


RELATIONS   OF  THE   TYPE  TO  WHICH  CLOSED  FIGURES 

ARE  COMPARED. 


Relatuma  of  three  points  resumed — symmetry  of  fir 
gures— principle  of  elementary  figures — the  triangle 
which  has  one  right  angle  (Mssumed  as  a  type  of  com' 
parison  for  other  triangles — the  relations  of  this  type 
deduced  from  the  principle  of  superposition — relations 
of  the  iype-^'cornparison  of  other  triangles  with  the 
type  performed  by  superpositionr-further  remarks  on 
the  connection  between  the  parts  of  the  type — various 
principles  on  which  the  science  may  be  founded — infi- 
nity  of  space  a  notion  essenticU  to  g^mtetry^^prineiple 
of  homogeneity — symmetry  of  figures. 


48.  The  form  of  our  analysis  was  in  some  measure 
measure  determined  in  the  preceding  section^  where  all 
propositions  respecting  a  definite  number  of  points  were 
shown  to  resolve  themselves  in  the  relations  of  closed 
figures.  But  several  general  principles  have  yet  to  be 
explained  before  the  application  of  this  analysis  can  be 
advantageously  developed ;  and  with  this  view  it  will  be 
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necessary  to  resume  for  a  moment  the  inquiry  into  the 
relations  of  three  points. 

We  have  already  found,  art.  31,  the  relations  in  ques- 
tion to  form  the  closed  figure  called  a  triangle,  and  to 
include  three  distances  and  three  angles.  *%•  ^^ 
And  as  we  arrived  at  the  notion  of  this 
triangle  without  selecting  any  one  point 
in  a  manner  that  would  cause  it  to  be 
involved  in  a  different  way  from  the 
rest ;  it  follows  that  whatever  conclusion  is  obtuned  by 
selecting  a  particular  side  or  a  particular  angle,  provided 
it  is  true  for  every  form  of  the  figure,  a  similar  conclu- 
sion ought  to  follow  from  employing  either  of  the  other 
sides,  or  either  of  the  other  angles. 

Thus,  for  example,  if  we  prove     ^-  ^^^'        ^-  ^^ 
a  relation  to  exist  between  AC  and 
the  opposite  angle  B,  fig.  103,  and 
also  pTWe  this  relation  to  hold  for 
every  fi>rm  of  the  triangle;  it  must 

then  necessarily  follow  that  the  ^ ^  ^ 

same  relation  exists  between  the  side  BC,  and  the  angle 

:a. 

For  among  the  possible  forms  of  the  triangle  ve  might 
choose  one,  fig.  103,  wherein  the  sides  and  angles  were 
interchanged — the  side  AC  becoming  equal  to  the  side 
BC  of  the  primitive  figure. 

Now  as  the  result  is  true  of  the  side  AC  and  the  an- 
gle B,  whatever  may  be  the  form  of  the  triangle,  it 
must  be  true  of  that  side  and  angle  in  fig.  103 ;  but  AG 
and  B  in  the  latter  figure  correspond  with,  and  are  iden- 
tical to,  BC  and  A  in  fig.  103,  and  whatever  is  true  of 
the  one  must  be  equally  true  of  the  other. 
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Hence^  unless  we  suppose,  which  involves  an  evident 
absurdity,  the  properties  of  figures  to  change  with  their 
change  of  position  or  place,  we  must  conclude  that  what- 
ever is  fully  proved  of  one  part  must  be  true  of  all  the 
parts  that  correspond  to  it ;  a  result  which  brings  the 
inquiry  within  a  narrower  compass,  enabling  us  to  ex- 
tend the  relations  demonstrated  for  one  particular  side 
of  a  triangle  to  its  other  sides. 

48.  The  inquiry  is  further  reduced  by  employing  the 
principle  of  symmeti^ — a  fundamental  property  of  ge- 
ometrical figures,  and  which  asserts  their  form  to  depend 
upon  the  ratios,  and  not  on  the  actual  magnitude  of  the 
sides. 

The  principle  in  question  can  be  readily  deduced 
from  the  proposition  that  innumerable  figures  exist  hav- 
ing the  same  form  but  different  magnitudes ;  and,  ac- 
cordingly, when  our  analysis  is  sufficiently  advanced, 
we  shall  prove  the  mutual  dependence  of  these  theorems. 

Their  truth,  however,  though  not  yet  established,  has 
been  gathered  from  observation  in  Part  L  and^may  serve 
as  a  guide  for  our  future  researches,  suggesting  to  us  an 
important  reflection;  for  since  number  expresses  the 
ratios  of  lines,  and  not  their  actual  lengths,  we  shall  con- 
clude that  if  the  propositions  above  adverted  to  are  just^ 
the  relations  of  geometry  can  be  reduced  to  those  of 
number. 

The  course  of  our  inquiry  thus  determined,  we  shall 
advance  with  greater  certainty  by  restricting  it  to  the 
more  elementary  of  the  two  propositions,  and  by  confin- 
ing that  proposition  to  the  simplest  figures. 

Following  this  route,  and  reasoning  only  on  triangles, 

Q 


\n 
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it  seems  impossible    to  deny  *'*ff-  ^^*- 

that  ^ith  respect  to  such  fig- 
ures the  form  is  independent 
of  the  magnitude. 

But  as  principles  ought  not 
to  be  assumed  that  by  analysis  can  be  reduced  to  Others 
more  simple,  it  becomes  incumbent  on  us  to  examine  this 
supposed  property  of  triangles,  and  trace,  if  possible^ 
the  ultimate  relations  on  which  it  depends. 

Taking  then  a  triangle  AB'C,  and  disposing  other 
equal  triangles  about  it,  arranging  as  in 
fig.  105;  a  mere  inspection  will. show  that 
if  the  sums  of  the  angles  at  the  points 
A',  B'  and  C  were  each  equal  to  two 
right  angles^  the  lines  AB^  BG>  CA, 
would  be  straight  lines ;  and  the  figure  a  B'  b 

ABC  a  triangle  having  its  angles  equal  to  those  of  the 
triangle  AB'C. 

And  proceeding  to  a  similar  construction^  but  where 
a  greater  number  of  equal  triangles  are         *%•  ^^• 
arranged  together,  we  are  led  to  gen- 
eralize this  result,  and  to  eonclude  that 
if  the  three  angles  of  a  triangle  were 
always  equal  to  two  right  angles,  in- 
numerable triangles  could  be  construct-  a  c 
ed,  varying  in  magnitude,  but  retaining  the  same  form. 

The  sum  of  the  three  angles  of  a  triangle  is  obviously 
therefore  our  next  inquiry ;  but  this  problem  will  be 
greatly  facilitated  by  the  steps  we  have  already  made  ; 
since  it  followis  from  those  steps  that,  if  We  can  show  the 
three  angles  of  any  one  triangle  to  be  equal  to  two  right 
angles,  the  same  equality  will  subsist  for  all  triangles  de- 
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S^ilL    B«ktk>iMoftlMtypeto  W]ii£hclof»4il|g«rMMe0m^«^ 

Art  48.    8jiBmetryoffijp2fWi« 

livedo  according  to  the  pieceding  constructioa  frooi  this  * 
one.  ^  .  ' 


49.  And  reversing  our  steps^  attd  decompoMng  triaii* 
gles  into  parts,  each  resembling  the  original  in  twm^  hut 
getting  less  lind  less ;  and  pushii^  thfe  decompositioa 
until  the  parts,  which  we  shall  then  call  ekmenis^  be- 
come less  than  any  assignable  triangl^e  f  it  will  atill  fellow 
that  we  shall  have  established  the  p^perty  m  question 
fiir  the  whote  triangle^  whenever  we  estaUisk  it  fer  coo 
of  the  parts'. 

But  figures  so  small  wiH  he  Httle  disdnguigbabte  flma 
pdats,  and  theanglf^  formed  by  Aeir  sides^  indefinitely 
produced^  will  be  nearly  the  same  as  those  ibrmed  by  Bnea 
i^out  a  point. 

The  lines  AB^  CD,  CE,  for  esBittp)^^  that  eneloae  a 
amaH  trianjgle  at  C>  <are  separated  ^      /  *^;  ^^'        ^ 
by  openings  t^  b^  e^  that,  arie 
lieariy  e^ual  to thtf. angles  of  die 
triai^gle:  twc^  of  thes^  openinjgs 
namely  o^  and  e,  are  identioAlA 
,with  anglea  of  the  friiaingle,  and 
thethirdi,  jr/whiph  fbiws  a  space  infitoitely  extended, 
£llbrt  from  the  openiiig  we  call  the  an^e  0^  merely  by 
tile  small  space  inoluded  in  the  triangle. 

This  la^  by  bringing  AB  nearer  to  C,  may  be  ren- 
dered as  small  as  we  please :  a  Ad  thus  a  trianj^e  can  al- 
mtys  be  assigned  whose  angles  shall  differ  from  a,  d,  e, 
ind>  consequent,  the  snim  of  whose  angles  shall  differ' 
from  two  right  anglea  by  less  than  any  assignable  qoan- 
jdty.  Some  difference  between  the  results  appears,  it  \i 
true,  always  to  remain;  but  if  we  examine  more  atten- 
tively the  idea  that  we  are  able  to  form  of  infinite  space,  we 
shall  find  the  difference  in  question  merely  apparenti  apd 
shall  p^^eive  the  sum  of  tlie  three  angles  6f  a  triangle  to 
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be  rigidly  equal  ta  two  right  angles.  The  former  sura,  yit 
have  seen,  differs  from  the  latter,  or  frcm  the  half  of  plane 
Sfiade,  merely  by  the  finite  area  incl^decliiK^hc  trian^ ; 
aod  with  regsad  to  this  diflfercmse  we  may  reason  as  follows:, 

Drawing,  at  pleesufe^  a  atmight  line  AEk;  the  infinite 
plane  spaces  oa  either  side  are  each  equal  to  two  right 
an^es,  and  to  each  ether  5  and  «a  the  same  may  fa^  said 
with  regard  toa  second  straught  lin»  ^«^^^- 

A'B',  so  drawn  aa  not  to  m^t  the  A/ — --  '^ 

first,  however  farproduced,  the  plane  ^ ^ 

^paceon  either  ndeof  AB^  which  spaqe  we  sliatt  denote 
by  P,  will  be  equal  to  ihp  space  N,  on  either  side  eC 
A'W  J  and  we  have  the  equaticm  P  »  N.  Now  the  ap^^i^ 
P  is  composed  of  two  parts,  the  part  M,  that  li^s  bcltweM 
the  lines,  ailtf'the  p»rt  K,  tliat  lies  beyond  A'B';  and 
expressing  this  mlgebraicitlly^  ^e  have  P  a*.  M  +  N.  But 
equating  these  equal  values  of  P,  we  also  o^Haift 
N  s  M  +  N  J  and  as  this  result  is  strietly  dedticed^  it 
proves^  however  obscure  the  fact  may  seem^  that  either 
sii  out*  notions  concerning  angles  .are  erroneous^  or  the 
addifion  of  such  a^paco  as  M,  Which  is  of  finite  breadth^ 
will  nc^alteF  a  space  N,  that  is  infinite  in  two  directions^ 

But  admitting  this  conclusion^  whieh  we  haveseen  ia 
rigidly  demonstrated^  it  will  also  follow,  and  for  a  strongper 
reaspn,  that  the  sum  of  the  three.infinite  sfmces,  a,  b  and 
Cp  fig*  107,  is  not  altered  by  the  addition  of  the  triwgle  at 
G;  or,  in  other  words,  that  the  three  angles  of  a  trianj^ 
whatever  may  be  its  magnitude,  are  equal  to  two  right 
angles*^  To  render  this  result  moro  useful,  we  wiU 
employ  it  to  demonstrate  these  additional  properties. 

1.  If  two  triangles  have  a  aide  and  any  two  angles  of 
the  -one,  equal  to  a  side  and  any.  two  angles  of  the  otberi 
the  triangles  will  be  equal. 

For  the  three  angles  of  each  triangle  are  eq|ual  to  two 

«  hm  1. 
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right  angles}  arid  if^-^rom  this  sum  we  subtract  the  two 
given  angl^  of  the  first  trian^gle,  Stud  froai'the  same  siiia 
the  two  given  angled  cff  the  se(M>nd  trianglii^the  remain'' 
ders,  or  thirft  angle8>  will  be  eqfial.  '  And  hence^  super- 
posing the  figures^  and  adjusting  the  sides  that  areequd, 
the  remamin^sidbs  of  die  first  sriH  take  the  same  drree* 
tioDS  as  the  remaning  sides  of  the  second,  and  the  several 
parts  of  the  two  figures,'  falling  on  each  other/witl  agroe^ 
and  the  two  triangle's  wHl  be  cqtial  in  all  respects, 

&  if  two -triangles  have  their  angtes^equal,  the  ratiot 
of  Che  correspondihg  sides,  that  is,  of  the  sides  aboM  tbt 
equal  angles,  will  also  be  equal,  and  the  figur€aii4H  be 

For  suppose  ABC  and  AEF  two  triangles,  the  aides  of 
wldch,  ^ and  AF have  soteeeomiiioii raftio^    ^iftoc^ by 
the  process  aTready*4es6ribed^  and  b j 
taking  for  the  side  of  the  elementary 
triftn^le  a  common  m^astire  of  AO  and 
AF,  we  can  decompose  the  figures 
into  elementary  parts,  whose  siilea     ^^ 
shall  ^  aa^smail  as  we  please ;  it  fot-  ^^^^ 
,        ,,    ,  AC        AF 
*^^''*^*AB  ":  AE-  / 

This  proof,  it  will  be  observed,  Is  only  given  of  tri* 
angles,  the  sides  ot  which  are  tneasdred  by  tome  com- 
mon unit ;  but  siiice  it  has  been  proven  before,  in  the  ele* 
ments  of  algebra,  that  I'eliations  which  extend  to  aH  quan* 
ttlies  that  can  be  mMsiired  by  the  successive  additions  of 
an  indefinite  unit,  are,  in  fiict,  general,  the  result  in  ques* 
tion  is  true  of  all  triangles  that  have  their  angles  equaL^ 

SO.  The  principles  here  established  are  soflcient  to 
prove  that  all  the  linear  relatibns  of  three  points,  and  We 
shall  afterwards  render  the  remark  general,, ean  be  reduced' 
to  those  of  number.  * 

*  Note  2. 
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ButJlli«  facV  important  as  it  undoubtedly  is,  forms  but 
*  siH^  step  of  our  ipquiry  5  and  riotwithstending  that  it 
i^stnots  the  latter,  at  least  as.  far  as  this  scetion  is  q«i- 
eeriied,  to  the  relations  ewting  between  Ae  angles^  and 
the  ^tits  of  the  eidcsof'  a  tmhgle,  the  subject  U  still  of 
^^eat  extent^  an«  in  order  to  pursue  k.ivith  advantage, 
lone  furt\»^r  riductioiis  roust  yet  be  einployed.  With  ^ 
^lew  to  these  rediltt^Q<is>  let  us  cort>roeat?e  the  invcstigir 
tio».wHh  one  of  tfie  l^t  eomplieated  for4ne  whieh  trian- 
^  adttit ;  ai^d  biy  a  con^panson  of  other  siu^h  figures  with 
dwttttipleiype^dhperye  the  changes  thalt  must  he  madeiii 
Ae  coaehisions  to  adapt  them  to  every  q^ies  of  triftogTe. 

Smm^  of  the  sinp^  forms  of  the  liguipet  alluded  to  do 
iM  ndaut  <^  a  ready  eaiii^pari«m  ^ith  <H^er  trian^es,  and 
payiiig  the  due  Attetitiart  to  thb  requisite^  we  sMl  fl«4 
the  tpeoies  of  triangle  whieh  has  4»e  of  thea«iglmia  i^fat 
angle,  ta  awwer  the  pfirpose  of  %  type  b^r  than  arty 
other  form  of  that  figujre* 

But  as  the  prtiuupl^  whieh  Jiaye  already  been  devel- 
oped permit  us  to  compare  togetlier  ri^  angled  trim^ 
of  any  magnitude,  and  prove  the  form  to  depend  alto-. 
gether  en  the  ratios  of  the  aides^  it  becomes  an  object  of 
importafioe  to  dip^nguii^  these  ratios  hy  peenliar  namj&s. 

Tbe  ratios  th^t  can  be  formed  ^oiit  of  the  three  sides 
1^  six  In  number,  b**  three,6f  thes^         rig,  ua 
it  19  evident,  are  merely  the  remain- 
lug  tjhtrte  inmrud,  thaj:  is>  with  the 
iiiMB)sietors  and   deiiomi^aatoisf  inter* 
elMttgwd*  ^  The  names  itt^cwd  en  theie  ^^      ^ 
raties  will  be  understood  by  the  following  table* 

^ide  adj.  to  A  ^^  ^  jg  ^^^^  ^^^  ^j.^ 
.     hypothenuse        ft 

Sideopp.toA^^,t    is  named  sine  of  A 
hypothenuse         e 
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-JT RB: — s-  or  -  is  named  tangent  of  A 

side  adj.  to  A       a 

The  reciprocal  of  the  cosine,  or  ~>5  is  named  secant  of  A 

al 

The  reciprocal  of  the  sine,  or  -,  is  named  cosecant  of  A 

The  reciprocal  of  the  tangent,  or  ^^  is  named  cotangent 

of  A. 

The  angle  B  has  also  its  sine,  cosine^  &c.  and  since  a 
mere  displacement  of  the  paper  would  cause  the  letter  B 
to  occupy  the  place  of  A,  the  ratio  which  is  the  sine  of 
A  must  be  the  cosine  of  B ;  and,  in  like  manner,  the 
tangent  B  is  the  cotangent  of  A,  and  the  secant  of  B  the 
cosecant  of  A. 

SO.  1  •  Having  named  the  several  parts  of  the  type, 
our  next  step  is  to  discover  their  relations,  a  process  of  a 
kind  different  from  any  that  has  yet  engaged  our  atten- 
tion ;  but  that  proceeds,  in  like  manner^  by  the  arrange- 
ment and  comparison  of  figures. 

The  relations  already  noticed  in  the  ratios,  namely, 
that  some  are  reciprocals  of  others,  is  an  immediate  re- 
sult of  our  own  convictions,  and  does  not  require  de- 
monstration ;  but  if  we  seek  to  discover  the  relations 
that  are  peculiar  to  the  figure  under  consideration^  the 
want  of  a  principle  on  which  to  found  our  inquiries  is 
immediately  felt,  nor  can  we  proceed  in  the  investiga- 
tion until  such  an  instrument  is  provided. 

The  method  of  superposition — a  method,  as  we  have 
formerly  remarked,  equally  common  to  the  sciences  and 
arts,  supplies  us  with  this  instrument,  and  enables  us  to 
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compare  figures  by  proving  certain  of  the  parts  into 
which  they  are  divided,  identical  in  each. 

The  choice  of  the  right  angled  triangle  as  a  type  of 
comparison  will  direct  us  to  divide  other  Fig.  in. 
figures  into  right  angled  triangles,  and 
thus  to  analyze  the  sides  and  angles  of 
the  parts  of  the  integral  figure  into 
parts  that  are  found  in  right  angled  tri- 
angles. 

This  application  of  the  principle  of  superposition  re- 
gards all  figures  as  made  up,  or  covered  by,  right  an- 
gled triangles ;  and  is  as  applicable  to  the  type  itself  as 
to  any  other  variety  of  form. 

Thus,  selecting  two  right  angled  triangles,  ACD,  CBD, 
that,  together  are  identical  with  the  right  angled  triangle 
ACB,  we  divide  the  sides  and  angles  of  the  latter,  or 
integral  figure,  into  parts  that  are  found  in  one  or  other 
of  the  two  smaller  triangles.^     But 

And 

_=cos.  A=-l 
a'  a 

--=cos,B=- 
o  a 

From  the  two  last  equations  we  derive 

a  a 

and,  substituting  in  the  first,  there  arises 

•  AUsa»  ACsro',  ADaei^^  BCvsb,  BDssb',  CDac     See  notation, 
p.  109. 
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Or^  calling  the  side  AB;  opposite  to  the  right  angle^  the 
hypothenuse, 

Tlie  square  of  the  hypothenuse  is  equal  to  the  sums 
of  the  squares  of  the  other  two  sides. 

A  property  which  is  characteristic  of  the  type. 

.  50.  2.  Another  property  of  the  latter  will  immedi- 
ately follow  from  the 'principle  already  demonstrated, 
that  in  every  triangle  the  sum  of  the  three  angles  is  equal 
to  two  right  angles.  For  since  the  angle  at  C  is  a  right 
angle^  the  sum  of  the  remaining  angles  will  be  together 
equal  to  a  right  angle ;  and  ^<  the  two  acute  angles  will  be 
complementary  to  each  other." 

SO.  3.  A  third  property  relates  to  the  connec* 
tion  between  the  angles  and  the  ^^g- 113. 

ratios  of  the  sides ;  and  may  be  de- 
monstrated by  drawing  a  line  from  b' 
one  of  the  acute  angles,  A^  to  a 
pmnt  B'  in  the  opposite  side,  fig.    ^  ^ 

112. 

By  this  construction  we  form  a  second  right  angled 
triangle,  B'AC^  that  has  the  side  AG  in  common  with 
the  firsts  but  the  side  BC^  and  the  angle  at  A,  less. 

The  ratio  of  the  opposite  side  to  that  adjacent^  or  the 
lADgent  of  A^  will^  therefore,  be  least  in  the  triangle 
which  has  the  least  angle  at  A.  And  as  this  result  is 
true  whatever  may  be  the  magnitude  of  A,  or  the  posi- 
tion of  B',  we  conclude^  generally,  that  with  respect  to 
all  ^^  acute  angles  the  tangent  increases  and  decreases 
with  the  angle.'^ 

By  assuming  B'  very  near  to*  C^  the  angle  A  may  be 
made  to  approach  as  nearly  as  we  please  to  zero^  and 
consequently  the  angle  B  to  a  right  angle^  art.  49 ;  but 
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AC 
as  B'C  diminishes,  the  ratio  ^-^,  or  the  tangent  of  B, 

B'C 

will  increase^  and  as  the  one  approaches  to  zero^  the 
other  will  approach  to  infinity. 

From  all  which,  we  conclude,  first,  that  ^^  a  right  an- 
gled triangle  may  have  its  acute  angles  of  any  value  be* 
tween  zero  and  a  right  angle ;"  and,  secondly,  that  ^^  as 
any  angle  increases  from  zero  to  |,  its  tangent  increa- 
ses from  zero  to  infinity.'' 

The  results  with  respect  to  the  sine  are  nearly  simi- 
lar ;  for  as  the  square  of  the  hypothenuse  is  equal  to  the 
sums  of  the  squares  of  the  other  two  sides,  art  50 — 1 ,  it 
will  follow,  that  if  one  of  the  sides  is  diminished,  the 
other  remaining  the  same,  the  square  of  the  liypothenuse 
will  diminish  less  rapidly  than  the  square  of  the  decrea- 
sing side,  and  the  ratio  of  that  side  to  the  hypothenuse 
will  diminish  with  the  former. 

This  ratio  becomes  zero  with  the  angle  at  A,  but  it 
does  not  become  infinite  when  the  latter  is  a  right  angle. 

In  fact,  since  AB'*=AC'+B'C%  fig.  112,  if  B'C  ap- 
proaches zero,  AB'  approaches  AC,  and  the  ratio  of 
AC  to  AB',  which  is  the  sine  of  B',  approaches  to 
unity^ 

From  this  reasoning  we  conclude,  that  ^^  as  aa  angle 
increases  from  zero  to  |,  its  sine  increases  from  zero  to 
unity." 

The  cosine  of  an  angle  follows  a  contrary  rule,  for  the 
sine  of  A  is  the  cosine  of  B,  and  the  latter  angle  de- 
creases with  the  increase  of  the  former, — art.  50 — 2. 
The  cosine  of  B,  therefore,  increasing  with  the  sine  of 
A,  and  consequently,  by  the  preceding  part  of  this  arti- 
cle, with  the  angle  A  itself,  increases  a  sB  diminishes. 
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And  we  conclude,  that,  ^^as  an  angle  increases  from 
zero  to  I  its  cosine  diminishes  from  unity  to  zero. 

The  relations  between  the  angles  of  the  type  and  the 
ratios  of  its  sides  may  be  pursued  further,  but  before  we 
enter  into  this  inquiry  it  will  be  convenient  to  investi- 
gate a  process  by  which  the  relations  of  every  species 
of  triangle  may  be  reduced  to  those  of  the  known  stan- 
dard. 


51.  Comparing  the  triangle  ABC  with  the  given  type, 


we  observe,  that  the  right  angled  trian- 
gles^ ABm,  and  BCm,  may  be  so  placed 
as  conjointly  to  coincide  with  the  trian- 
gle ABC;  and  consequently,  that,  by 
what  has  preceded  we  shall  have 

Am 


Kg.  113. 


o 


a 

Cm 

b 


=  coB.  aa' 


=  COS.  ha' 


or  clearing  the  equations  of  fractions  and  adding  them 
together, 

a*  ^a cos.  aa'  '^'b cos.  ba\ 

When  the  given  points  are  disposed  as  in  fig.  114  the 
point  m  no  longer  falls  within  the  tri-        "^'^fs-  ii4. 
angle :  and  we  also  meet  with  a  doubt 
not  suggested  by  the  former  figure, 
namely,  whether  to  measure  the  incli-  j 

nation  of  the  lines  B A  and  AC  by  the ! ^\ 

angle  BAC  or  its  supplement. 

To  solve  this  doubt  we  must  have  recourse  to  the 
preceding  case,  and  as  we  there  made  use  of  the  inter- 
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nal  angles  of  -the  triangle^  the  unity  of  method  which 
analysis  requires  will  direct  us  to  measure  the  inclination 
in  question  by  the  obtuse  angle  BAG. 

The  true  reason^  however,  for  choosing  this  measure- 
ment is  the  power  it  gives  of  extending*  to  the  present 
case  the  formula  deduced  from  the  preceding.  For 
observing  that  a  right  angled  triangle  cannot  contain  an 
obtuse  angle^  we  perceive,  art.  50,  that  such  angJes  will 
have  neither  sine  nor  co^ne  unless  a  farther  convention 
is  made  respecting  those  terms.  But  agreeing  that  an 
angle  has  the  same  cosine  as  its  supplement  but  with  a 
contrary  algebraic  sign  prefixed  to  it,  we  have 

Cm  3=  b  cos,  ba' 
Jim  =  —  a  cos.  aa' 
and,  subtracting  these  equations,  there  still  rtsults 

a'  =  o  cos.  aa'  +  b  cos.  ba\ 

Lastly,  when  the  given  points  are  so  disposed.that  the 
angle  C  is  obtuse ;  similar  results  will  ^'^^  Uo. 

follow  from  similar  reasoning :  and  as 
the  case  where  one  of  the  angles  is  right, 
is  merely  a  limit  between  those  where  it 
is  obtuse  and  where  acute,  we  conclude 
that  the  expression  obtained  for  the 
side  a'  extendi  to  all  triangles,  and  is  independent  of  the 
position  of  the  points  whose  relations  are  sought :  more- 
over, observing  how  the  several  quantities  that  enter 
this  equation  are  placed  in  the  triangle  with  respect  to 
the  selected  side  a',  we  have  only  to  substitute  for  them 
other  letters  similarly  situated  with  respect  to  another 
side,  in  order  to  deduce  a  value  of  this  last. 

By  such  substitutions  we  obtain  the  three  equations 
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a  =  &  COS.  ha  +  a*  cos.  a*a. 

b  =  a' COS.  a'6  +  a  COS.  aft  •  •  •  •  (1) 

a'  =  a  COS.  aa'  +  b  cos.  ba' 
which,  involving  all  the  properties  of  the  triangle,  reduce 
the  chief  subject  of  this  section  to  a  problem  purely 
algebraic.  And  as  the  reader  is  supposed  to  have  pre- 
viously studied  the  elementary  rules  bf  algebra,  all  re- 
sults which  flow  from  the  application  of  those  rules  to 
the  equations  (1 )  may  be  justly  regarded  as  already  estab- 
lished. The  great  importance  of  these  results  will, 
indeed,  render  it  convenient  to  give  this  deVeh>pment, 
but  the  place  it  shall  occupy-  may  be  postponed  at 
pleasure ;  and  will  hot  occur  in  this  investigation  until 
Part  IIL.;  wher^it  willbe  tAiown  that  of  the  six  elements 
which  constitute  a  triangle,  any  three,  except  the  three 
angles,  are  sufficient  to  determine  the  remainder. 

52.  -An  that  is  now  wanting  to  complete  the  theory 
of  triangles  is  the  investigation  we  proposed  deferring, 
and  which  has  for  its  object  to  determine  the  relations 
between  an  angle  and  its  cosine,  sine,  &c.  Until  this 
investigation  is  completed  the  equations  (1)  can  only 
establish  the  connections  between  the  sides  of  a  triangle 
and  those  of  the  right  angled  triangles  that  are  together 
equivalent  to  it,  that  is,  which  exactly  fill '  the  same 

Even  this  imperfect  analysis,  however,  is  of  wide  ap- 
plication, and  should  we  fail  in  the  further  inquiry,  so 
often  mentioned  as  deferred,  its  place,  as  far  as  all  prac- 
tical purposes  are  concerned,  might  be  supplied  by  call- 
ing in  the  assistance  of  the  artist. 

Providing  ourselves  with  a  large  and  smooth  sheet  of 
some  soft  metal,  we  might  commence  this  practical  in- 
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vestigation  by  tracing  on  the  surface  an  extensive  series 
of  angles^  each  increased  beyond  that  preceding  it  by 
some  constant  and  small  angle  BAC. 

From  this  series  an  equal  num- 
berof  rightangled  triangles  might 
be  obtained  by  letting  fall,  in 
each  of  the  angles,  a  perpendicu- 
lar EF^  on  one  of  the  sides,  fromn 
a  point  £  taken  at  pleasure  in  the 
other.  ^ 

When,  finally,  our  problem  would  be  resolved  by 
measuring  the  sides  DE,  EF,  FD,  and  arranging  their 
ratios  in  a  table  under  the  names  of  cosine^  sine,  tan- 
gent, &c. 

Such  a  table  as  this  will  be  found  the  only  practicable 
way  of  preserving  for  immediate  use  the  results  of  our 
researches  on  the  right  angled  triangle :  other  methods 
of  calculation,  however,  must  be  had  recourse  to :  ap- 
peals to  the  testimony  of  the  senses  can  only  be  permitted 
when  all  other  modes  of  research  have  failed ;  and  in 
place  of  the  graphic  investigation  above  described^  we 
must  substitute  a  purely  mental  process,  capable  of  de* 
veloping  the  numbers  in  question,  not  only  with  greater 
accuracy  than  could  be  attained  by  the  most  refined  pro- 
cesses of  art,  but  with  any  degree  of  accuracy  required. 
A  method  of  this  kind  will  be  explained  in  the  section 
already  referred  to ;  and,  in  the  mean  time,  let  us  pursue 
our  reflections  on  the  relations  of  points  and  the  methods 
of  comparing  their  relations  with  those  of  the  standard 
figure. 

53.  The  theory  of  triangles  established  in  the  pre- 
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ceding  articles,  has  been  chiefly  deduced  from  the  prin* 
ciple  of  elementary  figures,  or  of  figures  possessing  the 
same  form  as  that  of  which  they  are  parts,  and  capable 
at  the  same  time  of  being  reduced  to  dimensions  less  than 
any  assignable  limits. 

But  in  whatever  manner  the  foundations  of  our  science 
are  established,  it  is  essentially  necessary  that  we  should 
previously  deduce  the  relations  of  the  right  angled  tri^ 
angle^  or  of  some  other  simple  standard ;  and  in  this  pre- 
liminary operation  much  difficulty  was  experienced  by 
those  who  first  treated  the  subject ;  until,  with  enlarged 
notions  in  every  branch  of  mathematics,  more  just  ideas 
arose  concerning  these  elementary  truths ;  and  the  Ibilure 
of  so  many  eminent  mathematicians  to  establish  their 
science  on  the  single  principle  of  superposition,  was 
justly  regarded  as  indicating  the  existence  of  other 
equally  fundamental  principles. 

54.  The  idea  of  superposition,  whilst  it  supposes  a 
certain  knowledge  of  the  properties  of  space,  does  not 
include  the  notion  of  its  infinity,  a  notion  essential  to  our 
subject^  since  we  cannot  form  the  idea  of  a  simple  direc- 
tion without  further  supposing  the  possibility  of  pro- 
ducing that  direction  infinitely  on  either  hand,  nor  obtain 
just  notions  of  an  angle  without  supposing  it  a  definite 
portion  of  that  boundless  plane  in  which  the  sides  that 
contain  the  angle  are  found. 

The  idea  of  infinity  is  implicitly  contained  in  the 
principle  of  elementary  figures,  as  well  as  in  that  of  two 
other  principles,  that,  taken  as  original  truths,  would 
equally  serve  to  support  the  fundamental  propositions  of 
geometry. 
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^5.  The  symmetry  of  figures^  the  first  of  these  two 
principles,  has  already  been  explained  and  deduced  with 
respect  to  triangles,  from  the  course  of  reasoning  adopted 
in  art,  48. 

56.  The  other  principle  alluded  to,  the  principle  of 
homogeneity^  is  of  equal  importance,  and  will  require  a 
few  words  of  explanation.  Taken  in  its  most  general 
sense,  it  asserts  the  self-evident  proposition  that  hetero- 
geneous quantities  can  only  be  compared  by  the  ratios 
they  bear  their  units ;  but  when  the  principle  is  examined 
in  detail,  it  becomes  necessary  for  us  to  define  the  quan- 
tities that  are  heterogeneous.  Thus,  among  other  ex- 
amples, lines,  whilst  they  are  asserted  to  be  homogeneous 
to  lines,  are  said  to  be  heterogeneous  to  angles;  by  which 
is  meant,  that  we  cannot  obtain  the  quantity  of  an  angle 
by  taking  any  number  of  times  the  quantity  of  a  stndght 
line. 

Legendrey  from  the  principle  of  homogeneity,  has 
undertaken  to  derive  the  theory  of  triangles,  but  whilst 
the  method  he  pursues  is  excellently  adapted  to  exhibit 
the  relations  of  geometry  to  those  who  are  already  ac- 
quainted with  that  science,  it  fails  as  an  elementary  pro- 
cess of  investigation ;  requiring  us  to  assume,  what  is  by 
no  means  obvious,  that  all  the  relations  of  geometry,  or 
in  other  words,  of  position,  can  be  reduced  to  relations 
of  number. 
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SECTION  IV. 


RELATIONS  OF  THE  TYPE  TO  WHICH  CLOSED  SOLIDS  ARE 

COMPARED. 

Inclinations  of  lines  with  planes — the  triangular 
pyramid  with  one  solid  right  angle — the  rectangular 
pyramid — the  rectangular  pyramid  chosen  as  the  type  of 
closed  solids — relations  of  the  type^-'^ngh  which  mea* 
sures  the  inclination  of  a  line  to  a  plane — particular 
eases  of  such  angles — measure  chosen  for  the  inclination 
of  planes  shown  to  fulfil  the  necessary  conditions — com- 
parison  of  closed  solids  with  their  type — vertical  solid 
angles  are  equal — comparison  of  solid  angles  contained 
by  two  planes  with  those  contained  by  three  or  four. 

57.  From  the  species  of  angles  we  have  hitherto  con- 
sidered^ we  naturally  pass  to  the  inclinations  of  lines  with 
planes ;  but  a  slight  attention  to  the  subject  will  convince 
us  that  to  measure  angles  of  so  distinct  a  nature^  some 
new  convention  becomes  necessary. 

To  render  this  apparent,  let  us  assume  the  line  BA 
inclined  to  the  plane  PQ,  and  pass  through  BA  a  plane 
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BAG,  such  that  its  intersection  ^'^'  ^' 

with  PQ  shall  be  the  line  AC; 
the  inclination  of  the  line  and 
plane  might  evidently  be  mea- 
sured by  BAG :  but  other  mea- 
sures may  also  be  obtained  by  a 
similar  construction.  Thus^  passing  through  B A  another 
plane  BAG'  whose  intersection  is  AG',  the  inclination  in 
question  may  be  measured  by  BAG' ;  and  since  BAG  and 
BAG'  are  not  equal,  it  becomes  necessary  to  decide  by 
agreement,  which  angle,  out  of  the  infinite  number  so 
formed,  shall  represent  the  inclination  of  the  line  and 
plane. 

This  choice  may  in  some  respects  be  considered  as  an 
arbitrary  one,  yet  it  will  be  proper  to  examine  the  angles 
we  choose  among,  and  select  that  best  adapted  to  our 
purpose. 

Such  an  inquiry,  involving  the  relations  of  planes  that 
pass  through  a  common  point,  supposes  an  acquaintance 
with  solid  angles:  and  as  we  have  ascertained  that  solid 
angles  are  best  investigated  by  means  of  closed  solids,  it 
will  be  expedient,  before  proceeding  further,  to  examine 
the  simplest  cases  such  relations  oifer.   . 

The  principle  that  guided  us  through  the  analysis  of 
plane  figures,  will  be  equally  useful  in  this  instance ;  and 
accordingly,  we  otight  to  seek  for  a  type  that  Aall  fill, 
with  respect  to  solids,  the  place  which  is  occupied, 
among  the  figures  alluded  to,  by  the  right  angled  tri- 
angle. 

58.  But  the  simplest  solids  are  found  among  the  relfi- 
tioDS  of  four  points :  and,  taken  three  and  three^  the 
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combinations  of  four  points  determine  the  positions  of  as 
many  planes,  and  thus  give  rise  to  elementary  solids  that 
are  classed  under  the  general  appellation  of  triangular 
pyramids.  Agreeing^  in  many  respects,  with  ^he  tri- 
angle of  plane  geometry^  they  also  admit  of  similar  cases ; 
among  which,  from  its  analogy  to  the  right  angled  tri- 
angle, we  cannot  fail  to  remark  the  triangular  pyramid 
hamng  one  right  angle. 
The  exbtence  and  nature  of  thb  solid  may  be  readily 

shown:  for  drawing  BB'  at  right  ^'«r-  "8. 

jti 
angles  to  a  given  straight  line  CC'^ 

we  may  apply  to  the  latter  a  tri- 
angle CC'D,  composed  of  the  two^.^ 
right  angled  triangles  CAD  and 
CAD :  and  causing  this  triangle  to 
revolve  round  GC  it  may  be  made 
to  assume  such  a  position  that  the 
angle  BAD  shall  be  a  right  angle.  Whence  assuming 
B,  C,  D^  B^  Ac  at  equal  distances  froon  A,  and  in  the 
lines  BA,  CA  and  DA  produced,  the  planes  determined 
by  these  potnts  will  form  eight  solids,  each  inclosed  by 
four  triangular  faces ;  and  as  the  triangles  at  A  have  each 
three  parts  the  same,  namely^  two  sides  and  an  included 
angle,  by  art.  51  they  are  equal;  and,  consequently, 
their  bases  are  equal ;  and  an  equality  exists  between  all 
the  corresponding  faces  of  the  eight  triangular  pyramids. 

But  solids  so  constructed,  admitting  of  mutual  super- 
position, are  identical ;  and  thus,  the  angle  at  A,  in  any 
one  of  the  pyramids,  being  the  eighth  part  of  the  space 
about  A,  and  equal  in  all  respects  to  the  remaining  angles 
about  that  point,  is^  by  art.  46,  a  solid  right  angle. 

Now  this  a^gle  is  not  dependent  on  the  values  of  AB, 
AC  and  AD^  but  will  remain  the  same  whatever  is  the 
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chosen  as  the  type  of  closed  solids. 

relation  of  these  lines.  And  thus,  constructing  a  solid 
right  angle  as  above^  and  in  the  intersections  of  the 
planes  bounding  this  angle,  taking  points,  B,  C,  D,  at 
pleasure,  and  finally,  passing  a  plane  through  BCD,  we 
form  the  pyramid  in  question. 

Such  a  solid  appears  to  have  the  relation  to  triangular 
pyramids  whieh  the  right  angled  triangle  has  to  other 
triangles;  but,  notwithstanding  this  apparent  resem- 
blance, the  triangular  pyramid  with  one  solid  right 
angle,  is  not  well  adapted  to  serve  as  a  figure  whence 
others  may  be  compounded,  and,  in  this  respect,  is 
greatly  surpassed  by  a  form  resulting  from  its  decompo- 
sition. 

59.  To  obtain  this  form,  draw  BE  perpendicular  to 
CD,  and  pass  a  plane  through  A,  B  and  E,  either  of  the 
solids  ABCE  or  ABDE  will  then  be  the  pyramid  we 

From  the  construction  each  of  the  ^§r- 1^^. 
angles  B  AC  and  BEC  is  a  right  angle, 
and  as  BAE  and  AEC  will  presently 
appear  to  be  so  likewise,  the  solid  has 
all  its  faces  right  angled  triangles; 
and,  in  allusion  to  this  property,  may^ 
be  conveniently  denominated  the  rectangular  pyramid. 

60.  The  nature  of  this  solid  renders  it  readily  suscep- 
tible  of  being  compounded  with  others  of  its  own  kind, 
and  as  by  a  proper  system  of  juxtaposition  we  may  form 
any  closed  solid  from  it,  we  shall  select  the  rectangular 
pyramid  as  a  standard,  or  type  of  comparison  for  all  such 
solids. 
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61.  This  choice  completed,  it  will  be  proper  that  we 
should  proceed,  as  in  the  former  case,  to  investigate  the 
chief  properties  of  the  type. 

The  analysis  may  be  performed  by  means  of  the  rela- 
tions discovered  among  the  parts  of  the  right  angled  tri- 
angle, sect.  3,  but  as  considerations  flowing  from  the 
construction  of  the  type  greatly  facilitate  the  process, 
we  shall  avail  ourselves  of  their  assistance. 

The  first  object  is  to  prove  the  characteristic  property 
that  all  the  faces  of  the  solid  are  right  angled  triangles. 

The  faces  A  and  B,^  are  right  angled  by  construction ; 
and  thence  we  readily  prove  the  same  thing  of  the  face 
A,, ;  for  referring  to  art.  58,  it  will  be  Fig.  120. 
seen  that  a  solid  identical  with  ABCD 
may  be  placed  below  it,  and  in  such  a 
manner  that  BE'  shall  be  a  straight  line ; 
and  as,  from  the  identity  of  the  solids, 
BAE  will  then  be  equal  to  B'AE,  it 
must  follow,  as  we  sought  to  demonstrate, 
that  each  of  these  angles  is  a  right  angle. 

That  A/  is  also  right  angled  may  be  proved  as  follows : 

From  aft.  50  we  have 

6*  —  6"  =  c'* 
And  adding  these  equations,  there  results 

a'*  =  o"*  +  c'* 
Whence,  art.  50,  AEC  is  a  right  angled  triangle, 
having  the  right  angle  at  E. 

*  Beferringtothe  scheme  of  notation,  page  109,  it  wiU  be  leen  that 
ABmui,  AC^a',  ADsBof',  BC^b^  EDsi',  CDcse;  the  plane  ABCa« 
A,  ABD«A,,  ACDesA',  BCDbB,  BCEaB'. 
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This  characteristic  property  established,  the  remain- 
der of  the  analysis  will  be  obvious. 
Thus,  since 

we  deduce 

COS.  hd  =  COS.  ha!  cos-  ca' (2) 

And  as,  in  art.  50-3,  we  find  both  the  cosine  of  an  an- 
gle to  be  less  than  unity,  and  to  decrease  whilst  positive 
with  the  increase  of  the  angle ;  and,  further,  that  the 
negative  cosines  belong  to  angles  greater  than  | :  the 
equation  2,  with  these  additions,  will  demonstrate  both 
that  COS.  be'  is  less  than  cosine  ba\  and,  provided  {ba') 
is  always  less  than  a  right  angle,  that  {be')  is  greater  than 

This  demonstration  includes  every  possible  position 
which  the  point  D  can  assume  in  the  line  AD ;  and  as 
the  solids  on  either  side  of  A,  fig.  118,  are  identical,  it 
follows  that  whatever  is  shown  of  ABCD  will  also  apply 
to  ABCD' ;  and,  adding  this  remark  to  the  preceding 
demonstration,  we  conclude,  as  a  property  of  the  type 
here  chosen,  that  {ba')  is  less  than  the  inclination  of  b  to 
any  other  line  in  the  plane  ODD',  a  property  that  will  be 
found  useful  in  defining  the  inclination  of  a  line  to  a  plane. 

The  inclinadon  of  the  planes  B  and  A',  or  BCD  and 
ACD,  is  justly  measured,  art.  38,  by  (6'a") ;  whence 
we  have, 

f^ssin.ia' 
b 

fL=sin.BA' 

v 

*—si  sin.  be 
b 
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Dividing  the  first  of  which  equations  by  the  thirds 
and  comparing  the  quotient  with  the  second  equation^ 
there  results, 

sin.  BA'  =  ^L^ (3) 

sin.  be 

The  construction  employed  sufficiently  demonstrates 
that  a  rectangular  pyramid  could  be  formed  by  letting 
fall  a  perpendicular  from  D  upon  CB,  fig.  119^  whence, 
by  analogy, 

sin.  b'a 


sin.  AB  = 


sin.  b'b 


And  from  these  equations  combined  with  2,  and  with  the 
equations  belonging  to  each  of  the  faces,  arts.  50,  53-1, 
&c.  it  will  be  easy  for  us  to  determine  all  that  we  at  pre- 
sent require  concerning  the  type. 

But  we  roust  not  omit,  whilst  employed  on  the  pro- 
perties of  this  solid^  to  show  that  it  admits  the  idea  oT 
symmetry,  which  we  have  prombed,  art.  48,  to  prove 
of  all  figures. 

The  proof  for  the  figure  in  question  ^>8f'  ^3i. 

is  derived  immediately  from  what  has 
been  shown  respecting  right  angled 
triangles :  for  taking  Ca,  C^  and  C6 
proportional  to  CA^  GE  and  CB, 
and  joining  the  points  abc^  we  shall 
have 

9?=2^=  COS.  bCa,  ^^=^=cos.  bCe,  £f-S=cos.aCe; 
Cft   CB  '  C6  CB  '  Ca""CS  ' 

whence  it  appears  that  bCoj  bCe^  and  aCe  are  right  an- 
gled tiiiingles  symmetrical  with  BCA,  BCE  and  ACE^ 
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«  • 

art*  49  and  50*     But  from  the  properties  of  such  fig- 
ures^  art.  50^  we  derive  the  equations 

^_EB     ea_EA     ba_BA. 
Cb'^Ch'  Co'"CA'    C6""CB' 

and  from' these,  again,  we  deduce 

ba_BA    ea^TSA    Aa_BA. 
6i""BK'   66?""  BE'    «""AE' 
equations  whence  we  conclude,  art.  50,  that  bea  and 
BEA  are  right  angled  triangles,  the  ratios  of  whose  cor- 
responding Sides,  and  consequently  whose  corresponding 
angles  are  equal. 

Such  figures  are  symmetrical,  and  the  ratio  of  bC  and 
BC  not  heing  assigned,  we  see  that  any  magnitude  may 
he  given  to  their  sides,  and  consequently  to  the  solids. 

The  equations  2  and  3,  too,  depending  altogether  on 
the  angles  at  C,  and  the  third  of  these  angles  being 
found  when  two  of  them  are  given,  we  conclude  that 
two  of  the  angles  at  C  are  data  sufficient  to  determine 
the  pyramid,  and  to  inform  us  of  all  its  properties. 

62.  But  it  will  be  recollected  that  we  were  led  to  the 
investigation  of  these  properties  not  only  as  belonging  to 
tthe  standard  solid,  and  merely  on  this  account  they 
would  have  occupied  a  place  here ;  but  also  with  the 
view  of  measuring,  in  the  most  appropriate  manner,  the 
inclination  of  a  line  to  a  plane.  This  inclination,  we 
have  already  remarked,  art.  57,  might  be  estimated  by 
the  angle  {be'),  which  is  the. intersection  of  the  plane  A' 
with  a  plane  passing  through  b ;  but  as  {be')  is  capable 
of  innumerable  values,  we  deferred  making  any  conven- 
tion with  respect  to  the  inclination  in  question,  until  we 
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had  examined  the  values  which  {be')  assumes^  and  deter- 
mined whether  any  of  them  presented  advantages  pecu- 
liar to  itself. 

Where  many  quantities  are  offered  in  this  \^ay  ^ 
measures  of  a  simple  quantity  of  a  diiierent  kind,  the 
greatest  or  the  least  among  them  are  obviously  to  be 
preferred ;  neither  can  we  in  general  hesitate  in  select- 
ing the  latter. 

But  we  have  shown  both  that  any  value  of  {b&)  might 
represent  the  inclination  in  question^  and  also  that  (ba') 
is  the  least  value  which  {be')  admits ;  we  cannot  doubt 
then  as  to  the  propriety  of  assuming  {ba')  to  represent 
the  inclination  of  6  to  A\ 

According  to  this  view  of  the  subject,  if  it  was  re- 
quired to  measure  the  inclination  of  CB  to  the  plane 
PQ,  we  should  first  suppose  that  ^*»-  ^^• 

out  of  an  infinite  collection  of 
rectangular  pyramids  of  every 
dimension,  and  possessing  all  the 
variety  which  such  figures  are 
8nsceptH>Ie  of,  a  pyramid  could 
be  found  such  that;  when  placed  on  PQ^  one  of  its  edges 
could  be  made  to  coincide  with  CB ;  and,  this  done,  we  . 
should  then  measure  the  inclination  of  the  line  to  the ' 
plane  by  an  angle  BC A  et  the  pyramid. 

But  from  the  first  part  of  the  article  it  is  evident  that 
an  infinity  of  rectangular  pyramids  are  capable  of  the 
adjustment  here  supposed^  it  might  admit  a  doubt  whe- 
ther each  of  these  possessed  the  same  minimum  angle 
BOA ;  but  this  doubt  will  be  removed  by  considering 
that  since  all  solid  right  angles,  art.  46,  are  identical,  we 
might  construct  all  the  pyramids  in  question  out  of  the 
same  solid  right  angle ;  and  the  equation  3  thus  embrac- 
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ing  the  whole  of  these  solids^  its  minimum  angle  would 
be  their  common  base,  and  consequently  the  same  in 
each. 

But  to  give  a  wider  range  to  the  preceding  demon- 
strations^ we  shall  remark  that  c"  or  OE;  may  be  any 
straight  line  that  passes  through  C  and  lies  in  PQ :  for 
since  c'*=a'*+a'"%  we  may,  by  increasing  a'",  cause  & 
to  take  every  value  from  a'  to  infinity ;  and  consequent- 

ly  cos.  e'a'=:-.,  to  take  every  value  between  unity  and 

zero;  but  in  the  development  of  the  equations  (1)  al- 
ready appealed  to,  we  shall  find  that  such  values  would 
correspond  with  the  increase  of  {ca')  from  zero  to  |. 
And  since,  when  {e'a')  was  greater  than  |,  its  supple- 
ments would  be  less,  these  cases  would  correspond  to 
those,  where  E  fell  on  the  other  side  of  A,  And  thus, 
whilst  we  consider  CE  as  a  side  of  a  rectangular  pyramid, 
we  are  still  permitted  to  make  it  cobcide  with  any 
straight  line  submitted  to  the  restrictions  above  men- 
tioned. 

This  remark  will  not  only  assist  in  giving  their  due 
extension  to  certain  cases  deduced  as  corollaries  from  the 
general  proposition,  but  may  also  be  used  in  stating  that 
proposition  under  another  form. 

For  since,  art.  61,  the  plane  B^  if  perpendicular  to  A^ 
must  coincide  with  the  plane  A,  we  conclude,  by  the 
assistance  of  the  remark  in  question,  that  A  is  the  only 
plane  which  fulfils,  at  once,  the  two  conditions  of  pass- 
ing through  BC  and  being  at  right  angles  to  PQ.  And 
hence  the  propriety  of  the  following  definition. 

To  measure  the  inclination  of  a  straight  line  to  a 


PAKT  II.   DBTKRMmATE  ANALYSIS.  147 

fleet  lY.    Relationt  of  the  type  to  which  closed  loUdt  are  compared. 

Art.  62.    Angle  which  measures  the  indimition  of  a  line  with  a  plane. 
Art  63.    Particular  cases  of  such  aag^s. 

plane,  kt  a.seeond  plane^  perpendicular  to  the  firsts  be 
passed  through  the  given  line. 

The  angle  formed  by  this  line,  and  the  common  inter- 
section  of  the  planes ,  will  be  the  measure  required. 

From  this  agreement  respecting  the  inclination  of  a 
line  to  a  plane^  we  readily  deduce  the  following  corolla- 
ries,  premising  that  we  shall  want  their  assi9tance  in 
decomposing  compound  solids  into  rectangular  pyramids. 

63.  \.  If  a  line  is  at  right  angles  to  a  planej  it 
makes  right  angles  with  every  line  meeting  it  in  that 
plane. 

For  it  has  been  shown  that  c',  (fig.  122)  may  represent 
any  line  lying  in  the  plane  A^  and  meeting  b ;  but  making 
{ba')  {equa.  2)  which  measures  (6  A'),  equal  to  |,  we 
have  cos.  be' s  o,  and  {be')  =  i.  This  corollary  may  also 
be  proved  from  the  fact  that)  in  this  case^  the  least  angle 
formed  by  the  line  and  plane  is  a  right  angle. 

63.  2.  .A  straight  line  at  right  angles  to  two  othefs 
which  lie  in  aplane^  is  at  right  angles  to  the  plane  itself. 

For  by  varying  the  position  of  the  line  e'  we  may  make 
it  agree  with  either  of  the  given  lines;  but  unless  {bc() 
{equa.  2)  (which  measures  the  inclination  of  6  to  the 
plane)  is  a  right  angle^  only  two  positions  of  cf  can  make 
{be*)  a  right  angle ;  and  as  these  two  positions  occur  when 
COS.  {cd)  is  zero^  they  would  belongs  not  to  the  two  lines 
we  suppose  given^  but  to  one  and  the  same  straight  line. 
It  follows,  that  when  c'  coincides  with  the  lines  in  ques- 
tion, (4a')=J. 

63.  3.  «£  plane  which  passes  through  a  perpendicU' 
lar  to  another  plane,  will  be  at  right  angles  to  this  last. 
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For  in  equation  3,  making  {ba!)  ^nd  be  each  equal  to  J, 
we  have  (BA')  =  J. 

63.    4.  Through  the  same  point  only  one  perpen- 
dicular to  a  given  plane  eon  be  drawn. 

The  proposition  admits  of  two  cases,  according  as  B 
falls  without  the  plane  or  within  it;  ^'S- 1^- 

in  either  case  let  BA,  BC,  be  two 
straight  lines  drawn  through  B  per- 


pendicular to  the  plane  PQ.  Let  a  / 
plane  be  drawn  through  these  lines,  ^/a 
and  imagine  its  intersection  with  PQ 
to  be  AC  in  the  first  case,  and  BD  in  the  second.  Ac- 
cording to  the  former  of  these  constructions,  since  BAG 
and  BOA  are  both  right  angles,  the  three  aifgles  of  the 
triangle  BAG  are  greater  than  | ;  and  according  to  the 
latter  construction,  since  ABD  and  GBD  are  both  right 
angles,  the  greater  angle  is  equal  to  the  less.  Either 
result  involving  an  absurdity,  we  conclude  that  AB  and 
AG  cannot  both  be  perpendicular  to  PQ. 

63.     5.  Straight  lines  perpendicular  to  the  same 
straight  line  are  in  the  same  plane. 

Let  AG,  AD  and  AE  be  each  perpendicular  to  AB ; 
and  causing  a  plane  PQ  to  pass  through  AG  and  AE,  let 
us  suppose  that  AD  does  not  lie  in  PQ.  Through  AB 
and  AD  describe  the  plane  BD,  and 
suppose  AF  the  common  intersection 
of  BD  and  PQ.  Then  since  BAF  is 
a  right  angle  by  art.  63-2,  and  to  BAD 
by  hypothesis,  it  follows  that  BAF  is 
equal  to  BAD,  or  the  less  angle  is 
equal  to  the  greater;  and  as  such  a 
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result  is  absurd^  we  qonclude  that  AD  cannot  have 
a  position  different  from  AF,  but  must  coincide  with  it 
and  lie  in  the  plane  PQ.,  * 

The  detailed  cxaminatioJi  of  these  particular  cases  of 
the  inclination  of  a  line  to  a  plane^  was  introduced,  as 
the  reader  has  already  been  apprized,  with  the  view  of 
obviating  doubts  that  might  have  arisen  respecting  the 
possibility  of  recl.ucing  compound  solids,  and  comparing 
them  with  the  type;  but  we  must  postpone  the  method 
whereby  the  comparison  is  eflfected,  until  we  have 
enlarged  our  knowledge  of  angles  by  removing  the  most 
important  out  t>f  the  two  deficiencies  it  yet  presents. 

The  angles  formed  by  lines  that  do  not  meet^  has  not 
even  been  defined,  and  will  occupy  us  in  the  next  sec- 
tion ;  but  we  may  add  in  this  all  that  is  wanting  to  con- 
firm our  notions  respecting  the  inclination  of  planes. 

64.  The  method  of  estimating  such  angles  was  men- 
tioned in  art.  38,  and  shown  to  be  subjected  to  conditions^ 
which  we  can  now  examine  whether  the  measure  there 
chosen  fulfils. 

Referring  to  the  article  in  question,  we  shall  observe 
that  any  choice  which  makes  the  angles  m  OA  and  n  OA 
invaris^blc;  fulfils  the  first  condition,  and  as  these  angles^ 
in  the  measure  we  have  selected,  are  right  angles^  the 
first  condition  will  be  satisfied. 

To  examine  the  second  let  us  apply  between  the  planes 
a  rectangular  pyramid  B ADC ;    the         ^«r-  ^25. 
base  of  this  pyramid  may  be  made  to  co-  y^  ^ 

incide  with  the  lines  Om,  On^  (fig.  92) 
and  consequently  with  the  plane  pass- 
ing through  those  lines :  the  intersec- 
tion OA  will  then  necessarily  agree 
with  CD^  for  otherwise  two  perpen-n 
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diculars  could  be  drawn  from  the  same  point  to  the  same 
plane,  which  we  know  to  be  impossible :  but  the  line  CD 
falling  on  OA;  and  CB  onOM  (fig.  92),  the  face  BCD  of 
the  pyramid  must  coincide  with  the  plane  ABCD  (art. 
38):  and  in  the  same  way  it  may  be  shown  that  ADEF^ 
fig.  92;  coincides  with  the  face  DCA. 

The  application  we  have  supposed  is  therefore  poss* 
ible^  and  by  art.  61  we  might  apTpiy  in  the  same  way  a 
second  rectangular  pyramid  Dabc. 

But  either  of  the  angles  BCA  or  ica,  which  have  been 
shown,  art.  61  ^  to  be  equal^  will  measure  the  inclinations 
of  the  planes;  and  as  the  point  e  was  taken  arbitrarily  in 
the  line  CD,  we  conclude  that  wherever  the  point  C  of 
fig.  125,  or  0  of  fig.  92;  may  be  chosen^  the  measure  of 
the  inclinauon  will  remain  the  same. 

The  third  condition  may  also  be  examined  by  means 
of  the  measure  we  have  chosen  '^^s- 1^^. 

for  the  inclination  of  a  line  and^^^^^^i^^^^^ 
plane. 

For  the  inclination  of  any  two 
planes  A  and  A,  (or  ABC  and    ( 
ABD),  is  ideitical  with  the  solid  '■       ^^  *  ^T 

angle,  (art.  44  and  46)  they  inclose;  and  we  have  only  to 
examine  whether  the  more  convenient  measure  assumed  in 
art.  38  varies  in  the  tame  ratio  with  the  variations  of  this 
solid.  But  taking  a  solid  angle  GEHF,  identical  in  all  its 
parts  with  the  former^  and  causing  the  plane  ^'^e- 126-^ 
fl  of  this  second  prism  to  coincide  with  the 
plane  A,  of  the  first;  we  shall,  in  this  way,  c  J 
construct  a  new  solid  angle  that  is  evidently 


double  to  either  of  the  angles  from  whose   |  /  / 
addition  it  resulted.    If  then  the  measure 
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of  art.  38  is  correct,  the  inclination  of  the  planes  hi  the 
compound  solid  should  also  be  double  of  the  correspond- 
ing inclination  in  either  of  the  two  solids  from  which  it 
is  compounded. 

But  drawing  from  A  and  E  lines  AC^  AD,  EG  and  EH 
perpendicular  respectively  to  AB  and  EF^  and  lying  in 
the  planes  whose  inclinations  are  to  be  measured;  the 
equal  angles  (art.  38)  CAD  and  GEM  will  be  the  mea- 
sures of  those  inclinations :  and  since^  fig.  126 — 3^  the 
lines  AC^  AD  and  AH  are  perpendicular  to  AB,  they 
lie  in  one  plane,  iind  the  equal  angles  CAD,  DAH^  add 
together  and  form  an  angle  CAH,  which  is  double  of 
CAD. 

But  CAH  measures  the  i]\clination  of  the  planes  A  and 
A,  (or  ABC  and  ABH),  and  CAD  measures  the  incli- 
nation of  A  and  A, ;  and  thus  as  &r  as  this  particular  case 
is  concerned,  the  measure  we  have  chosen  is  found  to 
answer  the  third  condition.  But  the  reasonings  though 
applied  to  a  particular  example,  is  evidently  general^ 
since^  however  many  such  prisms  we  add,  the  angles 
which  measure  the  inclination  of  their  planes  will  be 
added  together  at  the  same  time^  and  the  compound  solid 
and  the  compound  measure  will  increase  in  the  same 
proportion. 

It  might  justly 9  indeed^  be  objected  to  this  reasonings 
that  all  solid  angles  cannot  be  formed  by  successive  addi- 
tions of  the  same  unit ;  but  it  has  been  proved  before^  in 
the  elements  of  algebra^  that  when  quantities  are  mea- 
sured by  others  of  a  different  kind,  the  objection  her^ 
alluded  to  ift  of  no  importance ;  and  that  a  demonstration 
which  exl^ends  to  quantities  formed  by  the  successive  ad- 
ditions of  an  indefinite  unit^  is  in  fact  perfectly  genera].^ 

•  Note  2. 
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65.  With  this  confirmation  of  "a  measure  which  has 
entered  so  largely  into  our  idea  of  the  rectangular  pyra- 
mid^  we  shall  find  no  difiiculty  in  applying  that  solid  to 
the  purpose  for  which  it  has  been  investigated,. and  need 
but  a  few  words  to  show  how  readily  all  compound  solids 
can  be  reduced  to  this  simple  type.  Taking,  for  ex- 
ample^ any  triangular  pyramid  ABCD, 
we  may  apply  to  one  of  the  solid  angles 
D;  a  rectangular  pyramid  BEFD ;  and 
since  the  angles  BDF  and  BDE  are 
given,  it  is  evident  that  only  one  such 
pyramid  can  be  found.  But  applying 
to  this  a  second  rectangular  pyramid 
BDEG,  in  such  a  manner^  that  whilst  the  base  rests  on 
the  face  A'  the  sides  DE  shall  be  common^  it  follows^ 
that  not  only  the  sides  EB  coincide^  but  the  faces  passing 
through  DE  and  EB  will  coincide  also. 

So  far  either  of  the  rectangular  pyramids  is  subject  to 
limitation,  but  the  condition  which  restricts  the  second 
solid,  merely  assigns  the  side  DE,  and  is  not  sufficient 
to  determine  the  angles ;  and  hence,  among  such  solids  a 
rectangular  pyramid  BDEG  may  be  found,  that,  placed 
in  juxtaposition  with  BDEF,  shall  complete  the  solid 
angle  at  D. 

The  equation  2  applied  to  those  solids  will  determine 
the  angles  FDE,  GDE  and  BDE,  of  which  the  last  mea- 
sures the  inclination  of  V  to  the  plane  A';  and  when 
these  are  known,  the  equation  3  will  determine  the  in- 
clination of  the  planes. 

The  construction  we  have  applied  to  the  angle  D  may 
also  be  used  for  either  of  the  other  angles ;  and  thus  we 
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are  enabled  to  compare  every  part  of  the  solid  with  the 
triangular  pyramid^  Und  to  obtain  equations  whence  all 
the  relations  of  the  figure  may  be  found. 

66.  Whilst  the  three  plane  angles  at  D  remain  the 
same,  the  solid  angle  they  include  cannot  vary  :  for  as 
these  angles  are  data  sufficient  to  determine,  art.  61^  the 
iDcIinations  of  the  planes  in  which  they  lie,  it  is  obvious 
that  if  another  solid  angle  was  included  by  three  plane 
angles  equal  to  those  at  D,  and  similarly  disposed^  the 
two  solid  angles^  when  superposed,  would  coincide,  and 
be  equal  in  all  respects. 

A  knowledge  of  this  fact  will  enable  us  to  supply  the 
demonstrations  promised  in  art.  46. 

In  that  article  we  had  proposed  to  investigate  the 
relation  between  the  solid  angles  included  by  two^ 
and  those  included  between  three  or  more  planes ;  and, 
as  a  preliminary  step^  to  show  that  opposite^  or  vertically 
solid  angles  were  equal. 

The  latter  proposition  is  merely  a  corollary  from  that 
we  have  just  demonstrated. 

For  suppose  A  and  B  two  such  angles^  that  is^  suppose 
the  solid  angle  B  formed  by  ^'S- 128. 

producing  the  planes  that  in- 
clude A.  It  is  evident  that 
for  each  of  the  plane  angles 
that  include  A^  there  will  be 
an  equal  and  opposite  plane' 
angle  among  those  which  in- 
clude B :  thus  the  angle  a'Ob' 
is  equal  and  opposite  to  aOby 
and  &0V  to  cOb,  &c. 

Since,  therefore,  the  angle  B  is  included  by  plane 
u 
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angles  equal  to  those  which  include  A,  and  similarly  dis- 
posed^ by  what  has  been  «hown  above,  the  solid  angles 
B  and  A  are  equal. 

67.  The  relation  between  the  solid  angles  included 
by  <^  two,"  and  those  included  by  "  three"  planes,  is  an 
immediate  consequence  of  this 
equality  of  opposite  angles.  The 
planes  A,  A",  A"",*  for  example, 
when  produced  in  all  directions 
will  include  eight  solid  angles; 
of  which  four  lie  above  the  plane. 
A",  and  four  below. 

The  notation  of  page  109  does 
not  enable  us  to  distinguish  these  angles  apart,  but  re- 
gards any  one  of  the  eight  as  the  angle  (AA"A'");  the 
ot^cction  that  would  arise  to  this  indistinctness  in  the 
notation  will  hereafter  be  removed,  but  it  will  be  suffi- 
cient for  our  present  purpose  if  we  regard  the  angle 
( AA"A'")  as  representing  M,  a  solid  angle  which  agrees 
with  that  denoted  by  A  in  the  preceding  article. 

A  similar  remark  applies  to  the  angles  included  by 
any  two  of  the  planes ;  the  angle  (AA"),  for  example, 
will  mean  either  of  four  angles ;  but  here  also  the  diffi- 
culty can  be  removed  by  pointing  out  the  side  towards 
which  the  angle  we  are  considering  lies. 

Denoting  then  by  (AA;'),  (A" A"")  and  (AA"")  those 
solid  angles  which  each  contain  M : 

It  is  evident  that,  substituting  for  the  third  (AA""), 
its  equal  and  opposite  solid  angle,  the  sum  of  the  three 
will  not  only  complete  the  whole  space  above  the  plane 

•  Or  ABC,  ADE,  AFG. 
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A",  but  also  the  spaces  occupied  by  N  and  by  M ;  which 
last  is  twice  included  in  this  sup. 

Hence,  we  have  the  equation, 

(AA")  +  ( A"A'")  +  ( AA"")  -  i  +  M  +  N. 

But  M  and  N,  being  vertical  angles,  are  equal ;  and, 
by  what  was  observed  above^  M  is  the  angle  (AA"A""), 

With  these  substitutions  the  equation  becomes, 
(AA")  +  (A"A'")  +  (AA"")  -1+2  (AA"A"'). 

Whence, 
(AA"A"')»i(AA")+  (A"A"')  +  (AA"")  — |, 
or,  a  solid  angle  contained  by  three  planes  is  equal  to 
half  the  sum  of  the  inclinations  of  those  planes  minus  a 
right  angle. 

The  solid  angle  included  between  two  planes  has  been 
measured^  art.  38  and  64,  by  a  plane  angle ;  but  as  the 
two  measures  agree^  the  proportion  we  have  demonstra« 
ted  will  remain  the  same  which  ever  method  of  measure- 
ment is  followed. 


PRELIMINARY  REFLECTIONS  TO  SECTION  V. 

The  type  of  closed  figures »  and  the  type  of  closed 
solids;  have  each  had  their  properties  reduced  to  alge- 
braic equations;  but  to  render  these  results  extensively 
useful^  die  process  of  compounding  all  figures  from  their 
types  should  also  be  represented  by  equations. 


INQUIRIES  SUGGESTED  BT  THESE  REFLECTIONS. 

Closed  figures  and  solids  being  compounded  of  their 
respective  type^  it  is  required  to  discover  so  uniform  a 
method  of  effecting  this  composition^  that  in  all  cases, 
the  results  may  be  represented  by  the  same  equations. 


SECTION  V. 


GENERAL  METHOD  OF   COMPARING   ALL   FIGURES   WITH 

THE   TYPE. 

Use  of  parallel  lines  and  planes  as  instruments  to  com" 
pare  compound  figures  with  the  right  angled  triangle, 
and  compound  solids  with  the  rectangular  pyramid — 
theory  of  parallel  straight  lines  --^theory  of  parallel 
planes — inclinations  of  lines  that  do  not  meet — general 
method  of  comparing  linear  figures  with  -their  type — 
elementary  proposition  on  which  this  analysis  is  found* 
ed— property  of  closed  figures  which  expresses  the  com-^ 
parison  sought. 

68.  Examples  cf  the  decomposition  of  figures  have 
been  given  in  articles  51  and  65^  where  triangles  and 
triangular  pyramids  were  respectively  compared  with 
the  type  of  linear  and  of  solid  figures ;  but  although  the 
instrument  employed  there,  the  principle  of  superposi- 
tion,  IS  of  extensive  use,  our  analysis  would  not  be  con- 
sidered as  having  the  characters  of  a  ready  and  efficient 
method,  unless  its  application  were  uniform  as  well  as 
general. 

To  eifect  this  object  let  us  briefly  review  the  method 
of  decomposition  we  have  employed. 


160  PART  II.      DETERMINAtE  ANALYSIS. 

Chap.  I.    Pint  principles  of  the  science  obttined  from  the  reUtioni  of  a 

finite  number  of  points. 

Art  68.    Use  6f  parallel  lines  and  planes  as  instnimeats  to  compare  com* 

pound  fig^ures  with  the  right  angled  triangle,  and  compound 

solids  with  the  rectangular  pyramid. 

Referring  to  art  51,  we  find  the  decomposition  of  the 
figure  examined  there,  effected  by  right  angled  trian- 
gles which  are  arranged  upon  a  common  base.  This 
base^  fig.  113  and  114^  passes  through  ^'  ^^- 
the  point  A,  and  is  indeed  a  continu* 
ation  of  the  side  AC:  but  such  an  ar- 
rangement no  longer  suflices  when  we 
attempt  to  apply  the  same  method  of 
analysis  to  a  more  complicated  figure. 
.  In  analysing,  for  example^  the  polygon  ABCD,  we 
may  cause  base  lines  to  pass  both  through  A  and  B,  and 
.arranging  right  angled  triangles  on  these  lines  may  per- 
haps succeed  in  filling  up  all  the 
space  included  by  the  figure.  But 
the  process  will  evidently  present  i  ^ 
in  this  example  many  difficulties  not 

met  with  in  the  former.    For  plac-  a""g ^i? d 

ing  AB6  and  CDF  upon  the  base  AD,  and  BCE  upon 
the  base  IE,  we  are  uncertain,  in  the  first  place,  whe- 
tl^r  CBE  and  CDF  will  coincide  in  CE ;  and,  secondly, 
admitting  this  coincidence,  we  have  doubts  concerning 
the  nature  of  the  figures  BGF  and  BFE. 

To  remove  these  doubts  we  must  attend  to  the  pro- 
perties of  the  bases  whereon  our  triangles  are  arranged, 
and,  to  obtain  that  uniformity  of  operation  which  we 
seek,  must  cause  these  lines,  AD  and  IK,  to  be  as  nearly 
identical  in  all  their  relations  as  is  consistent  with  the 
condition  of  their  passing  through  different  points, 
through  A  and  B. 

Straight  lines  possessed  of  this  relation  to  each  other 
are  termed  parallel  straight  lines;  and  the  investiga- 
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tion  of  their  theory  is  obviously  the  next  step  in  our 

analysis. 

* 

69.  1  •  The  theory  of  parallel  straight  lines  is  in  fact 
implicitly  included  in  the  equations  (1)  already  obtained 
for  triangles }  hut  as  this  met|M)d  of  treating  the  subject 
would  require  us  to  introduce  the  idea  of  infinity,  we 
shall  prefer  obtaining  the  properties,  of  these,  lines  from 
the  relations  of  four  points^  which  indeed  seems  a  more 
natural  source  for  them. 

Suppose^  then^  the  points  ABCD  arranged  in  one 
plane^  and  with-  such  relative  posi-  Fig^i32. 

tions  that  BAD+CDA,  or  ad'+ea!', 
shall  be  equal  to  |. 

From  this  condition  united  with 
what  has  already  been  shown  respect- 
ing triangles,  we  have 

be   +bV  +  cV   ^\  .  .  .  .  (4) 
ad'  +  CO"  -  J 

Subtracting  the  last  of  these  equations  from  the  sum  of 
the  two  first,  there  will  arise 

6c  +  a6»si  .  .  •  .  (5) 
or  the  sdm  of  the  two  interior  angles  which  ^he  lines  a 
and  e  make  with  b  will  be  equal  to  two  right  angleis. 

And  putting  the  aecond  of  the  equations,  4;  under  the 
form 

and  substituting  for  the  two  first  terms  their  value  ob- 
tained firom  equation  5^  there  results 

eV^al^ (6) 

v 
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and  if  B  and  C  are  so  assumed  that  ^ 

'  a6  +  aa"  =  i 
we  shall  have,  by  subtracting  this  equation  from  5^ 

hc^aa'' 7 

69.  2.  From  the  equation  5^  we  learn  that  when  a 
right  line  P,  fig.  135^  meeting  two  other  right  lines  M 
and  N,  makes  the  two  interior  angles  together  equal  to 

Fig.  134.  Fig.  135. 

m/  /n    m/         Jj^ 

two  right  angles,  any  other  line  Q,  meeting  the  same 
lines,  will  also  make  the  sum  of  the  two  interior  angles 
equal  to  two  right  angles. 

69.  3.  From  the  expression  6  we  learn  the  equality 
of  the  alternate  interior  angles  MAB,  ABN',  fig.  134. 

69.  4.  And  as  the  equations  6  and  7  prove  the  an- 
gles of  the  triangle  ABD,  fig.  132,  respectively  equal 
to  those  of  the  triangle  BCD ;  and  as  the  side  BD  is 
common,  BC  is  equal  to  AD. 

Combining  this  result  with  the  remarks  above  made, 
and  assuming  M  and  N  a^  before,  it  appears  that  if  P 
and  Q,  fig.  133,  are  inclined  to  either  of  these  lines  at 
the  same  angle  ;  they  will  also  be  equally  inclined  to  the 
remaining  line,  and  the  parts  of  P  and  Q  intercepted 
between  the  lines  M  and  N  will  be  equal. 

Such  a  figure  is  called  a  paralklogramy  and  from 
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what  has  been  said^  it  appears  that  if  any  three  of  its  an- 
gles are  right  angles^  the  fourth  angle  will  also  be  a  right 
angle ;  and  if  three  of  its  sides  are  taken  equals  the 
fourth  side  will  be  equal  to  either  of  the  others.  A 
quadrilateral  of  this  kind^  namely,  which  has  all  its  sides 
equal,  and  all  its  angles  right  angles,  is  called  a  square. 
Part  I.  art.  13. 

69.  5.  As  these  lines  M  and  N  appear,  from  the 
last  remark,  to  be  every  where  at  the  same  distance^ 
they  most  be  so  disposed  with  respect  to  each  other, 
that,  produced  indefinitely,  they  cannot  meet :  and,  ac- 
cordingly^ parallel  lines  might  be  defined,  if  a  definition 
were  necessary^  either  as  straight  lines  lying  in  one 
plane^  and  equally  inclined  to  a  given  stnught  line ;  or^ 
as  straight  lines  that  lie  in  one  plane  but  do  not  meet^ 
however  &r  produced. 

70.  1 .  And  transferring  these  definitions  from  lines 
to  planes^  we  may  consider  parallel  planes  either  as 
planes  that^  produced  indefinitely^  do  not  meet ;  or^  as 
planes  equally  inclined  to  a  given  straight  line. 

Adopting  the  former  definition,  the  theory  of  parallel 
planes  might  be  derived  from  the  equation  (3)^  but^  per- 
haps, the  simplest  method  of  showing  their  existence 
and  properties  is  to  conceive  a  plane  passing  through 
two  lines,  B£  and  BF^  that  are  at  right  angles  to  AB, 
a  perpendicular  to  the  plane  CAD.  F'«r«  136. 

With  this  construction,  we  ob- 
serve, that  since  B  A  is  perpendicular  p^ 
at  the  same  time  to  each  of  the  planes 
A'  and  B'',  it  is  perpendicular  to  all 
straight  lines  which  meet  it  in  those  ^ 
planes. 
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Now  if  these  planes  were  not  parallel  they  could  have 
a  point  in  common :  but  this  is  obviously  impossible, 
since  joining  such  a  point  with  A  and  B^  we  could  then 
form  a  triangle  having  two  right  angles. 

70.  2.  And  nearly  ia  the  same  way  we  may  prove 
the  converse  proposition,  that  every  plane  parallel  to  A' 
will  be  at  right  angles  to  AB,  a  perpendicular  to  A'. 

For  drawing  through  AB  the  planes  ABE  and  ABF, 
let  their  ii^tersections  with  A^,  and  its  parallel,  be  BE, 
BF,  AC  and  AD.  Then,  since  BE  and  AC  are  in  the 
plane  ABEC«  either  they  are  parallel,  or,  produced  su^ 
ficienfly  far,  they  will  meet ;  but  if  BE  and  AC  meet, 
their  point  of  intersection  will  be  common  to  the  planes 
FBE,  DACy  which  is  absurd,,  since  these  planes  are  pa- 
rallel :  whence  we  .conclude  that  BE  and  AC  are  paral- 
lel lines. 

But  BAC  is  a  right  angle,  and  since  BC  and  BE  are 
parallel,  ABE  is  also  a  right  angle.  In  the  same  way  it 
may  be  shown  th^t  ABF  is  a  right  angle.  Hence  AB 
b  perpendicular  to  two  straight  lines  BE  and  BF,  and 
consequently  to  the  plane  passing  through  them. 

And  from  this  proposition  we  may  deduce  the  follow- 
ing corollaries. 

1.  Through  the  same  point  only  one  plane  can  be 
drawn  parallel  to  a  given  plane. 

2.  Places  parallel  to  the  some  plane  are  parallel  to  each 
other. 

3.  The' intersections  of  parallel  planes  with  a  third 
plane  are  parallel. 

For  the  intersections,  lying  in  planes  that  do  not  meet, 
cannot  themselves  meet;  whence,  as  the  intersections  also 
lie  in  one  plane,  they  must  be  parallel. 


PAKT  II.      DETERmnAtE  ANALTBIfl.  166 

Sect  y.    General  method  of  coropanng  all  ^iires  with  the  type. 
Art  70.    Theory  of  pArallel  .planer 

4.  Perpendiculars  to  the  same  plane  are  parallel,  and 
of  parallel  lines,  if  one  is  perpendicular  to  a  plane,  the 
others  are  also  perpendicular  to  it. 

Let  AB  and  CD  be  two  of  the  per-  Fig^l37^ 

pendiculars.  Through  AB  and  the' 
point  C  draw  a  plane  ABCE ;  it  wiU1}e 
perpendicular,  art.  63-3,  to  the  given 
plane  6H.  In  these  two  planes,  re-  q 
spectively,  draw  CE  and  CF,  each,  at 
right  angles  to  AC.  By  art.  38,  ECF  is  a  right  angle; 
and  EC,  making  right  angles  with  the  two  lines  AC,  CF, . 
is  at  right  angles  to  the  plaqe  GH,  wherein  they  lie. 
It  follows  th^t  CD  and  CE. must  be  identical^  or  otherwise 
there  would  be  two  perpendiculars  to  the  plane  from  the 
same  point  in  it ;  but  CE,  with  which  CD  is  identified, 
lying  in  the  same  plane  with  AB,  and  making  th^  angles 
at  A  and  C  right- angles,  is  parallel  to  AB. 

To  provt  the  second  part  of  the'propositioa-:  let  AB 
and  CE  be  two  of  the  parallel  lines,  of  which  JiB  is  per- 
pendicular to  GH :  and  completing  the  coortniption'iis 
before. 

BAC  +  ACE  is  equal  to  i,  and  BAC  is.  equal  to-^, 
wherefore  ACE  =  i\  But  ECF  is  also  equal  to\i. 
Whence  CE,  being  perpendicular  to  two  lines  which  lie 
in  the  plane  GH,  is  perpendicular  to  the  plane  itself. 

5.  This  third  corollary  may  be  used. to  show  that 
parallel  planes  intersected  by  parallel  lines,  cut  off  jequal 
portions  of  them.  .  ' 

Assuming  the  planes  to  be  A  and 
D^  and  the  parallels  G  and  I,  we 
can  suppose  through  the  latter  a 
plane  G  to  be  passed,  whose  inter- 
sections with  A  and  D  will  be 
parallel ;  and  the  lines  G,  I,  G',  H', 
thus  forming  th<  sides  of  a  paral- 
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lelogram,  any  two  which  are  opposite  will  be  equals  and 
the  line  G  will  be  equal  to  the  line  I. 

71 .  The  definition  of  parallel  lines  that  we  have  given 
in  art.  68,  and  which  regards  them  as  lines  having  all 
the  agreement  of  direction  that  is  consistent  with  their 
passing  through  different  points,  leads  immediately  to  the 
solution  of  a  problem  hitherto  deferred.  I  allude  to  the 
.  measure  of  lines  that  cross  each  other  without  meeting. 

Such  lines,  however  they  are  turned^  can  never  have 
the  same  direction,  and  the  nearest  approach  which  they 
can  make  to  such  an  agreement  of  direction^  is  by  be- 
coming parallel. 

In  estimating  therefore  the  inclination  of  lines  of  this 
kind^  we  are  not  to  calculate  their  departure  from  a  per- 
fect agreement,  but  their  departure  from  the  nearest 
agreement  of  which  they  are  susceptible;  that  is  from 
those  directions  wherein  they  would  be  parallel. 

Drawing,  then,  from  a  point,  A,  in  one  of  the  lines, 
AB,  a  straight  line,  AE,  parallel  to  the^,^     Fig.  m 
other,  CD ;  the  plane  angle,  EAB,  in- 
cluded between  the  first  line  and  the 
parallel  to  the  second,  will  be  the  depar- 
ture of  the  two  lines  from  the  nearest 
agreement  of  which  they  are  susceptible, 
and  will  therefore  justly  represent  theirA 
inclination* 

72*  With  the  assistance  of  the  properties  of  parallel 
lines  and  planes  which  we  have  thus  obtained,  it  will 
not  be  difficult  to  devise  a  uniform  method  of  comparing 
figures  with  their  type. 
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For,  in  the  first  place^  we  have  seen^  art.  62^  fig.  122, 
that  drawing  a  plane  through  any  point  C  of  a  given  line 
CB,  we  can  place  on  this  plane  a  rectangular  pyramid 
that  shall  have  its  hypothenuse  coincident  with  CB. 

The  triangle  BOA  will  then  be  right  angled  at  A ; 
and  JB A^  the  distance  of  B  from  the  plane  PQ^  will  be 
equal  BC  cos.  CBA. 

And,  in  the  same  way^  if  two  consecutive  lines,  AB 
and  BC,  were  given,  we  might  cause  ^MT- 1^- 

planes  to  pass  through  two  points, 
A  and  B,  and,  by  the  process  we 
have  described,  obtain  Ba,  the  dis- 
tance of  B  from  PQ ;  and  Cc,  the 
distance  of  C  from  RS.  A  result 
vehich  is  evidently  a  considerable 
step  towards  obtaining  the  ultimate  object  of  our  present 
research,  namely,  an  equation  containing  the  relations  of 
BA  and  BC.  For  if  the  planes  PQ  and  RS  were  drawn 
parallel  to  each  other,  we  should  have  Cc'  =  Ce  +  re  = 
(art.  70—5)  Cc  +Ba  =  BC  cos.  BCc  +  AB  cos.  ABa: 
an  equation  which  will  be  wholly  expressed  in  terms  of 
AB,  BC  and  their  inclinations,  provided  we  can  express 
Cd  in  such  terms. 

Before  we  inquire  concerning  this  last  condition,  let 
us  extend  what  has  already  been  said  to  the  general  case, 
wherein,  instead  of  two  given  lines  AB  and  BC,  we  have 
any  number  of  given  lines.  Our  proposition  will  still  be 
a  mere  form  of  the  elementary  truth,  that  the  whole  is 
equal  to  the  sum  of  its  parts,  and  may  be  thus  enunciated. 

73.  If  parallel  planes  are  drawn  through  any  num- 
ber of  points  J  and  the  latter  are  reckoned  in  sequence, 
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"  the  sums,  or  in  some  cases  the  differences,  of  the  dis- 
tances of  each  point  from  the  plane  immediate^  pre- 
ceding  it,  will  be  equal  to  the  distance  of  the  kat  point 
from  the  plane  first  drawn. 

Considering    the   points  A,  Kg.  i4i. 

B,  C,  D,  E,    in    the    order       ~ 

they  are  written, 
&I1  from  each  a  p' 
on  the  plane  immt 
ceding,  that  is,  o 
which  passes  throu 
superior  point,  we 
by  art.  70—5; 

Ee' =  B6' +  Cc"  —  DJ  +  Ee  .  .  .  .  8 
ti  result  that  may  evidently  be  eitended  to  any  number 
or  points,  and  which  therefore  agrees  with  the  enuncia- 
tion. 

Thb  simple  proporition  was  obtained  by  placing  ft 
rectangular  pyramMt  on  each  of  the  parallel  planes ;  for, 
hy  art.  62,  it  is  in  this  way  that  we  assure  ounelves  of 
the  possibility  of  letting  fall  the  perpendiculars  above 
mentioned;  but,  when  this  construction  is  accomplished, 
the  analy»s  proceeds  entirely  by  right  angled  triangles ; 
and  will  assume  a  more  convenient  form  by  supposing  an 
arbitrary  line  m,  drawn  perpendicular  to  the  several 
planes.    We  have  then, 

B6  =  AB.  cos.  ABA 

Cc  -  BC  cos.  BCc 
— Drf-— CDcos.CDrf=-i-CDcos.  supp.  CD(Z(art.  51) 

Ec  -  DE  COS.  DEe 
And  observing  that  with  respect  to  any  of  thes6  angles, 
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CDd  excepted^  the  said  parallel  to  m  is  estimated  in  the 
same  direction,  we  shall  perceive  a  reason  for  choosing 
the  supplement  of  CDd^  instead  of  the  angle  itself. 

Examining,  for  example,  the  angles  ABb  and  BCc, 
which  are  formed  hy  AB,  B6  and  BC,  Cc,  we  observe 
that  Bb  and  Ce,  the  sides  parallel  to  m,  are  both  esti- 
mated in  the  same  direction;  whilst,  with  respect  to  the 
angle  CDcf,  formed  by  CD  and  Bd,  this  direction  is  re- 
versed: and  as  a  uniform  method  of  proceeding  is  always 
to  be  observed  in  analysis,  we  shall  be  justified  in  assum- 
ing^ instead  of  the  angle  formed  by  CD  and  DcT,  that 
formed  by  the  first  of  these  lines  and  the  prolongation  of 
the  second;  or,  which  is  the  same  thing,  we  shall  be  jus- 
tified in  introducing  the  supplement  of  CDd  instead  of 
the  angle  itself. 

This  artifice  of  calculation  we  have  already  used  in 
art.  51,  where  it  appeared  that  we  may  always  substitute, 
for  the  cosine  of  an  angle,  the  cosine  of  its  supplement^ 
provided  we  place  before  the  latter  a  negative  sign. 

Adding,  then,  the  equations  wi  have  just  deduced, 
and  putting  for  the  sum  of  the  left  hand  column  Us  value 
Ee',  there  results 
Ee'r=  AB  COS.  ABb  +  BC  cos.  BCc  +  CD  cos.  supp.  CDdf 

+  D£  COS.  DE« 
or 
Ee^  ssz  a  COS.  am  +  b  cos.  bm  +  c  cos.  an  +  d  cos.  dfn 

« 

74.  We  may  now  examine  the  condition  mentioned  in 
art.  72,  where  a  certain  line  C&  was  to  be  expressed  in 
terms  of  the  given  lines  and  their  inclinations :  this  line 
C&  expressed  the  distance  between  the  two  extreme 
planes,  and  corresponds,  therefore,  with  the  line  Ee'  of 
the  article  we  have  last  considered.  But  to  express  this 
w 
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line  in  such  terms  as  are  required,  we  must  have  recourse 
to  closed  figures,  to  the  theory  of  which,  it  has  already 
heen  remarked  (art.  47),  all  geometrical  analysis  can  be 
reduced. 

The  lines  AB,  BC,  CD,  DE  do  not,  of  themselves, 
form  a  closed  figure ;  but,  drawing  a  line  from  A  to  £, 
such  a  figure  is  formed  by  the  lines  AB,  BC,  CD,  DE  and 
EA,  fig.  142,  and  we  immedi-  ^'^s- 142. 

ately  have  (figs.  141  and  143) 
Ec'  «  AE  cos.  AEc'  »  a"'  cos. 
o'"m.  And  equating  this  value 
of  E^'  with  that  deduced  in  the 
preceding  article,  we  obtain  the 
equation 

a"'  cos.  af"m  ss  a  cos.  am  +  b  cos.  bm  +  c  cos.  cm  +d 

COS.  dm  •••.••  (9) 

And  as  the  method  of  proceeding  will  remain  the  same 
whatever  is  the  form  of  the  polygon,  or  the  number  of 
its  sides,  it  is  evident  that  we  have  accomplished  the 
object  of  this  section,  and  discovered  a  regular  and  uni- 
form method  of  decomposing  closed  figures  into  right 
angled  triangles. 


PRELIMINARY  REFLECTIONS  TO  SECTION  VI. 

Our  idea  of  distance^  or  linear  quantity^  was  obtained 
by  considering  the  two  given  points  that  determined  the 
direction  of  a  line^  as  its  boundaries.  But  lines  them- 
selves are  the  boundaries  of  planes,  and  planes  the  boun- 
daries of  solids. 


iNQUiRT  sugge;bted  by  these  reflections. 

By  considering,  then,  lines  as  the  boundaries  of  planes, 
should  w«  not  obtain  an  idea  of  superficial  qtwntity; 
and  by  considering  planes  as  the  boundaries  of  solids,  an 
idea  of  solid  quantity  f 

These  three  species  of  quantity,  being  alike  parts  of 
space ;  ought  they  not  to  have  some  relation  to  each  other? 

Lastly,  what  modifications  will  these  new  ideas  require 
in  the  analysis  of  the  preceding  sections* 


SECTION  VI. 


or  THE  DIFFERENT  SPECIES  OF  QUANTITY  WHICH  ARE 
INCLUDED  IN  THE  RELATIONS  OF  A  FINITE  NUMBER 
OF  POINTS, 


TTie  three  dimensions  of  space — of  space  which  pos- 
sesses hut  two  of  these  dimensions — its  unit^-^f  space 
which  possesses  the  three  dimensions — its  unit— five 
units  employed  in  geometry— area  of  the  type  of  plane 
figures— solidity  of  the  type  of  solid  figures — the  general 
anafysis  of  figures  extended  to  their  relations  of  area 
and  solidity. 

75.  Oar  first  acquaintance  with  the  relations  of  space^ 
we  observed  in  the  introduction,  was  obtained  by  a  pro- 
cess contrary  to  that  usually  employed  in  teaching  the 
same  principles.  From  external  objects  we  first  learned 
the  properties  of  definite  portions  of  space,  and  thence, 
by  an  obvious  transition,  passed  to  surfaces^  to  lines  and 
point0.  And  this  method^  which  experience  shows  to 
be  the  most  natural^  is>  at  the  same  time;  the  most  scien- 
tific, for  without  an  adequate  idea  of  space^  either  as  a 
whole^  or  by  its  sensible  portions^  what  intelligible  notion 
could  we  form,  either  of  a  plane,  or  of  that  principle  of 
superposition  which  is  the  basis  of  geometric  reasoning. 
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But,  though  such  is  undoubtedly  the  proper  method 
of  teaching  the  first  elements  of  geometry^  there  is  yet  a 
stage  of  advancement;  where,  retracing  our  steps,  and 
commencing  with  the  abstract  idea  of  space^  and  of  points 
which  are  the  symbols  of  position^  we  should  proceed 
gradually  to  reason  from  points  to  I'mes,  from  lines  to 
surfaces^  and  from  surfaces  to  solids.  Such  is  the  method 
we  have  followed  in  the  preceding  pages^  and  which, 
leading  us  from  simple  directions  to  comparative,  and 
thence  to  directions  possessing  the  common  property  of 
meeting  when  produced^  will  at  last  teach  us  to  regard 
space  as  extended  according  to  three  infinite,  and^  in 
some  measure,  arbitrary  dimensions. 

The  right  lines  BB',  CX)',  DD',  ^  art.  58,  which 
were  shown  to  be  mutually  perpendicular,  will  enable 
us  to  form  just  ideas  of  these  dimensions,  and  will  con- 
nect their  properties  with  those  of  the  pyramid  chosen 
as  the  type  of  3olid  figures,  and  whose  relations  were 
deduced  in  the  article  referred  to. 

The  general  notions  we  are  supposed  to  possess  con- 
cerning space,  will  assure  us  that  the  point  A  and  the 
direction  BB'  may  be  assumed  at  pleasure ;  but  this  done, 
the  direction  CC'  is  subjected  to  a  condition ;  since,  ac- 
cording to  what  wc  have  learned  concerning  the  angles 
formed  by  lines  and  planes,  CO'  roust  lie  in  a  plane  pass- 
ing through  A  and  perpendicular  to  BB',  and  only  one 
such  plane,  CDC'D',  can  exist. 

When  this  conditipn  is  fulfilled,  the  direction  of  CC' 
is,  otherwise,  arbitrary ;  but  CC  once  assumed,  the  re- 
maining direction  DD'  is  completely  determined,  since 
the  definition  we  have  given  requires  that  it  should  be 
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drav^n  in  a  given  plane^  perpendicular  to  a  known  line 
lying  in  that  plaue^  and  through  a  given  point. 

But  one  of  the  clearest  illustrations  the  three  dimen* 
nous  of  space  admit  of,  is  obtained  from  those  solids 
whose  angles  are  right  angles:  Kg.  143. 

the  existence  and  nature  of  such  yj 
figures  may  be  readily  shown ; 
for^  having  proved^  in  art  58^ 
that  three  planes,  A,  A'  and  A^^ 
can  be  so  drawn  as  to  enclose  a 
solid  right  angle^  we  have  merely  ^  c 

to  conceive  three  other  planes  drawn  at  any  distances 
from  the  former^  but  respectively  parallel  to  them ;  and 
the  six  planes  taken  together  will  enclose  a  portion  of 
space  which  has  been  termed  the  rectangular  parallelo' 
pipedy  and  whose  angles  are  solid  right  angles. 

As  the  opposite  edges  of  this  solid  are  formed  by  the 
intersections  of  parallel  planes  with  a  third  plane^  art. 
70-2,  cor.  3, 5,  they  are,  themselves,  equal  and  parallel^ 
and  whatever  is  asserted  of  the  edges  having  their  vertex 
at  one  angle^  will  be  also  true  of  edges  having  their  vertex 
at  another ;  and  thus  three  sides  having  a  common  vertex 
will  be  mutually  perpendicular^  and  may  be  taken  to 
represent  the  three  dimensions  of  space. 

The  reader  cannot  fail  to  observe  the  resemblance 
between  the  rectangular  parallelopiped  and  objects  he  is 
daily  conversant  with,  and  will  perceive  the  three  dimen- 
sions, of  space  to  agree  with  the  ideas  we  denote  by 
lengthy  breadth  and  thickness* 

The  length  of  the  solid  is  independent  of  the  breadth, 
and  the  breadth  of  the  thickness ;  we  may  therefore,  if 
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we  please^  make  all  these  dimensions  equal ;  in  which 
case  the  parallelopiped  is  called  a  cube. 

76.  When  points  are  so  arranged  that  only  two  of  the 
dimensions  of  space  are  formed  among  their  reladons, 
the  points  lie  inr  a  plane  passing  through  those  dimen- 
sions ;  and  the  analysis  of  the  relations  in  qfiestion  is  said 
to  belong  to  plane  geometry :  whilst  we  refer  to  solid 
geometry  the  relations  of  points  whose  relative  positions 
involve  all  three  of  the  dimensions  of  space. 

The  route  we  have  taken  has  not  led  us  to  make  so 
marked  a  distinction  between  these  two  species  of  geo- 
metry as  most  writers  have  done,  but  rather  has  induced 
us  to  regard  one  species  as  a  particular  case  of  the  other. 
This  subject,  however,  will  be  more  fully  illustrated 
hereafter^  and  in  the  mean  time  it  will  be  necessary  to 
point  out  some  simple  elements  that  are  suggested  by 
these  ideas  respecting  planes  and  solids. 

Employing,  according  to  what  has  been  said  in  the 
preceding  pages,  the  theory  of  closed  figures  as  the  in- 
strument of  investigation,  we  are  naturally  led  to  com- 
pare together  the  portions  of  space  included  in  such 
figures,  and  thus  arrive  at  the  idea  of  an  carect^  or  a  portion 
of  a  sur&ce  included  in  a  closed  figure.  These  portions, 
occupying  hereafter  a  place  in  our  analysis,  must  be 
estimated  according  to  the  law  required  in  measuring 
quantity,  namely,  by  a  comparison  with  a  unit  of  their 
own  kind. 

77.  That  such  an  unit  is  altogether  independent  of 
the  standard  assigned  to  linear  measure,  will  be  imme- 
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diately  perceived  when  we  condder  that  no  possible 
addition  of  lines^  which  are  mere  directions,  can  give 
rise  to  a  species  of  quantity  possessing  a  dimension  not 
found  in  lines.  It  will  also  be  seen  that  the  unit  of 
areas,  or  superficial  measure,  is  a&  arbitrary  in  its  nature 
as  the  linear  unit ;  and  in  selecting  it  we  need  be  guided 
by  no  other  consideration  than  a  due  regard  to  practical 
convenience. 

The  use  we  have  made  ef  the  right  angled  triangle  in 
analysing  the  relations  of  points  would  suggest  for  our 
present  purpose  the  right  angled  triangle  having  both 
its  sides  equal  to  unity ;  but  geometers,  guided  by  ob- 
vious reasons,  have  preferred  as  the  unit  of  superficial 
measure  the  double  of  this  triangle,  or  the  square  whose 
side  is  a  linear  unit. 

78.  It  will  not  be  necessary,  after  what  has  been  here 
said,  to  enter  into  much  detail  respecting  quantity  of 
three  dimensions,  or  the  definite  portions  of  space  cut 
oif  and  bounded  by  surfaces ;  an  argument  analogous  to 
that  above  used  will  assure  us  that  quantity  of  this  kind 
cannot  be  formed  by  an  aggregation  of  lines  or  surfaces ; 
whilst  reasons  similar  to  tl\ose  alluded  Xm  as  obvious,  have 
caused  the  cube^  a  rectangular  parallelopiped .  Whose 
sides  are  equal,  to  be  chosen  as  the  standard  reference ; 
the  side  of  this  cube,  as  in  the  preceding  case,  being  the 
unit  of  linear  measure. 

79.  Returning  upon  our  steps,  and  reviewing  the  sub* 
ject  which  occupied  us  in  this  section,  we  shall  add  some 
additional  remarks  illustrating  more  fully  the  connection 
and  common  origin  of  the  five  units  of  quantity. 

X 
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These  it  will  be  recollected  were  the  standards  of 
comparison  assumed  for  the  measurement  of  solids^  solid 
angles,  plane  areas,  plane  angles,  and  lines.  Now,  dif- 
ferent as  these  quantities  seem  to  be,  they  are  all  parts 
of  that  infinite  whole  which  we  understand  by  the  term 
space,  and  thus,  as  parts  of  the  same  existence,  are  not 
altogether  so  heterogeneous  as  some  authors  seem  to 

regard  them. 

The  first  of  these  quantities,  solids,  are  real  parts  of 
the  infinite  whole  alluded  to,  but  parts  too  small  to  bear 
any  comparison  with  infinity :  whilst  solid  angles,  which 
may  be  measured  by  the  solid  they  include,  are  definite 
and  assignable  portions  of  space,  considered .  as  infinite 
in  all  its  three  dimensions. 

Plane  areas,  the  third  species  of  quantity  enumerated, 
bear  the  same  relation  to  an  intinitely  extended  plane, 
which  solids  bear  to  space  in  general,  and  a  similar  rela- 
tionship subsists  between  plane  and  solid  angles :  whilst 
lines,  our  last  species  of  quantity,  are  to  an  infinitely 
extended  line  what  areas  are  to  plane  space,  and  solids 
to  space  of  three  dimensions. 

And  whether  we  regard  an  infinitely  extended  plane 
as  a  limit  separating  the  parts  of  space  on  one  side  from 
those  on  the  other,  or  as  a  solid  „  ^»5-  ^^  ^ 

indefinite  in  two  dimensions  and 
but  little  extended  with  respect 
to  the  third,  we  shall  want  but  a 
this  further  inquiry  to  arrive  at  the  same  conclusions 
respecting  its  relations,  namely,  to  determine  with  cer- 
tainty the  effect  which  the  third  dimension  has  on  the 
relations  of  the  solid,  and  to  trace  what  these  relations 
would  become  when  the  third  element  was  altogether 
omitted. 
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To  illustrate  this  subject  further,  let  us  suppose  the 
plane  spoken  of  to  be  a  smooth  sheet  of  paper ;  the  dia- 
grams and  lines  drawn  there  are  not  perfectly  in  one 
plane,  since^  examined  by  a  microscope,  the  paper  ap- 
pears full  of  asperities,  and  even  the  pressure  of  the 
hand^  operating  on  so  soft  a  substance,  causes  the  lines 
to  sink  deeper  in  some  places  than  others ;  nevertheless 
we  reason  respecting  such  diagrams  by  the  rules  of  plane 
geometry ;  and  in  practice  regard  our  results  as  suffi- 
ciently  applicable  to  the  actual  diagrams,  although  ob- 
tained by  a  mental  abstraction  of  their  irregularities.  But 
substituting  for  the  paper  a  plate  of  polished  metal^  the 
errors  we  speak  of  become  less ;  and  as  there  is  no  limit 
to  the  excellence  of  temper  and  polish  which  we  have  a 
right  to  assume  in  our  materials,  it  is  obvious  that  the 
relations  of  space  of  three  dimensions  pass  by  insensible 
gradations  into  the  relations  of  space  having  but  two^  or 
only  one^  dimension* 

Assuming,  then^  the  whole  of  space,  o;r  space  infinite 
in  three  dimensions,  as  the  standard  of  comparison^  the 
five  species  ^f  quantity  which  we  have  enumerated  would 
be  referred  to  a  common  unit.  The  symbol  of  solid  an- 
gles  would  be  a  proper  fraction  ;  that  of  plane  angles  a 
fraction  with  an  infinite  denominator  j  whilst  the  symbol 
of  definite  lines  would  involve  an  infinite  divisor  of  the 
fifth  degree.  But^  avoiding  the  further  prosecution  of 
this  subject^  as  unimportant,  I  shall  devote  the  remainder 
of  this  section  to  the  fundamental  theorem  developed  in 
art.  74 ;  applying  to  it  the  new  ideas  we  have  obtained ; 
and  seeking,  by  their  assistance,  to  extend  its  application, 
until  this  includes,  "hot  only  the  linear  relations  of  a 
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definite  number  of  points ;  but  their  relations  of  solidity 
and  superficies. 


80.  1.  By  dividing'  two  adjacent  sides  of  a  rectan* 
gular  parallelogram  into  linear  units,  and  drawing  through 
the  points  of  division  lines  parallel  to^  Fig.  145.  ^ 
the  remaining  sides^  we  shall,  by  art.  69^| 
sub.  div.  1^  2,  3  and  4,  decompose  the 
figure  into  squares  each  of  whose  sides  is 
a  linear  unit ;  md  hence^  art.  77^  the 


^' 


number  of  superficial  units  in  the  rec-  a 
tangular  ^parallelogram,  will  be  equal  to  the  number  of 
these  squares ;  or  to  the  product  obtained  by  multiplying 
the  number  expressing  the  linear  units  in  any  one  side^ 
by  the  number  expressing  the  linear  units  in  either  of 
the  sides  adjacent  to  it. 

80.  2.  A  diagonal  drawn  in  a  rectangular  parallelo- 
gram, that  iBy  a  straight  line  drawn  from  ^«r-  ^46.  ^ 
one  of  the  angles  of  such  a  figure  to  the 
angle  opposite^  will,  art.  69,  sub.  div.  1^ 
2y  3  and  4,  divide  it  into  two  equal  right 
angled  triangles:  whence  we  conclude 
that  the  area  of  the  right  angled  trian-  a 
gle  is  represented  by  half  the  product  of  its  sides. 

81  •  1 .  By  dividing  three  adjacent  sides  of  a  rectan- 
gular parallelopipedon  into  linear  units^  and  drawing 
through  the  points  of  division  planes  parallel  to  the  re- 
maining sides,  we  shall,  art.  75^  decompose  the  solid 
into  cubes  each  of  whose  sides  is  a  linear  unit;  and 
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hence^  art.  78,  the.number  of  solid  units  in  the  rectan- 
gular parallelopipedon  will  be  equal  to  the  number  of 
these  cubes ;  or  to  the  product  obtained  by  multiplying 
together  factors  whicb^  respectively^  represent  the  num- 
ber of  units  in  each,  of  the  adjacent  sides. 

Or^  calling  one  of  the  faces  of  the  solid  the  base^  and 
the  side  perpendicular  to  this  face  the  altitude  ;  the  so- 
lidity will  be  equal  to  the  product  of  the  base  into  the 
altitude. 


81 .    2.  And  dividing  the  parellelopipedon  into  tri- 
angular prisms  and  pyramids^  we  can        J^«r*  ^^r. 
readily  obtain  the  solidity  of  these  fig- 


ures^  which  will  again  serve  us  as  instru-  b 
ments  to  discover  the  solidities  of  fig- 
ures more  complex. 

The  decomposition  into  prisms  may 
be  conducted  as  follows. 

First.  Passing  a  plane  through  the  sides  CH  and  GF^ 
we  divide  the  parallelopipedon  into  two  equal  triangular 
prisms ;  the  solidity  of  either  of  which  will^  therefore^ 
be  equal  to  the  product  of  its  base  into  its  altitude. 

Secondly.  Dividing  the  angle  contained  by  the  planes 
ABCH  and  ABGF  into  two  arbitrary  portions^  by  means 
of  the  plane  ARha ;  we  can  employ  the  process  used  in 
the  latter  part  of  art.  64  to  show  that  the  solid  6B  A^iFG 
is  to  the  solid  CBAHFG,  as  the  base  aAF  is  to  the 
base  HAF :  but  the  solids  have  a  common  altitude,  and 
the  measure  of  the  last  is  its  base  into  its  altitude  ;  hence, 
the  measure  of  the  first  is  also  its  base  into  its  altitude. 


81 .     3.  And  since  by  adding  to  the  rectangular  par- 
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allelopipedon  ABCDEF  the  right 
prism  CMLA^  and  taking  from  the 
same  solid  an  equal  prism  DIKF9M; 
we  neither  increase  nor  diminish 
its  magnitude,  the  parallelopipedon 
LMCDIKE,  produced  by  this  addi- 
tion and  subtraction  from  that  before  l  a 
mentioned;  will  also  be  equal  to  its  base  into  its  altitude. 

81.  4.  And  on  similar  principles  we  might  now 
proceed  to  decompose  the  prisms  we  have  thus  obtained 
into  rectangular  pyramids ;  that  is,  into  the  species  of 
solid  we  have  chosen  as  our  type ;  but  the  object  of  this 
inquiry  is  much  better  obtained  by  following  a  converse 
route,  and  decomposing  a  rectangular  pyramid  into  parts 
that  are  either  pyramids  similar  to  itself^  or  right  prisms. 

To  effect  this  decomposition^  we  have  only  to  place 
at  the  angles  B  and  C  rectangular  pyra-       pj^,  j^g 
mids  similar^  latter  part  of  art.  61  ^  to  that  ^ 
we  are  considering^  but  of  half  the  linear 
dimensions ;  and^  finally,  to  draw  the  lines 
dV,  rfV  parallel  respectively  to  AB 
and  DC. 

The  corresponding  faces  of  the  great  ^^"   "Jr// 
and  small  pyramids  in  this  figure^  being    v 
at  right  angles  to  the  same  edges,  are  parallel^  art.  70-2^ 
and  hence  the  given  pyramid  is  decomposed  into  two 
similar  pyramids,  and  two  right  prisms,  hxidd'cl''^ 
al"a!'c^d!'ti^  having  triangular  faces.    . 

Now  taking,  according  to  our  notation,  page  109, 
AB=a,  ADsd'',  CD;=e,  we  have  the  solidity  of  the  first 
prism  equal  to  half  the  product  of  its  base  into  its  altitude^ 
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or^  i.|a.|a".|c=^.aa"c:  and  since  the  second  prism 
stands  on  the  base  J)a*"d'^  and  has  the  altitude  Dd",  its 
solidity  will  also  be  equal  to  yiOoI'c. 

Whence  the  solidity  of  these  two  prismatic  solids  is 

But  this  last  is  what  remains  after  taking  away  from 
the  pyramid  ABCD  the  two  smaller  pyramids. 

Again,  the  two  smaller  pyramids  are  identical^  and^ 
therefore^  if  r  is  the  ratio  which  the  solidity  of  one  of 
these  parts  has  to  s^  the  whole  pyramid  \  each  of  the 
smaller  pyramids  will  be  expressed  by  rs ;  and  the  sum 
of  all  the  parts,  or  the  solidity  sought,  will  be  expressed 
by 

8  ^  ^ 

But  restricting  the  inquiry  to  solids  of  the  same  form, 
and  recollecting  that  r  is  the  ratio  which  the  solidity  of 
a  rectangular  pyramid  bears  to  that  of  a  second  pyramid 
whose  sides  are  double  those  of  the  first ;  we.  observe 
that  r  is  either  constant^  or  dependent  on  the '  dUsolute 
magnitude  of  the  sides. 

The  last  supposition^  if  not  directly  contrary  to  oCir 
previous  inquiries,  is,  yet^  little  in  accordance  with 
them  ;  and  the  rules  of  analysis  will  therefore  direct  us 
to  regard^  for  the  momept,  the  remaining  hypothesis  as 
the  correct  one,  and  to  examine  how  far  it  aids  our  re- 
search, before  we  proceed  to  establish  its  truth. 

But  analysing  either  of  the  two  smaller  pyramids  by 
the  analysis  that  was  used  for  the  whole  solid,  and  on 
the  hypothesis  adopted  with  regard  to  r,  we  shall  ob- 
tain Uie  equation 

822  2  ^  ^ 
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And  multiplyiag  the  equation  (a)  by  r^  and  afterwards 
subtractiog  it  from  {b),  there  results 

WheDce  the  equation  {a),  by  subtraction  and  reduc* 
,tioa,  becomes 


Or^  which  amounts  to  the  same  thing,  the  solidity  is 
equal  to  the  area  of  the  base  into  one*  third  of  the  attitude; 
and  as  all  pyramids  can  be  resolved  into  rectangular  py- 
.  ramids  placed  ude  by  ude,  art.  65,  the  solidity  of  every 
pyramid  must  be  equal  to  the  base  into  one-third  of  the 
altitude. 

81.  5.  To  ^mplete  the  iavestigatioD,  it  yetremains 
for  us  to  establish  Uie  truth  of  the  hypothesis  assumed 
respecting  r. 

For  this  purpose  divide  each  of  the  ^des  Oj  a',  a",  of 
a  rectangular  pyramid,  fig.  150,  '  ^- 1^^ 

into  the  same  number  of  equa' 
parts,  and  through  these  divisiooi 
draw  planes,  respectively,  perpen 
dicular  to'the  lines  a,  a*,  a",  oi 
parallel  to  Uie  planes  A',  A,,  A. 

Any  two-  consecutive  section 
parallel  to  A,  cut  off  a  slice  of  thi 
solid,  and  there  are  as ,  many  o 
these  siloes  as  parts  in  the  side  a'. 

But  the  divisions  parallel  to  A  cut  off  ramilar  portions 
of  the  solid,  and  of  these  portions  the  number  is  equal  to 
the  parts  wherein  a"  is  divided. 
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The  intersections  of  the  second  set  oC  planes  with  the 
first  set^  lying  in  planes  that  never  meet^  will  be  paral* 
lei  to  each  other^  and  hence^  by  art.  TO — 2,  sub.  4,  they 
will  be  perpendicular  to  A'. 

Taking,  then,  two  consecutive  planes  parallel  to  A, 
and  two  consecutive  planes  parallel  to  A,,  the  intersec- 
tions of  these  four  planes  will  form  the  edges  of  a  right 
prism  qmpny  q'm'p'n'y  whose  base  is  a  parallelogram, 
and  whose  opposite  fiice  lies  in  the  plane  B.  | 

But  if  n  is  the  number  of  parts  into  which  each  of  the 
lines  a,  a\  d'  is  divided,  and  the  lines  DA,  Ai  be, 
respectively,  equal  to  m  and  to  m'  of  those  parts ;  we 
shall  have 

a'        hL        ,      n 
ll'  "■  m.al'  ""     ■  ma'* 


or 


n 


n 


and 


,     ma'      m*al    m — m'   , 
^        n         n  n 


But 


ql  ""a' 


or 


,     m  —  m' 
qq'  =  .    M 


n 

Which  being  equal  to  an  aliquot  number  of  the  parts,  -> 
into  which  a  is  divided,  we  conolude  that  pne  of  the 

Y 
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planes  dpawa  parallel  to  A'  passes  through  q\  And  by 
an  investigation  in  all  respects  similar,  the  plane  next 
superior  to  that  we  have  considered  will  be  found  to  pass 
through  p'  and  m' ;  and  the  plane  two  degrees  superior 
will  be  found  to  pass  through  n\ 

The  planes  parallel  to  A',  but  inferior  to  the 
(m  — in')th,  will  evidently  divide  the  column  pgrnn, 
p'q'm'n!  into  (m  —  m')  right  parallelopipcdons,  whose 

. ,  adj.  a" 

sides  are  -  j  -  and  — • 
n  n        n 

The  planes  we  have  considered^  not  being  restricted 
to  any  particular  values  of  m,  it  is  plwn  the  whole  pyra- 
mid will  be  divided  into  two  solids,  an  inscribed  solid 
composed  of  integral  pandlelopipedons,  and  a  solid  com- 
posed of  broken  parallelopipeds  that  are  bounded  by  the 

plane  B. 

But  repeating  the  same  operations  on  a  similar  pyra* 
mid,  whose  sides  we  will  denote  by  oh  a'  and  a",  and  re- 
taining n  the  same,  the  inscribed  solid  in  this  last  pyramid 
will  be  composed  of  the  same  number  of  parallelopipc- 
dons as  the  inscribed  solid  in  the  former ;  but  the  sides 


of  the  parallelopipcdons  will  here  be  ~,  — ,  — . 
'^  '^  ^  n  n  n 

The  solidity  of  a  parallelepiped  in  the  first  solid,  will 
therefore  be  to  the  solidity  of  a  parallelepiped  in  the 
second,  as  o^  to  a^  and  it  is  plain  the  inscribed  solids 
will  be  in  the  same  proportion. 

Now,  calling  the  two  pyramids  P  and  P',  their  solidi- 
ties S  and  S',  and  thi^t  of  their  inscribed  solids  s  and  s' ; 

S       a^ 
if  we  have  not  ~  =  -5,  let  us  take  a  third  pyramid,  P", 

similar  to  the  former,  and  let  us  denote  its  sides  by  6,  b'y 
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ft",  its  solidity  by  S",  and  that  of  its  *^k-  WI- 

iDScribed  solid  by  «";  and^  rince 
the  magnitude  of  thb  pyramid  is 
arbitrary^  let  us  make 

S   ^tf 

S^     a* 
and  suppose,  first,  that  S"  is  less 
than  S'. 
The  number  n  may  be  taken  so  d 


than  — ,  and  ft" 
n 

But  superposing  the  pyramids  P'  and  P''^  and  caudngthe 

angles  at  A,  to  coincide ;  the  angles  BDA«  £GA,  which 

measure,  respectively^  the  inclination  ofB  with  A',  and 

£  with  A',  will  be  equal,  and  the  planes  B  and  £  parallel. 

Now  supposing  n"p"g'm"  to  represent  the  section  of 

the  prism  which  is  made  by  a  plane  parallel  to  A',  and 

which    passes  through  q,  the   lines  n'n",  as  we  have 

seen  in  the  preceding  demonstration,  will  be  equal  to 


But  the  portions  of  any  line  parallel  to  a  that  is  inter- 
cepted between  the  two  planes  must  equal  b  — ",  and 

exceed  — . 
n 

Hence  n"p"q'm"  falls  wholly  widiout  EOF ;  and  the 
solid  which  is  inscribed  in  P'  will  exceed  the  pyra- 
mid P". 

■  Some  of  the  mull  letters  ire  omitted  in  the  Rgure. 
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Moreover  it  has  been  shown  that  * 

s      a? 

7'"^ 'Up 

and  5  <  S^  and  ^  >  S''^  and,  since  to  increase  the 
numerator  and  decrease  the  denominator  of  a  fraction 
manifestly  alters  its  value^  the  equation 

S   _a» 

S"  "■  a* 
is  shown^  on  the  hypothesis  we  have  adopted^  to  involve 
an  absurdity. 

S''^  therefore,  cannot  be  less  than  S' ;  but  neither  can 
it  be  greater. 

For  in  that  case  we  should  have  ~  a  greater  number 

£|3  IS' 

than  -y  and  consequently  ^  or  -^  a  less  number  than 
a  So 

S' 

1         a* 

_  or  — ;  and,  S'"  representing  the  solidity  of  a  pyramid, 

P'',  less  than  P,  we  might  have 

S     _a^ 

an  equation  which  could  be  proved  to  be  absurd  by' 
proceeding  with  the  pyramids  P  and  P'''  precisely  as 
we  proceeded  with  P'  and  P". 

Since  then  S"  can  neither  be  less  nor  greater  than  S'; 
it  must  be  equal  to  it ;  and  we  have  the  equation 

S^_a^ 

In  the  particular  case  that  we  sought  to  demonstrate. 
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S  i 

^  was.  put  equal  tp  r^  and  a  was     of  a }  making  which 

substitutions  in  the  equation  just  derived;  we  obtain 

a  constant  value^  which  is  independent  of  the  absolute 
magnitude  of  a. 

81.  6.  The  analysis  used  in  this  demonstration  de- 
serves attention.  It  is  the  simplest  form  of  a  method^ 
the  method  of  limits^  extensively  used  in  mathematics, 
and  that  in  comparing  quantities^  A  and  B,  not  admitting 
of  direct  comparison,  proceeds,  as  above,  by  dividing 
them  into  two  parts,  having  the  following  properties, 

1 .  The  greater  part  of  A  is  such  as  to  admit  a  direct 
comparison  with  the  greater  part  of  B. 

2.  The  remaining  parts,  whether  of  A  or  B,  are  quan- 
tities capable  of  being  rendered  as  small  as  the  nature  of 
the  problem  requires. 

The  elementary  parts  used  both  in  the  preceding 
problem  and  in  art.  49,  are  quantities  of  the  latter  kind ; 
and,  in  general,  if  we  divide,  as  far  as  possible,  any  quan- 
tity A  into  such  elementary  portions,  the  sum  of  the 
integral  elements  will  constitute  the  first  of  the  two  parts 
above  described,  as  the  sum  of  the  divided  or  broken 
elements  will  constitute  the  second. 

82.  1.  At  the  close  of  the  79th  art.  we  proposed 
reconsidering  the  proposition  of  art.  74,  with  the  view  of 
extending  its  application,  until  this  included  not  only 
the  linear  relations  of  a  definite  number  of  points,  but^ 
also,  their  relations  of  solidity  and  superficies :  the  mea- 
sures that  we  have  since  obtained,  of  the  area  of  a  right 
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angled  triangle,  and  thie  solidities  of  right  prisms,  and 
rectangular  pyramids,  apply  immediately  to  this  investi- 
gation ;  and  will  readily  lead  to  the  extension  required. 

The  analysis  of  solids  pointed  out  in  art.  65^  suffi- 
ciently indicates  the  route  we  are^         Fig.  152. 
to  take,  and  requires  us  to  com- 
mence the  investigation  with  the 
relation  which  exists  between  the  a 
oblique  face  and  the  base  of  a  rec-  a 
tangular  pyramid. 

The  areas  of  those  two  surfaces 

are,  by  art.  80 — 2y  —  and  — ;  and  since  a"  =  i'  cos. 

6'a",  or,  which  is  the  same  thing,  6'  cos.  BA'j 

A'=^cos.  BA' 
2 

or 

A'=B  COS.  BA (11) 

where  A^  B  and  A'  are  not  used  to  denote  the  whole 
ci  those  infinite  planes,  but  merely  the  finite  portions  of 
them  which  form  the  faces  of  the  p3rramid. 

82.  2.  But  although  in  the  decomposition  of  pyramids 
we  need  no  other  figure  than  the  rectangular  pyramid, 
the  case  isotherwise  with  solids  of  a  more  complicated 
nature ;  in  decomposing  which,  an  additional  instrument 
IS  required ;  an  instrument  that  shall  answer  in  this  in- 
vestigation, the  purpose  to  which  parallel  lines  and  planes 
were  applied  in  the  decomposition  of  linear  figures. 
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The  right  prisin^  the  additional  solid  required,  is  in- 
deed formed  by  parallel  lines  and  planes,  and  serves 
merely  as  a  basis  whereon  to  place  the  rectangular  pyra- 
mids used  in  the  process  of  decomposition. 

Let  us  assume  a  right  polyedron  ABCDEF^  fig.  153^ 
whose  base  is  a  triangle^  and  through  ^'cr-  ^^^* 
F^  that  angle  of  its  superior  surface 
which  is  neither  the  most^  nor  the  least  ^ 
distant  from  the  base^  pass  a  plane^ 
F6HI,  parallel  to  the  latter ;  we  shall 
then  obtain  an  easy  case  of  the  method 
of  decomposition  alluded  to.  For  pro- 
ducing the  planes  A"  and  B^  until  they  meet  the  plane  F, 
we  shall  form,  in  this  way,  aright  prism  AGIBC^  on  the 
superior  surface  of  which^  though  in  contrary  directions, 
are  placed  the  triangular  pyramids  DGFH^  and  FHIE. 

These  last  are  not  necessarily  rectangular^  but  every 
triangular  pyramid  which  is  not  rectangular^  may  be  de- 
composed into  two  rectangular  pyramids^  placed  side  by 
side,  and  therefore  we  shall  have^ 

f=d:  cos.  d:f 

F's=E  COS.  EF' 
or^  observing  that  ABC=IF6=F+F'^  and  denoting  DFE 
(as  one  plane)  by  D, 

A=iD  COS.  DA|  ....  (12) 

83.  3.  The  theory  of  triangles  given  in  Part  III.  and 
which  is  merely  a  development  of  the  principles  already 
established^  ^ves^*  when  applied  to  the  solid  we  are 
considering, 

•  Note  3. 
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T^i  f'h  Bin.  f'h 
F+F'=A. 
But  putting  S'  for  the  solidity  of  the  whole  polyedron 
ABODEF)  we  shall  jJso  have, 
S  =  A.c"  +  J  |F.  (a"  —  e")  —  F'  (c"—  b")  j 
=  Ac"  +  J  I  Fa"  —  Ac"  +  F'i"  j 
=  |Ac"  +  J  {Fa"  +  F'*"} 

=  JAc"  +  JAfl"  +  iA6"  +  JAc"— SF'a"  — §F6" 
=  JA  \a"  +  b"  +  e"\  +  JAc"  — JF'a"  — JFi" 
=  J  A  |a"  +  b"  +  &'[  +  J  Ac"  —  J  F'c"  —  i  Fc" 

+  JF'(c"  — a")  +  JF(c"  — A") 
=  JA.  |a"  +  6"  +  c"j  +  SF(c"— 6")— iF'(a"— c") 
=;  J  A.  j  a"  +  6"  +  c"  I  +  J  /'^  sin./'^  (c"  —  6")  —  } 
/'A  sin. /'A  (a"  — c") 
And  from  similar  triangles, 

c"  —  b"  =  a"  —  c" 


«r 


or 


and 


^  (c"  —  ft")  _  A  (a"  —  c") 
S  =  J  A  (a"  +  6"  +  c") 


82.  4.  The  solid  ABCDEF,  which  we  have  decom- 
posed into  a  right  triangular  prism,  and  four  rectangular 
pyramids)  is  the  only  species  of  solid  that  will  be  required 
in  the  decomposition  of  the  most  complicated  polyedrons. 

The  process  will  nearly  resemble  that  used  for  linear 
figures :  and  will  be  readily  understood  from  the  follow- 
ing example. 
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Let  ABCDEF  represent  a  s"  Via.  is*. 

lid  whose  surface  consists  of  mai 
triangular  faces  :  from  each  of  i 
angles  let  fall,  perpendicula 
upon  a  plane^  M^  assumed 
pleasure :  and  connect  all  tl 
points,  a,  b,  c,  <&c.  in  which  tl 
perpendiculars  meet  the  plane 

The  figure  traced  upon  the  latter  may  consist  of  many 
polygons,  but  it  is  evident  that  one  of  these  figures  will 
enclose  the  others^  as  is  the  case  in  the  present  instance ' 
with  the  figure  ahef. 

The  several  lines  traced  in  the  plane  M^  are  known 
as  projections  of  those  edges  to  which  they  correspond 
in  the  solid. 

Thus,  the  figure  abef  is  the  «  projection"  of  ABEF. 

And  this  last  may  be  regarded  as  a  boundary  separat- 
ing the  faces  of  the  solids  into  two  sets :  namely,  a  set, 
each  face  of  which  is  more  remote  from  the  plane  than  is 
the  boundary  in  question  ;  and  a  set  that  lies  between  the 
boundary  and  the  plane. 

In  the  example  we  have  chosen,  the  second  set  conasts 
of  a  single  face,  A„. 

But  passing  a  plane  through  the  lines  Aa,  Ke,  which, 
being  perpendicular  to  M,  are  parallel,  the  intersections 
of  this  plane  with  A,„  and  its  ^'g-  '"■ 

projection  befa,  will  divide  each 
of  those  areas  into  two  triangles:^ 
and  as  the  solids  ABEa,  AEFa,  ^ 
to  which  this  construction  gives 
rise,  are  right  polyedrons  with 
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triangular  bases^  the  equation  12,  art  82 — 2,  will  apply 
to  them^  and  produce  results  that,  added  together^  give 

abefssA,,  cos.  A//M. 

But  the  polygon  abef,  fig*  155^  which  is  the  projection 
of  A,,y  a  single  face  of  the  solid,  is  seen  in  figure  154  to 
be  composed  of  the  projections  of  all  the  other  faces ; 
and  as  any  one  of  these  projections^  abc^  for  example, 
forms  the  base  of  a  right  polyedron  with  a  triangular 
face^  we  have  the  following  equations  : 
A,,  COS.  A„M=Acos.  AM+A'  cos.  A'M+A,"  cos.  A/'M 
+B,  COS.  B,M+C  COS.  CM+D  cos.  DM, ...  13 
a  formula  perfectly  similar  to  that  in  art.  74^  and,  in  like 
manner^  capable  of  being  extended  to  all  cases;  a 
truth  that  we  shall  readily  perceive  by  examining  the 
changes  that  take  place  when  those  faces  which  we 
have  denominated  the  second  set,  no  longer  lie  in  one 
plane. 

The  perpendiculars,  or  some  of  them,  might  in  this 
last  case  fall  without  the  line  abef,  which  would  then 
cease  to  be  a*  boundary. 

Let  us  suppose,  for  example^  the  solid  to  take  the  form 
shown    in  fig.   156,  where  the  ^'ff- 1^^- 

boundary  that  separates  the  two 
sets  of  faces-  is  AGBEF,  and  the 
second  set,  instead  of  the  single 
area  A,/,  consists  of  the  two  areas 
A^^  and  A. 

The  projection  acbef  is  here 
also  composed  of  the  sum  of  the 
projections  of  the  areas  superior    n  p 

to  ACEF,  areas  which  we  have  denominated  the  first 
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set;  but  to  obt^in^  as  before^  the  projection  of  A^^, 
from  the  sum  here  mentioned^  we  must  subtraot,  in  the 
instance  before  us,  the  projection  ot  A,  and  in  general, 
the  projection  of  every  inferior  area  except  A,^. 

And  hence,  for  the  equation  13  to  apply  to  fig.  i  56^  it 
is  only  necessaryfor  the  term  A  cos.  M  to  become  nega- 
tive. 

Now  this  will  take  place ;  for  a  plane  meeting  a  second 
plane  makes  with  it  adjaceqt  angles  that  are  supple- 
mentary ;  and  as  the  cosine  of  the  supplepient  differs  from 
the  cosineof  the  angle  itself  merely  in  having  a  negative 
sign^  the  factor  cos.  Am,  and,  consequently,  the  term 
A  cos.  Amy  will  become  negative,'as4required;  provided^ 
however^  the  inclination,  of  A' to  M  is  measured  by  the 
greater  of  the  two  angles  which  those  planes  form. 

In  the  most  general  case^  the  ^  rule  we  have  here  ob- 
tmned  with  respect  to  the  inclination  of  A,  must  be 
applied  to  all  the  inferior  areas  that  enter  the  left  hand 
number  of  13^  which  then  becomes  perfectly  general. 

82.  5.  An  equation  not  very  dissimilar  to  that  we 
have  investigated^  expresses  the  solidity  of  the  polye- 
dron.  For  this  solidity  is^  fig.  154^  dependent  on  that  of 
the  right  polyedrons  constructed  on  the  plane  M,  and 
whose  bases  are  in  that  plane ;  and  is  obtained  by  sub- 
tracting  from  the  solidity  of  the  right  polyedrons  whose 
upper  surfiices  are  the  first  set  of  areas^  that  of  the  right 
polyedrons  whose  upper  surfaces  form  the  areas  of  the 
second  set. 

To  deduce  from  this  result'  the  equation  in  question, 
denote  the  perpendiculars  let  fall  on  M  by  the  letter  py 


•  • 
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distinguishing  them  apart  by  accenting  p  according  to 
the  following  rule. 

^^  Observing  that  each  perpendicular  is  drawn  from  an 
angle  of  the  solid,  and  that  every  angle  is  denoted  by  a 
letter  having  a  certain  rank^ 

^^  Place  over  p  as  many  accents  as  there  are  units  in 
the  rank  of  the  letter  whence  the  perpendicular  is 
drawn/^ 

The  equation  which  expresses  the  solidity  required 
Will^  then^  readily  follow  from  this  reasoning;  for^  accord- 
ing to  the  rule  we  have  here  given^  the  solidity  of  the 
polyedron  aicABC^  fig.  154,  is 

J  A  COS.  AM  {p'  +p"  +  J&"} 

And  a  similar  result  being  also  true  of  the  other  poly- 
edrons;  we  have 

S  =  J  A  COS.  AM  {p'  +p"  +p'"}  +  J  A'  COS. 

A'U{p'+p"+p'"}  +  &Q 14 

a  formula  in  which,  to  permit  the  necessary  changes  of 
sign^  we  must  adhere  to  the  rules  demonstrated  in  art. 
82 — 4^  respecting  the  inclination  of  the  inferior  areas. 
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PRELIMINARY  REFLECTIONS. 

Hitherto  we  have  considered  each  problem  as  distinct^ 
but  all  geometrical  propositions  can  only  be  parts  of  an 
infinite  series  of  relations  connecting  all  the  points  in 
space — these  relations  resulting  from  the  positions  of  the 
points^  it  follows,  that  if  ^e  could  express  and  tabulate 
the  position  of  all  points  in  space^  such  a  table  would 
implicitly  contain  their  relations. 

But  how  is  such  a  table  to  be  formed — for  space  being 
uniform  and  infinite^  place  is  only  relative? — Place,  then, 
must  be  rendered  absolute,  by  assuming  some  fixed  point 
to  which  all  others  shall  be  referred. 

But  the  references  to  this  point  will  be,  first,  distance ; 
and  secondly^  directions  according  to  which  the  dis- 
tances are  measured. 

It  will  be  necessary^  then^  not  only  to  assign  a  point 
whence  our  measurements  shall  commence,  but  also 
directions  according  to  which  they  shall  be  reckoned. 
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INQUIRIES  SUGGESTED  BT  THESE  REFLECTIONS. 

To  bow  many  invariable  or  primordial  elements  must 
we  refer  the  position  of  a  point  in  order  to  distinguish  it 
from  any  other  point  in  space? 

Calling  the  measurements  taken  with  reference  to  these 
primordial  elements,  co-ordinates^  how  shall  we  express 
the  relations  of  points  in  terms  of  their  co-ordinates? 
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VARIOUS  SYSTEMS  OF  PRIMORDIAL  ELEMENTS. 

Data  invohed  in  the  position  of  a  point-^position  of 
apoint  merely  relative y  and  determined  by  relation  to 
primordial  elements — relations  of  a  point  to  theprim^ 
ordial  elements  expressed  hy  co-ordinates-^examination 
of  the  cases  that  occur  when  the  coordinates  arerectan- 
guloT'^these  various  methods  of  expressing  place  de- 
pend  on  three  primordial  elements  and  three  co-ordi- 
nates—further examination  of  the  cases  that  occur — 
oblique  coordinates — names  of  the  primordial  elements 
and  of  the  co-ordinates — distinction  between  linear  and 
polar  co-ordinates — the  parts  of  an  open  polygon  assign 
the  position  of  a  point — subject  of  art.  88  continued — 
method  of  prelections — perspective  representations — re- 
marks  concerning  different  cases  which  occur  iri  the 
method  of  projections. 


83.  According  to  the  viewB  developed  in  the  preced- 
ing pages^  geo.fDetry  is  the  science  of  position ;  and  as 
points  are  the  emblems  of  place^  and  cmnparative  place 
is  only  another  term  for  position^  every  proposition  in 
geometry  must  be  an  inquiry  or  an  assertion  respecting 
the  relations  of  points. 
2  a 
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'       Chap.  If.    Of  the  elements  to  which  pUce  is  referred. 
^  84.    Position  of  a  point  merely  relative,  and  determined  by  rehition  to 
primordial  elements.     Art  85.     Relations  of  a  point  tq  the 
primordial  elements  expressed  by  co-ordinates.' 

and  z  are  known ;  for  only  one  perpendiculap  can  be 
drawn  through  P  to  the  given  plane ;  and  from  B,  the 
ftxjt  of  this  perpendicular,  only  one  perpendicular,  BA, 
pan  be  drawn  to  the  given  line  OX. 

85.  The  three  lines,  or,  y  and  z,  are  termed  the  rttt- 
angular  co-ordinates  of  the  poiQt  P.  And,  in  general, 
whatever  are  the  primordial  elements,  the  measures, 
whether  lines  or  angles,  whereby  the  position  of  a  point 
is  referred  to  them,  are  termed  the  co-ordinates  of  that 
point. 

It  is  at  once  evident  that  any  elements  which  suffice  to 
determine  the  solid  OABP  are  also  sufficient  to  fix  the 
position  of  the  point  P.  But  as  the  equations  2,  3  and 
9  reduce  the  investigation  of  this  solid  to  a  known  pro- 
blem, the  solution  of  a  given  number  of  equations,  we 
may  regard  its  properties  as  rigidly  demonstrated ;  now 
it  results  from  these  equations,  as  we  shall  hereafter 
show,  Part  III.,*  that  only  three  elements  of  the  solid  in 
question  can  be  regarded  as  independent;  and,  conse- 
quently, the  position  of  P  will  always  depend  on  three 
co-ordinates. 

86.  The  choice  of  these  is  not  however  perfectly 
arbitrary,  but  is  subject  to  two  conditions ;  first,  that  one, 
at  least,  of  the  co-ordinates  should  not  be  an  angle ;  and 
secondly,  that  all  three  of  the  co-ordinates  should  not 
belong  to  one  face  of  the  solid. 

Of  the  chief  cases  wherein  these  conditions  are  fulfilled, 
we  need  only  mention,  here,  the  two  following: 

*  Note  4. 


FART  11.       DBTKRHINATB  ANALTBIS.  tOO 

Sect  L    Tarioui  ffitenu  of  prinordul  eleoMnU. 
ArL  66.     Eiuniiuition  of  tho  coe>  th&t  oceur. 

1.  When  the  given  things  are  the  three  rectaoguUr 
co-ordinates  x,  y  and  z. 

2.  When  the  given  things  are  the  distances  r,  and  the 
angles  (rr),  (sy). 

Other  cases  that  it  will  be  necessary  to  notice^  might, 
indeed,  be  derived  in  this  way ;  but  they  have  a  more 
immediate  reference  to  the  relations  of  four  points,  and 
accordingly,  from  that  source  we  shall  obtain  them. 

The  relations  of  four  points,  it  has  ^t!-^^- 
already  been  remarked,  constitute  a  tri- 
angular pyramid;  and  by  letting  fall 
from  B  a  perpendicular  on  the  opposite 
face,  we  can  decompose  this  solid  into 
six  rectangular  pyramids,  arranged  as 
in  the  diagram.     Moreover,  by  apply-  _ 

ing  to  each  of  these  the  arguments  used 
respecting  the  rectangular  pyramid  of  the  preceding 
article,  we  may  show  that  only  one  triangular  pyramid 
can  be  so  placed  on  the  base  ACD  as  to  have  its  vertex 
at  B.  If,  then,  the  base  ACD  is  given,  whatever  ele- 
ments suffice  to  determine  B,  will  also  suffice  to  determine 
the  whole  solid,  and  conversely,  whatever  elements  de- 
termine  the  solid,  will  determine  B. 

But  ^nce  each  of  the  triangular  faces  about  the  point 
B  contains  a  side  of  the  known  base,  it  is  only  necessary 
that  we  should  know  two  other  elements  in  each  of  these 
triangles,  art.  51,  in  order  completely  to  determine  them. 

Or,  restricting  the  data  still  further,  we  finally  per- 
ceive that  a  knowledge  of  such  elements  in  any  two  of 
the  triangles  here  mentioned  will  suffice:  since,  adding 
to  these  triangles  the  known  base,  we  should  have  all 
three  sides  of  the  remaining  triangle — data,  from  which 
that  triangle  can  be  found. 
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.   Chap.  n.    Of  the  elements  to  which  place  is  referred. 

Art.  86.    Examination  of  the  cases  that  occur.    Art.  87.    These  various 

methods  of  expressing  place  depend  on  three  primordial 

elements  and  three  co-ordinates. 

These  considerations  would  enable  us  to  add  several 
other  systems  of  co-ordinates  to  those  (1  and  2)  enume- 
rated in  the  preceding  article;  but  the  only  cases  that 
need  be  mentioned^  are, 

3.  When  the  three  given  things  are  the  distances  from 
three  known  points. 

4.  When  the  three  given  things  are  the  distance  from 
a  known  pointy  and  the  angles  formed  by  each  of  two 
given  straight  lines  with  the  direction  constituting  that 
distance. 

» 

87.  Examining  with  attention  these  various  methods 
of  expressing  place,  we  shall  find  them  all  to  depend  on 
similar  data^  on  three  primordial  elements,  and  three 
co-ordinates. 

The  primordial  elements  may  be  points,  or  lines^  or 
surfaces ; — the  co-ordinates^  lines^  or  surfaces,  or  angles. 

88.  What  is  here  said  would  be  sufficient  to  complete 
the  theory  we  are  considering ;  but  the  subject  is  of  too 
much  importance  to  be  hastily  dismissed,  and  there  is 
another  method  of  viewing  it  that  desorves  our  attention. 

In  what  preceded  we  considered  points  as  the  symbols 
of  place,  and  lines  and  surfaces  as  their  relations :  but  it 
is  often  advantageous  to  reverse  the  process,  and  to  re- 
gard lines  and  points  as  formed  by  the  intersection  of 
given  surfaces. 

According  to  this  arrangement^  a  strught  line  would 
be  regarded  as  the  intersection  of  two  planes ;  and  a 
point — the  symbol  of  place — as  the  intersection^  either^ 
of  three  planes — or  two  straight  lines— or  of  a  strught 
line  and  a  plane. 
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Sect  I.    yuioQi  syfteiDB  of  piinlovdi*!  elemeftti. 
Art.  8S.    Farther  examination  of  the  caies  that  occur. 

The  object  of  course  in  these  cases^  as  in  the  cases 
that  have  preceded,  is  to  refer  the  position  of  many ' 
elements  to  those  of  a  few  assumed  as  known :  and,  ac- 
cordingly, when  we  speak  of  given  planes  we  should  be 
understood  as  .meaning  planes  whose  position  is  assigned 
with  respect  to  known  primordial  elements.  The  na- 
ture and  choice  of  the^e  have  been  already  explained,  but 
in  considering  the  first  among  those  methods  of  fixing  a- 
point  which  we  have  now  in  view,  the  primordial  ele- 
ments should  be  three  planes. 

89.  Let  us  assume  for  this  purpose  the  planes  which 
meet  at  0.    The  position  of  all  Jjs-  i«o. 

planes  parallel  to  these  and  at 
a  given  distance  from  them  will 
be  assigned.  And  drawing 
three  such  at  the  assumed  dis- 
tances Xy  y,  z$  A,  the  point  of 
their  intersection,  will  be  completely  determined,  and 
the  six  planes,  together,  will  enclose  a  parallelepiped. 

The  distances  Xy  y  tind  z,  were  measured  along  the 
common  intersections  of  the  primordial  planes,  and  since 
these  might  have  been  assumed  as  forming  any  required 
angles  with  each  other,  we  have  a  right  to  suppose  the 
angles  formed  by  x^y  and  z  as  equally  arbitrary. 

But  the  lines  AA',  AA",  AA'"  are  equal  and  parallel 
to  Xy  y  and  z;  and  thus  we  may  suppose  the  position  of 
A,  assigned  by  its  distances  measured  in  known  direc- 
tions, from  three  primordial  planes. 

These  distances  are  the  co-ordinates  of  A,  and  may, 
also,  be  measured  by  the  lines  OX,  XA',  A' A,  which  are 
equal  and  parallel  to  the  former. 
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Chap.  n.    Of  the  dements  to  which  place  is  referred. 

Art  89.    Oblique  oo-ocdinates.    Art.  90.    Names  of  the  piimofdial 

elements  and  of  the  co-ordinates. 

When  the  primordial  planes  are.  rectangular^  this 
method  of  determining  a  point  g^*  ^^*-        p^, 

perfectly  agrees  with  that  in  art. 
84 ;  and,  in  fact,  drawing  OP, 
OP  and  PX,  we  form  the  rectan- 
gular pyramid  employed  in  that 
article. 

90.  When  the  primordial  planes  are  not  rectangular, 
the  system  is  termed  that  of  the  oblique  co-ordinates; 
and  we  observe  that  what  is  said  in  case  1,  art.  86, 
should  be  understood  of  ordinates  of  this  kind,  and  not 
merely  of  those  which  are  rectangular. 

The  point  0,  fig.  158  and  160,  is  termed  the  origiru 

The  directions  OX,  OY,  OZ,  the  axes  of  the  co-ordi* 
nates;  the  first  is  termed  the  axe  of  the  x^s^  the  second 
the  axe  of  the  y^s^  the  third  the  axe  of  the  z^s. 

The  planes  passing  through  0  are  termed  indifferently 
the  primordial^  or  the  co-ordinate  planes.  Of  these, 
the  plane  passing  through  the  axe  of  the  xl^s  and  the  axe 
of  the  y^s  is  termed  the  plane  of  the  xyh  ;  as  those  pass* 
ing  through  the  axes  of  the  aPs  and  z^Sy  and  of  the  y^s 
and  z^s  are,  respectively,  termed  the  planes  of  the  xz^s 
and  the  ya^s. 

9\^  Reviewing  what  has  been  here  said  we  remark, 
that,  of  the  cases,  1,  2,  3  and  4,  which  we  have  enume- 
rated, the  first  and  third  assign  the  position  of  a  point 
altogether  by  linear  co-ordinates ;  whilst  the  second  and 
fourth  assign  its  position  by  co-ordinates  that  involve  a 
line  and  two  angles.  This  line,  or  distance,  is  called  the 
radius  vector y  and  as  the  origin  from  which  it  is  reckoned 
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Sect.  I.    Various  Bystems  of  primor^al  elements. 

Art.  91.    Distinction  between  linear  and  polar  co-ordinates.   Art.  93.   The 
parts  of  an  open  polygon  assign  the  position  of  a  point 

has  received  the  name  of  the  poky  the  two  methods 
alluded  to  have^  on  this  account,  been  designated  ^^  the 
methods  by  polar  co-ordinatesJ^ 

92.  Each  of  the  four  systems  is  expressed,  art  86^  in 
parts  of  the  same  closed  figure,  and  hence^  by  means  of 
the  equations  derived  from  the  latter^  the  co-ordinates 
of  a  point  whose  position  is  assigned  by  one  of  the  four 
systems^  may  be  transformed  into  co-ordinates  having 
reference  to  either  of  the  other  three.  Such  equations 
are  called  ^^  equations  for  transforming  the  co-ordinates^'^ 
and  will  be  treated  of  in  a  subsequent  section ;  but  in  the 
mean  time  we  may  remark,  that. 

Every  system  of  primordial  elements  assigns  the  posi- 
tion of  a  point  by  giving  the  parts  of  an  open  polygon^ 
having  the  origin  at  one  of  its  extremities^  and  the 
point  to  be  assigned  at  the  other. 

And  further,  that  all  the  equations  which  can  be  de- 
duced from  the  relations  of  a  point  so  assigned,  are  ob- 
tained by  closing  the  polygon  in  question. 

93.  As  the  processes  described  in  the  first  part  of  this 
section  for  assigning  the  position  of  a  point  in  space,  are 
perfectly  adequate  to  that  purpose,  it  would  appear  un- 
necessary to  pursue  in  detail  the  views  suggested  in  the 
88th  art.  or  to  embarrass  the  student  with  a  second  method 
of  accomplishing  objects  which  he  has  already  learned 
to  attain.  But  the  riches  and  resources  of  analysis  often 
depend  upon  these  various  ways  of  assigning  a  point — 
and,  far  from  being  useless,  the  proposition  before  us  is 
of  continued  application ;  a  single  case  of  it — the  only 
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Chap.  II.    Of  the  elementf  to  which  plaoe  is  refoned. 
Alt.  93.    Sabject  of  art.  88  continued. 

remaining  one  which  we  need  consider,  forming  the'baaus 
of  several  entire  branches  of  science. 

This  case,  the  last  of  the  methods  enumerated  in  the 
88th  art.  is  that  wherein  a  point  is  regarded  as  the  in- 
tersection of  a  straight  line  and  a  plane. 

To  assign  a  point  by  the  intersection  of  a  line  with  a 
plane,  it  is  of  course  necessary,  that  both  the  line  and 
plane  should  be  given.  A  straight  line  is  given  when 
we  know  two  points  through  which  it  passes^  and  in  the 
first  consideration  of  the  problem  before  us  we  shall  re- 
gard the  straight  line  as  determined  in  this  way. 

Suppose,  to  illustrate  the  subject  by  reference  to  an 
example^  AB  and  MN  the  given  line         ^>«f'  *^' 
and  plane,  whose  point  of  intersection 
is  P. 

Since  MN  and  AB  are  given,  the 
point  of  intersection  is  assigned :  and, 
conversely,  if  P  is  known,  a  line  drawn 
through  A  and  P  will  be  a  line  given  in  position. 

The  first  of  these  cases  need  not  be  considered,  but 
the  second,  or  inverse  case,  is  that  which  we  proposed  to 
discuss. 


94.  To  illustrate  its  applica-  P*«r-  ^^3- 

tion,  let  us  supppose  ABCD  a 
polygon  whose  sides  are  not  in 
one  plane.  Assume  the  point 
0,  and  the  plane  MN  as  prim- 
ordial elements ;  and  from  0  to 
each  point  of  the  polygon  draw 
the  lines  OA,  OB,  OC,  OD. 
Then,  since  the  plane  MN  is  indefinite  in  extent,  the 
lines  in  question,  or  those  lines  produced,  will  each  meet 
this  plane  in  a  point ;  and  joining  a,  6,  c,  df,  the  points 
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SMtL     TtricMU  l^iteiiii  of  piimordikl  element!. 
Alt.  94.    Method  of  projeetiaii). 

where  OA,  OB,  &c.  meet  MN,  we  shall  form  on  the 
plane  an  image,  or  picture  of  the  polygon. 

This  image,  it  is  tnie,  will  not  be  a  figure  similar  to 
the  ptJygoa   it   represent^;    and,  in  fact^  an  infinity 
of  polygons  may  all  be  represented  by  the  same  pic- 
ture; thepolygonsABCD,  F^.  164. 
A'B'C'D',forexample,are  u 
each  represented  on  the 
plane  MN  by  the  picture  o 
abed.    Nerertheleaa,  this 
image,  or  picture,  is  con- 
nected with  its  Inject  by 

laws  which  it  is  the  buBinefls  of  analysis  to  discover ;  laws 
that  will  be  better  explained  in  another  place,  since  our 
inquiries  in  this  section,  confined  to  the  methods  of  de- 
termining points,  do  not  extend  to  the  relations  deduced 
from  them, 

Kow  when,  together  with  the  image  (^  the  polygon, 
we  have  given  the  distances  of  the  points.  A,  B,  C,  D, 
from  their  representations  on  the  plane,  the  end  proposed 
is  accomplished ;  since  a  knowledge  of  the  figure  a,  b,  c,d, 
together  withaknowledge  of  the  distances  aA,dB,fC,dD, 
will  afibrd  data  that  enable  us  to  assign  the  position  of 
A,  B,  C  and  D. 

This  particular  ease  of  the  problem,  that  requires  us 
to  assign  the  positicm  of  a  ptnnt  in  space,  is  known  in 
geometry  as  the  method  of  profeetiom;  and  the  figure 
abcdy  the  image  or  picture  of  ABCD,  is  termed  the^o- 
jeetion  of  the  latter. 

Although ,  as  we  have  remarked,  the  theory  of  projec- 
tions is  only  a  parUcular  case  of  the  more  extended  prob- 
lem we  are  considering  in  this  section,  it  is  yet  a  case 
so  extensive,  that  its  subdivbions  constitute  separate 
branches  of  science. 
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Chap.  n.    Of  the  elementf  to  which  place  is  referred. 
Art  95.     Perspectire  representations. 

95.  When,  for  example^  the  projection  is  determined, 
.  as  in  the  figure  163,  with  reference  to^  a  fixed  point  0, 
and  to  a  single  plane  MN ;  and  when,  at  the  same  time, 
no  account  is  made  of  the  distances  aA,  &B,  &c. ;  the 
method  is  designated  as  the  theory  of  perspective ;  and 
the  projection  abed  is  termed  \\\%  perspective  representa- 
tion of  the  object  ABCD. 

The  latter  is  here  considered  as  a  sensible  existence, 
viewed  by  a  spectator  whose  eye  is  placed  at  0:  the 
plane  MN  as  a  transparent  screen,  placed  between  the 
eye  and  the  object  it  views,  and  the  perspective  repre- 
sentation as  a  visible  picture  of  the  object. 

To  illustrate  what  is  here  said  more  fully,  let  us  ima- 
gine an  object  placed  beyond  a  window,  or  a  perfectly 
smooth  plate  of  glass,  to  be  contemplated  by  an  eye  situ- 
ated on  the  other  side.  Let  us  also  imagine  lines  drawn 
from  the  eye  to  every  point  in  the  object ;  and  suppose 
further,  that  wherever  these  lines  meet  the  plate  of  glass, 
or 'the  window,  a  very  fine  dot  is  made,  to  mark  the 
point  of  intersection ;  the  assemblage  of  all  these  points 
will  constitute  precisely  the  picture,  or  perspective  re- 
presentation we  proposed  to  illustrate. 

When  we  continue  to  increase  the  distance  of  the  point 
0,  both  from  the  object  and  the  plane,  the  theory  of 
parallel  lines,  art.  69,  will  convince  us  that  0 A,  OB,  &c« 
become  more  nearly  parallel :  and,  consequently,  if  from 
A,  B,  C,  D,  we  draw  parallel  lines,  ^-  ^^• 

and  produce  them  until  they  meet  ^ 
the  plane  MN,  in  the  points,  a,  6, 
e,  cf,  the  figure  so  formed  will  differ 
but  little  from  the  pictures  we  have 
described  as  perspective  represen- 
tations. 
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Sect  L    TuioDi  qrttemi  of  primor^al  elemaDti. 
Art  95-     PenpectiTc  represenbtioiu. 

Indeed,  if  we  condder  that  0^  fig.  163,  may  be  tAkea 
w  distant  as  to  make  the  angle  BOC  gmaller  than  any 
aBgle  that  can  be  assumed,  or,  which  amounts  to  the  same, 
to  make  the  sum  of  the  aBgles  OBC,  OCB,  as  near  as  we 
please  to  |  ;  it  will  follow  that  BO,  and  OC,  may  be 
brought  within  any  assignable  limit  of  being  parallel.  It 
is  in  this  sense  that  abed,  formed  by  drawing  parallel 
lines  from  the  object  to  the  plane,  is  said  to  coincide 
with  a  perspective  representation,  namely,  with  the  pic* 
ture  the  eye  would  perceive  ifwe  could  suppose  it  at  an 
infinite  distance. 

The  projecting  lines,  Aa,  B6,  &c.  are  usually  drawn 
at  right  angles  ts  the  plane  whereon  the  figure  is  pro- 
jected I  and  the  picture  abed  is  then  called  the  ortho- 
graphie  pn^ection  of  ABCD. 

96.  Although  in  describing  the  method  of  projections 
we  have  mentioned  .only  two  primordial  elements,  the 
reader  cannot  fail  having  nQticed  that  here,  as  elsewhere, 
three  such   elements   were   really   uKed.      We^s**^ 
found,  it  is  true,  the  points  A,  B,  C  and  D,  by 
means  of  a,  b,  c,  &c.  but  these  latter,  when  assign- 
ed analytically,  that  is,  when  assigned  by  means 
of  symbols,  and  without  the  use  of  an  accurately 
constructed  diagram,  must  be  referred  to  prim- 
ordial elements. 

Using  for  this  purpose  two  rectangular  axes  Ox  and 
Py,  we  Aiay  assign  the  position  of  any  point  in  the  figure, 
as  a,  by  means  of  its  distances  from  these  axes,  namely^ 
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the  distances  Oa'  and  a'a ;  which^  ^'^s-  ^^7. 

together  with  the  distance  Aa,  en-M 
able  us  to  determine  the  position  of 
A«  But  drawing  through  A  a  plane 
parallel  to  MN^  the  parallels  aA 
and  Oz  intercepted  between  these 
planes  are  equal,  and  thus  the  me- 
thod of  determining  A  by  its  projections  on  MN,  and  its 
distance  from  that  plane,  is  seen  to  be  identical  with 
the  method  of  co-ordinates^  and  to  depend  on  the  three 
primordial  axes  Ox,  Oy,  Oz. 

Another  subdivision  of  the  case  we  are  considering^ 
and  which  does  not  require  any  distances  to  be  given,  is 
that  wherein  a  point  is  determined  by  its  projections  on 
two  planes. 

If  we  assume^  for  example,  0  and  0% 
and  the  planes  MN  and  MN'  as  prim* 
ordial  elements,  and  we  have  given  the 
points^  a,  a'y  wherein  lines  drawn  from 
0  and  0'  to  any  point  A  intersect  the 
primordial  planes,  it  is  evident  that  A  ^ 
will  be  completely  determined;  since 
we  have  only  to  suffer  the  given  points 
0  and  a,  0'  and  a'  to  be  joined  by  Oa, 
and  0  V,  and  these  lines  produced  will  meet  in  the  pmnt 
A  required. 

And  thus,  if  we  had  two  projections,  or  perspective 
representations,  m  and  n,  of  any  Fj^-  i69» 

given  figure  ABC,  the  figure,  as 
well  as  its  position,  would  be  com- 
pletely assigned. 

And  indeed,  when  the  projec- 
tion is  orthographic,  this  method 
of  determining  a  point  agrees  with  y 
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those  already  described  in  arts  84  and  89^  or  may  be 
made  to  do  so  by  the  addition  of  a  third  plane  OXY. 

The  method  of  art.  84  requires  the  planes  to  be  mutu- 
ally rectangular^  and^  whenever  the  nature  of  our  in- 
quiry permits  it,  this  will  always  be  found  the  most  con- 
venient assumption ;  but  whatever  is  the  mutual  relation 
of  the  planes^  we  observe  that  any  two  of  the  projections 
m,  n  ovpj  will  be  data  sufficient  to  determine  the  thirds 
since  they  suffice  to  assign  the  figure  projected. 

The  orthogonal  projections  that  have  occupied  us  in 
the  latter  part  of  this  section^  are  among  the  earliest 
improvements  of  practical  geometry^  but  they  originated 
with  the  necessities  of  the  artist,  and  were  unknown  to 
the  analyst  until  Maclaurin  deduced  from  them  the 
principle  of  the  three  rectangular  co-ordinates,  or  prim- 
ordial elements^  developed  in  art.  84^  and  which  has  since 
been  employed  as  one  of  the  most  powerful  instruments 
of  geometrical  reasoning. 

With  the  artist  such  pictures  conveniently  supersede 
the  necessity  of  models;  and  when  the  projections  of  an 
object^  whether  a  building,  a  piece  of  carpentry,  or  a 
machine^  have  been  accurately  delineated^  they  may  be 
reduced  according  to  some  fixed  scale;  and  then  draw- 
ings^ of  a  few  inches  in  size^  will  still  contain  so  perfect 
a  record  of  the  object  represented,  that  a  similar  one 
could  at  any  time  be  executed  from  them. 
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SECTION  11. 


THE  ELEMENTARY  RELATIONS  OF  POINTS  EXPRESSED  IK 
TERMS  OF  THEIR  CO-ORDINATES. 


Geometry  depends  on  two  elements,  the  distance  he* 
tween  two  given  points,  and  the  angle  formed  hy  two 
given  lines — theorem  for  shifting  the  origin — distance 
between  two  points  expressed  in  terms  of  their  linear 
co-ordinates — ftngle  formed  by  two  given  lines  expressed 
in  terms  of  the  elements  that  assign  their  direction — 
theorems  for  transforming  the  co-ordinates. 


97.  As  all  ouf  notions  of  linear  geometry  have  been 
deduced,  in  the  precediftg  pages^  from  the  relations  of 
points^  it  follows  that  every  problem  concerning  recti- 
linear figures,  either  treats  of  such  relations^  or  can^  by 
a  proper  analysis^  be  reduced  to  them. 

But  the  ultimate  relations  of  points  are  the  distances 
between  the  points^  or  the  angles  formed  by  their  direc- 
tions. 
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Art.  97.    Geometiy  depends  on  the  distance  between  two  given  points, 

and  the  angle  formed  by  two  giren  linea 

It  is  trae^  a  plane  paSsing  through  three  points  is  a  re- 
lation of  them  ;  but  the  area  of  a  plane  surface  depends 
on  the  position  of  the  lines  that  bound  it ;  and  the  incli- 
nation of  planes  is  measured  by  an  angle  between  lines ; 
and  thus^  in  its  final  analysis,  the  geometry  of  a  determi- 
nate number  of  points  must  reduce  itself  to  expressions 
for  distances  that  are  sought^  and  angles  formed^  either 
by  those  distances^  or  others  that  are  given. 

Hereafter^  a  more  extended  examination  will  show  us 
that^  not  only  the  relations  of  a  given  number  of  points, 
but^  with  certain  restrictions,  the  whole  of  geometry  may 
be  reduced  to  these  two  elements ;  and,  accordingly^  it 
becomes  essential  to  express^  in  terms  of  the  various  sys- 
tems of  co-ordinates.explained  in  the  preceding  section, 
the  distance  between  two  given  points,  and  the  angle 
formed  by  two  given  lines. 

By  a  given  ppint  we  nnderstand,  in  analyticial  geome- 
try, a  point  whose  co-ordinafes  are  given. 

The  problem  before  as  will,  therefore,  vary  with  the 
system  of  co-ordinates  employed,  and  requires  a  separate 
solutioii  for  each.  In  conducting  our  investigation,  we 
shall  comfnence  with  the  system  that  assigns  the  position 
of  p6ititB  by  linear  co-ordinates,  or,  in  other  words,  by 
distances  measured  in  given  directions,  itnd  from  a  com- 
mon origin. 

Our  inquiry  is,  in  this  case,  restricted  to  the  discovery 
of  formdln  whit^h  shall  express,  in  terms  of  such  co-ordi- 
natesy  the  distance  between  two  points,  and  the  angle 
between  two  lines. 

It  subdivides  itself  into  several  distinct  problems,  of 
which  the  first  may  be  expressed  as  follows : 
2  c 
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Art  98.    Theorekn  for  shifting  the  origin. 

98.  The  rectangular  co-ordinates  of  a  point  being 
reckoned  from  a  given  origin^  to  find  its  co-ordinates 
when  the  origin  is  varied. 

Let  planes  MN,  M'N', 
M"N"  be  drawn  through  the 
former  origin  0^  the  new  origin 
0',  and  the  given  point  P ;  and 
let  each  of  these  planes  be  per- 
pendicular to  OX,  one  of  the 
axes. 

The  lines  OA  and  0"A  are 
equal,  (see  art.  70 — ^5),  as  also  the  lines  0"0',  OA"  and 
likewise  O'A',  A"A. 

But  OA''  will  be  an  ordinate  of  the  new  origin  0'^  and 
OA^  O'A'  will  each  be  ordinates  of  the  point  P^  the  for- 
mer measured  from  the  primitive^  and  the  latter  from 
the  new  origin. 

Let  us  denote  OA"  by  «,  OA  by  ar,  and  O'A'  by  x' ; 
then,  OA*  =  0  "A'  —  0"0' 

or,  A"A  =  OA  —  OA" 


or, 


X'  =  X 


a 


And  as,  by  changing  x  into  y  ovz  the  same  reasoning 

applies  to  the  other  co-ordinates,  it  follows  that  we  have 

only  to  make  this  change,  in  order  to  adapt  the  equation 

deduced  for  x'  into  equations  that  deterndne  the  values 

o(y'  and  o(z' ;  whence,  denoting  the  co-ordinates  of  P, 

reckoned  from  the  primitive  origin,  by  a?,  y  and  z;  tlie 

co*ordinates  of  P,  reckoned  from  the  new  origin,  by 

x\  y*  and  z\  and,  finally,  the  co-ordinates  of  the  new 

origin,  reckoned  from  the  primitive  one,  by  a,  ^^  and/ ; 

we  have, 

x'  =i  X  —  a 

y'  =:y—^    ....  15 

2:'  =  Z  —  r 
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Sect  II.    The  elementary  relations  of  points  ezpreasecl  in  terms  of  their 

co-ordinates. 

Art  98.     Theorem  for  shifting  the  origin. 

This  investigation  completed,  we  may  proceed  to  the 
problem  suggested  in  art.  97. 

99.  Two  points  being  given  hy  their  rectangular 
co-ordinatesp  it  is  required  to  find  the  distance  between 
them. 

If  a,  P,  Y9  *^®  ^^  co-ordinates 
of  the  first  pointy  and  a!y  ^'j  y'^  those 
of  the  second,  it  appears  from  the 
preceding  problem,  that,  reckoning 
the  first  of  these  points  as  a  new  ori- 
gin^ the  co-ordinates  of  the  second 
will  be^ 

ar'  =  a'  —  a 
Z'  =,y'  —  y. 

But  the  co-ordinates  a?',  y\  z\  together  with  rf,  com* 
posing  a  closed  figure,  the  formula  9^  art.  74,  by  assum- 
ing the  line  m  as  coincident  with  {/,  will  give, 

d^x'  cos.  tx!d  +  y  cos.  y'rf  +  z'  cos.  z'd  .  .  .  16 
and  making  the  line  m  successively  coincide  with  ar, 
with  yy  and  with  z^  and  omitting  the  terms  that  contain 
angles  whose  cosines  are  zero,  we  obtain 

x'  sadcos.  dx' 
y'  =i  d  COS.  dy'  ....  17 
z'  s=i  d  COS.  dz' . 
Where,  multiplying  each  of  the  equations  by  its  left 
hand  term^  and  afterwards  subtracting  the  three  last 
equations  from  the  firsts  there  arises, 

rf«  =  x"^  +y'^  +  z'*  .....  18 
Or^  putting  for  x'y  y'  and  z'  their  values^  and  taking 
the  square  root^ 

£/=-•{(*'-«)'  +  (^'  —  ^y  +  (y'  —  r)» }  .  •  19 
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We  proceed  to  the  second  of  the  two  leading  prob- 
lems announced  at  the  commencement  of  this  section. 

100.  Required  the  angle  formed  by  two  given  lines. 

If  the  primordial  elements  are  the  same  as  in  the  pre- 
ceding problems^  and  the  lines  denoted  by  r  and  r'  are 
given  in  terms  of  the  angles  they  form  with  the  axes  of 
the  co-ordinates,  we  can  solve  the  question  by  employ- 
ing the  co-ordinates  of  a  point,  taken  at  pleasure,  in  one  of 

the  lines. 

For  assuming  a  point  in  the  line  r,  for  example^  de- 
noting its  co-ordinates  by  a?,  y  and  z ;  and  making  m  co- 
incident with  r',  the  equation  9,  art.  74,  will  give 
r  COS.  rr'  =i  X  cos.  r'x  +  y  cos.  r'y  +  z  cos.  r'z 
and,  by  the  equations  IT, 

a?  =  r  cos.  rx 
y  =ir  COS.  ry 
z  =s  r  COS.  rz 

Substituting  and  dividing  ofTthe  common  factor  r, 

COS.  rK  =  COS.  rx  cos.  r'x  +  cos.  ry  cos.  r'y  +  cas.  rz 

COS.  r'z  ....  20 

When  the  lines  are  given  in  terms  of  the  linear  co- 
ordinates of  points  through  which  they  pass,  this  formula 
will  i*equire  to  be  modified,  but  the  alteration  is  readily 
effected.  For  assuming  the  most  general  case,  namely, 
that  wherein  two  points  are  given  in  each  line,  and  de- 
noting the  CO  ordinates  of  the  points  in  the  first  line  by 
37,  y,  sr,  of  J  y\  z\  and  those  of  the  two  points  in  the  se- 
cond line  by  a/',  y",  z",  a/",  y'",  z'" ;  we  shall  have, 
from  the  equations  15  and  17, 
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assign  their  direction. 

of  —  X  =:  r  COS,  rx 

y  —  y  =  r  COS.  ;y  •  .  •  •  21 

z'  —  z  =  r  COS.  rz 

a:"'  —  of'  =  r'  cos.  r'x 

y'"  —  y"  =  r'  cos.  r'y 

z'"  —  z"  =  r'  cos.  r'z 

Where  r  and  r'  are  used^  not  only  as  the  names  of  the 
given  lines,  but  also  to  express  the  portions  of  them  in* 
tercepted  between  the  points  in  question. 

Obtaining  from  the  last  equations  the  values  of  the  co- 
sines^ and  substituting  them  in  20^  that  expresuon  be- 
comesy 

OOS    Tf^  ss 

rr' 

and  putting  for  r  and  r'  their  valuea^  this  result  will 
finally  reduce  to 

22  .  .  •  cos.  rf  = 

(ar^--a:)(3/^^— ar^O+(y— y)(y^^^— y^^)+(z^— z)(z^^^— g^^) 

+(z'"— z")«j 

The  expressions  19,  20  and  22  are  the  formulae  we 
proposed  to  investigate  for  the  distance  between  two 
points,  and  the  angles  formed  by  two  given  lines  :  they 
admit  of  many  transformations ;  but  as  their  present  ar- 
rangement is  well  adapted  to  the  cases  that  most  frequent- 
ly occur^  we  shall  not  embarrass  ourselves  with  the  forms 
they  afsstime  when  expressed  in  terms  of  co-ordinates  of 
other  kinds. 

101.  It  will  frequently  happen^  however,  that  when 
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the  formulaB  above  given  produce  complicated  results^  a 
greater  degree  of  simplicity  may  be  obtained  by  using 
co-ordinates  of  the  same  kind,  but  having  other  direc- 
tions ;  and  as  it  is  not  always  easy  to  determine,  a  priori5 
what  directions  of  tiie  co-ordinates  will  be  the  most  ad- 
vantageous^ analysists  have  sought  to  express,  in  terms 
of  a  given  system  of  co-ordinateS;  results  that  are  given 
in  terms  of  another  system. 

This  operation  is  termed  transforming  the  co-ordi- 
nates^ and  is  of  frequent  use. 

When  applied  to  a  system  of  linear  co-ordinates^  it  is 
a  method  of  expressing  the  position  of  a  point  by  co- 
ordinates measured  parallel  to  known  lines,  from  having 
^ven  its  position  in  terms  of  co-ordinates  measured 
parallel  to  other  known  lines. 

Assuming  A  as  the  point  to 
be  determined  ;  0  as  the  origin^ 
and  Xy  y  and  z  as  the  known 
co-ordinates,  the  question  re- 
quires us  either  to  determine 
new  co-ordinates,  a?',  y'  and  z'j    ^  ^ 

in  terms  of  x,  y  and  z,  or  the  contrary. 

The  co-ordinates  a?,  y  and  z  are  usually  termed  the 
primitive f  and  x\  y'  and  z'  the  new  co-ordinates. 

And  as  the  questions  which  usually  occur  require  us 
to  transform  an  equation  already  expressed  in  terms  of 
their  primitive  co-ordinates^  it  is  manifest  that  we  must 
investigate^  for  this  purpose,  formulae  expressing  the 
value  of  the  primitive,  in  terms  of  the  new  co-ordinates. 

The  lines  x^y^Zj  x\y'j  z',  forming  together  a  closed 
figure^  the  transformation  will,  in  every  instance^  be 
readily  effected^  but  as  the  case  which  supposes  the  ori- 
ginal system  to  be  rectangular  is  the  only  one  of  frequent 
occurrence  and  general  utility,<i  we  shall  confine  ourselves 
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to  that  form  of  the  problem ;  whence^  by  the  theory  of 
closed  figures^  we  immediately  obtain, 

X  z=i  X*  COS.  XX'  +  y  COS.  xy'  +  z'  cos.  xz' 

y=z  x'  cos.  yx'  +  y'  cos.  yy*  +  z'  cos.  yz 

z  =  a?'  COS.  zx'  +  y'  COS.  zy'  +  z'  cos.  zz!. 

If  the  origin  is  changed  at  the  same  time  as  the  direc- 
tions of  the  axes,  we  have  merely^  by  art.  98,  to  add  to 
these  values  of  a:,  y  and  Zj  the  corresponding  co-ordinate, 
a,  j3  or  y  of  the  new  origin. 

When  all  the  points  sought  lie  in  a  single  plane,  the 
latter  may  be  chosen  as  one  of  the  co-ordinate  planes,  the 
plane  of  the  ^s,  for  example,  in  which  case  z  will  be 
zero.     The  formula  then  become, 

0?  =  a/  COS.  xx'  +  y'  cos.  ocy[ 
y  =  ar'  cos.  yod  +y'  cos.  jy'j 

and  if  both  the  new  and  the  primitive  system  are  rectan- 
gular, these  expressions  reduce  to 

X  ^  x'  cos.  XQcf  —  y  sin.  xxf 
y  =  a/  sin.  xxf  -f-  y  cos.  xxf. 


PRELIMINARY  REFLECTIOI^S  TO  SECTION  III. 

Applying  the  formula  of  the  last  or  preceding  sec- 
tions to  the  relations  of  a  given  number  of  points,  the 
problem  may  always  be  reduced  to  equations ;  but  vary- 
ing the  positions  of  the  points,  not  only  do  different 
eases  of  the  problem  arise,  but  the  equations  undergo 
corresponding  variations.  Are  we  then  to  write  the 
equations  of  each  case^  or  would  it  not  be  possible  to 
obtain  a  rule  for  deducing  the  equations  of  one  case  from 
those  of  another?  And  if  this  is  possible,  might  not  the 
application  of  that  rule  change  any  deductions  from  the 
equations  of  one  case  into  deductions  applicable  to  an- 
other ? 


INQUIRIES  SUGGESTED  BT  THESE  REFLECTIONS. 

Assuming  one  of  the  most  general  cases  of  a  problem 
as  a  type  of  them  all — deducing  the  equations  of  the 
type^  and  thence  obtaining  algebraic  expressions  for  the 
properties  sought :  it  is  required^  firsts  to  trace  the  al- 
terations which  the  type  undergoes  whilst  passing  into 
the  other  cases  of  the  problem :  secondly,  to  trace  the 
corresponding  alterations  in  the  equations  of  the  type : 
thirdly^  the  alterations  in  the  algebraic  expressions  of 
the  properties  sought :  and^  lastly,  to  discover  a  rule 
whereby  either  of  the  two  latter  species  of  variations 
may  be  found  from  the  former. 
2d 


SECTION  in. 


THEORY  OF  CORRELATIONS. 

Problems  are  resohed  by  a  pariieular  cage  of  theprth 
bkmtaken  as  a  type — theanalyeis  of  a  geometrical  pro- 
position  resolves  itself  into  two  parts;  first y  the  amUysis 
of  a  type  peculiar  to  the  proposition,  secondly y  an  m- 
quiry  into  the  changes  which  the  type  undergoes — ihe 
first  branch  of  this  double  imalysis  performed  by  regards 
ing  the  type  as  composed  of  one  or  more  closed  figures'^ 
method  of  aumliary  elements — the  anafysis  performed 
by  primordial  elements — the  second  branch  of  the  anafy- 
sisy  or  ihe  method  of  correlations— demonstration  of  a 
general  rule  which  connects  the  changes  of  the  diagram 
with  those  of  the  equations-Hiorrelations  of  angles'^ 
angles  greater  than  unity — sequence  in  which  lines  and 
angles  are  to  be  estimated — various  forms  of  the  thetn^em 
which  expresses  the  relations  of  closed  figures — eorrekh 
Hon  of  figures  that  are  used  simultaneously — method  of 
avoiding  the  superfluous  equations  that  tvould  result 
from  the  preceding  rules. 

102.  We  explained  in  art.  51,  and  in  the  several  arti- 
cles of  section  5,  chapter  1^  in  what  manner  the  most  conn 
plicated  figores  oould  be  compared  with  the  same  ele^ 
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mentary  type  or  standard ;  and  we  have  now  only  to  show 
that;  together  with  this  general  standard,  common  to  all 
the  figures  of  geometry?  each  problem  has  a  type  pecu- 
liar to  itself,  or,  to  speak  more  correctly,  we  must  show 
that  geometrical  reasonings  are  performed  by  assuming 
such  a  type. 

103.  The  analysis  of  triangles,  as  partially  developed 
ia  the  third  section  of  the  first  chapter,  will  assist  us  in 
demonBtrating  this  assertion. 

It  is  there  observed  that  a  triangle,  according  to  the 
proportions  of  its  sides,  admits  an  infinite  variety  of 
foktna^  passing  into  each  other  by  inseasible  gradations* 

Aad  we  conclude  from  this  fact  that  a  proposition 
veUtiiig  to  triangles  will  require  two  distinct  processes 
fer  its  ^lution — ^namely, 

An  investigation  performed  on  some  particular  tri- 
angle: 

.  And^  an  inquiry  into  the  modifications  which  this  in- 
ve8tig|tion  requires,  when  the  triangle  is  made  to  pass 
through  all  the  transformations  of  which  triangles  admit. 

Similar  conclusions  will  be  true  for  other  figures;  ud 
we  may  regard  the  analysis  of  all  geometrical  proposi* 
dons  as  consisting  of — an  investigation  performed  on  a 
particular  case  chosen  as  a  type---^nd,  an  inquiry  into 
the  connections  of  the  type  with  the  several  cases  of  the 
problem. 

» 

104.  The  former  of  these  investigations,  we  have 
already  remarked,  is  conducted  by  resolving  the  pro- 
blem into  the  relations  of  one  or  more  closed  figures; 
and  we  have  provided,  art.  74,  an  instrument  by  whose 
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assistBiioe  the  properties  of  such  figures  can  instantly  be 
assigned  iu  equations. 

To  illustrate  what  is  here  said  by  an  example,  let  us 
suppose  the  problem  requires  us  to  deduce  certain  rela- 
tions of  four  points  from  other  relations  of  three  points 
that  are  given. 

Connecting  the  points  by  straight  lines  drawn  accord- 
ing to  the  order  explained  in  art.  40,  we  fbrm  a  closed 
polygon,  the  number  of  whose  sides  agrees  with  the 
number  of  given  points,  and  applying 
to  this  figure  the  formula  of  art.  74, 
i^nd  making  the  arbitrary  line  m  iden- 
tical with  one  of  the  sides,  we  obtain 
an  equation  that  involves  certain  re- 
lations of  the  figure. 

Thus,  if  m  is  made  identical  with  a,  the  resulting 
equation  is 

a  =  6  cos.  ab  +  c  cos.  ae  +  d  cos.  ad. 

And  as  we  may  cause  m  to  coincide  with  any  other 
side  of  the  figure,  we  shall,  on  the  whole,  obtain  four 
equations,  whence,  with  suflBicient  data,  the  relations 
sought  may  be  determined. 

But  the  polygon  obtained  by  joining  in  sequence  the 
four  points  ABCD,  is  not,  as  we  have  remarked  in  art. 
40,  the  only  closed  figure  found  among  the  relations  of 
those  points. 

Others  may  be  formed  by  connecting  them  in  a  differ- 
ent order,  and  from  the  figures  so 
constructed,  by  a  process  similar  to 
that  used  above,  similar  equations  may 
be  deduced. 

Nor  have  w.e  yet  exhausted  the. 
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equations  to  which  an  analysis  of  the  problem  before  as 
gives  rise. 

Other  equations  can  be  deduced  by  the  use  of  other 
methods;  by  forming  closed  figures  that  do  not  embrace 
all  the  points,  and  by  employing  elements  that  are  after- 
wards eliminated. 

Thus  ABD  is  a  closed  figure  form-      ^  ^-  ^^s. 
ed  out  of  the  relations  of  three  among 
the  four  points  A^  B^  C^  D :  and  by 
varying  the  relation  other  triangles 
may  be  obtained. 

105.  The  method  of  auxiliary  elements  alluded  to  in 
Che  preceding  article,  consists  in  forming  additional  closed 
figures,  by  drawing  lines  that  are  not  found  among  ^e 
relations  of  the  given  points^  and  by  eliminating  at  a 
subsequent  period  of  the  investigation  the  angles  and 
lines  such  additional  elements  have  introduced.  A  simple 
example  of  this  method  occurs  in  the  analysis  of  triangks; 
where,  letting  fall  a  perpendicular  BD, 
we  analyse  the  triangle  into  two  closed 
figures  ABD  and  BDC :  from  the  first 
of  which  the  formula  of  the  forty-ninth 
article  deduces  the  equation 

b'  =  a  cos.  ab'  =  a  sin.  aaf^ 
and  from^  the  second  figure,  by  the  same  article,  there 
results, 

6'  =  6  COS.  66'  =6  sin.  be; 
whence,  eliminating  b\  and  observing  that  AD,  or  of', 
agrees  in  direction  with  AC,  or  a',  whilst  CD,  or  e,  has 
the  contrary  direction,  we  obtain 

a  ^  sin.  6a' 
6  "~  sin.  aa'  * 
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Similar  equations  expressing  the  ratio  of  any  two  sides 
may  be  obtained  by  the  same  process^  but  the  method  of 
analysis  we  have  been  considering  will  be  fully  compre- 
hended from  the  preceding  remarks^  and  we  may  dis* 
miss  the  "subject  with  an  observation  respecting  the 
selection  of  the  type  or  standard  diagram :  a  selection  in 
this  respect  becomes  necessary,  from  the  fact  that  in  par- 
ticular positions  of  the  points,  relations  of  them  may  dis- 
appear; and  it  is  important  that  we  should  find  in  the 
type  all  the  parts  that  belong  to  the  most  general  case  of 
the  problem. 

Tlie  selection  of  the  standard  diagram  must  be  made 
with  a  view  to  this  object^  which  accomplished^  the 
choice  of  the  figure  is  in  all  other  respects  arbitrary. 

In  this  analysis  no  mention  has  been  made  of  primor- 
dial elements,  but  we  are  not  on  that  account  to  suppose 
t)ie  method  independent  of  them. 

All  methods  of  geometrical  analysis  proceed  on  the 
supposition  of  primordial  elements. 

But  in  some  cases  the  lines  proper  to  the  figure  are 
used  as  standards  of  position ;  in  others  the  elements  of 
reference  are  either  arbitrarily  introduced,  or^  if  gp- 
yemed  in  their  position  by  the  nature  of  the  problem^ 
are  otherwise  foreign  to  it. 

An  analysis  of  the  latter  kind  is  chiefly  employed 
when  the  given  points  are  numerous ;  when  general  rea- 
flonings^  rather  than  particular  results,  are  required ; 
and,  finally,  when  the  problem  falls  in  the  indeterminate 
andfysiSf  an  extensive  branch  of  our  subject  that  will 
occupy  us  in  auQther  chapter. 

We  have  thus  two  distinct  methods  of  analysis ;  in  one 
of  which  the  primordial  elements  do  not  directiy  appear^ 
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whilst  iu  the  other  every  step  of  the  investigation  is  eon- 
ducted  with  reference  td  them. 

We  have  explained  the  application  of  the  first  of  these 
modes  of  inquiry  to  the  problem  enunciated  in  art.  103 : 
and  it  now  remains  to  explain  the  application  of  the  se- 
cond method  to  the  same  problem. 

106.  For  this  purpose  let  us  investigate  the  relations 
of  three  points,  employirtg  three  rectangular  axes  for 
primordial  elements. 

According  to  the  rules  that  are  laid  down  on  this  sub- 
ject in  art.  84,  A  is  assigned  by  means     ^  !='»»•  W. 
of  its  co-ordinates  Xy  y  and  z ;  or  On, 
aa!  and  o'A;  B  by  similar  co-ordi- 
nates a/,  y'  and  z' ;  and  C  by  the  co- 
ordinates af'^  y"  and  z".  ^ 

And  so  convenient  is  the  method  /     yi      ^     •/ 
we  are  describing,  as  an  artifice  for  ex- y  e' 

pressing  position  and  quantity  by  words  and  letters,  that 
already,  at  this  early  stage  of  our  explanation,  the  reader 
must  have  perceived  its  peculiar  adaptation  to  that  pur- 
pose. Let  us  suppose,  for  example,  any  number  of 
points,  denoted,  according  to  the  principles  established 
in  page  109,  by  A,  B,  C,  D,  Ac. :  we  can  express  the 
position  of  any  one  of  these  points  by  three  co-ordinates 
iP,  y  and  z  j  and  placing  accents  over  these  characters, 
and  making  the  number  of  ctccents  agree  with  the  rank 
ot  the  letter  denoting  the  point,  we  can  assign,  without 
fear  of  error,  the  point  to  which  the  co-ordinates  belong. 
The  whole  arrangement  is  more  fully  expressed  in  the 
following  table : 
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Jtanh  of  the  httersy  0        1        2        3  Ac. 

Denminatians  of  the  1 
points  whose    relations?^     A        B        C        D 
ore  ^vm  or  sought y        ) 

Co-ordinates  measured  1     x        of        s/'       of" 
•  on  the  axe  of  the  a^Sy       3 

Co-ordinates  measuredl  ,  „         .„ 

on  the  axe  of  the  y%       3  J         y        y 

Co-ordinates  measured  1     ^  .    .      .,         .,, 

on  /Ae  aa;e  ^  the  t^Sj       3 

As^  then^  any  probjem  i|i  the  determiQate  aoalysis, 
howevar  complicated,  has  been  proved 'to  be  merely  the 
relations  of  points^  we  can  always  express  the  data  of 
such  problems  by  a  table. 

When  the  given  things  are  the  positions  of  the  points 
themselves,  the  table  will  merely  contain  the  values  of 
Xj  of  y^  of  z;  of  a/,  of  y'^  oiz\  &c. ;  and  from  such  data 
the  formuls  investigated  in  the  beginning  of  this  section 
will  immediately  deduce  the  relations  of  the  problem. 

Thus^  returning  to  the  relations  of  three  points,  let 
us  suppose  the  co-ordinates  of  A,  B  and  C  to  be  known; 
and,  as  known  quantities  are  generally  represented  by 
first  letters  of  the  alphabet,  let  our  table  be, 

a;  =  a         y  =  i3         z  =  y 

a/rsa'       y'=i3'        «'=y' 
a:"=  a"       y"=  ^"        ;r"==  y" 

The  sides  of  the  triangle  will  be  found  by  the  formula 
19,  which  giveS; 

I  (a"  -  a')*  +  (/?"-  n  +  (/'-  /r  I         ' 
(a"  -  a  r  +  (^"- /?)» +  (y"- y  r  I 
and  the  remaining  relations  of  the  points,  the  three  an- 
2  £ 
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gles^  can  be  found  from  the  formula  22,  by  the  same 
substitutions. 

This  method  is^  at  once^  so  simple  and  general^  that 
any  further  illustration  of  it  will  not  be  required ;  nor 
will  greater  difficulty  be  experienced  when^  instead  of 
the  position  of  the  points  being  given,  our  data  consbt 
of  their  relations :  let  us  suppose,  for  example^  that 
among  the  relations  of  A,  B  and  C,  the  distances  a,  b 
and  a'  were  given,  the  equations 

b  =  v{(«"- «')"  +  (/?"-  ^r  +  (y"-  /)'}   • 

a'  =  vCK'-  «  y  +  ((3"-  P)*  +  (y"-  y )'} 

jvould  suffice  to  determine  a,  /3,  y,  &c.»  and  from  these 
we  could  find^  by  the  last  example,  the  angles  of  the 
triangle. 

And,  generally,  whatever  are  the  number  of  points, 
their  relations  will  consist  of  lines  and  angles ;  and  such 
of  these  relations  as  arc  given  can  be  expressed  by  means 
of  the  formula  19  and  22. 

These  formulsB  are  so  many  equations,  and  thence,  if 
the  data  are  sufficient,  we  shall  be  enabled  to  determine 
the  co-ordinates  of  the  points. 

Which  done,  the  preceding  problems  offer  us  the 
means  of  discovering  the  remaining  parts  of  the  pro- 
blem. 

The  analysis  we  have  explained  reduces  to  fixed  and 
known  rules  the  solutions  of  all  determinate  problems ; 
and  nothing  remains  of  an  arbitrary  nature  in  the  pro- 
cess, except  the  position  of  the  origin,  and  the  directions 
of  the  co-ordinates ;  nor  with  respect  to  these  subjects 
are  rules  altogether  wanting ;  although  in  the  applica- 
tion of  such  rules  we  must  be  guided  in  a  great  measure 
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by  the  nature  of  the  problem^  and  by  considerations  that 
can  be  more  advantageously  discussed  in  another  place. 

107.  The  investigation  of  the  type,  or  standard  fig- 
ure completed,  we  pass  to  the  second  branch  of  the  ana- 
lysis of  problems,  announced  in  art.  103^  and  which^  as 
requiring  us  to  trace  the  relations  whereby  different 
cases  of  the  same  problem  are  connected^  has  been  termed 
the  method  of  correlations. 

This  branch,  it  will  be  recollected^  is  immediately 
connected  with  that  we  have  just  considered ;  and  has 
for  its  object  to  render  the  application  of  the  latter  gen- 
eral; by  considering  the  changes  incident  to  the  standard 
diagram,  when  this  last  is  made  to  represent^  successive- 
ly^ all  the  cases  of  the  problem. 

Some  idea  of  these  changes,  and  the  artifice  used  to 
compensate  them,  may  be  obtained  from  the  partial  in- 
vestigation of  triangles  that  occupied  us  in  art.  51. 

From  the  triangle  ABC  we  there  deduced  the  formula 
a  =  a'  cos.  aa!  +  b  cos.  ab.  ^r  ^^^ 

And  considering  this  triangle  as  a 
type,  and  comparing  it  with  the  trian-       ^ 
gle  179,  where  the  point  m  falls  without 
the  angle  A,  we  observed  that  a  diffi-^ 
culty  occurred  respecting  the  inclination  of  the  lines  a 
and  a' ;   a  difficulty  removed  in  the.        ^»«r-  ^79. 
article  in  question  by  estimating  this 
inclination  by  the  angle  BAG. 

The  motive  assigned  for  this  choice 
applies  immediately  to  the  subject  be-  m      a        a     t 
fore  us. 

^^  The  true  reason,"  it  is  observed,  ^*  for  choosing  this 
nieasurement  is  the  power  it  gives  of  extending  to  the 
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present  case  the.  formulae  deduced  from  the  preced- 
ing.^' 

And,  in  support  of  this  assertioui  and  of  our  rij^  to 
make  the  choice  alluded  to,  it  is  further  remarked, 

That^  as,  ^^  a  right  angled  triangle  cannot  contain  an 
obtuse  angle^  (it  follows)  art.  50,  that  such  angles  will 
neither  have  sign  nor  cosine  unless  a  further  convention 
is  made  respecting  those  terms/' 

The  additional  convention  here  alluded  to^  was  alto* 
gether  arbitrary^  since  it  could  not  interfere  with  the 
definition  already  given^  which  applied  to  acute  angles 
only. 

But  agreeing  that  an  angle  has  the  same  cosine  as 
its  supplement,'  but  with  a  contrary  algebraic  agn  per- 
fixed' to  it,  we  deduce,  as  in  the  art.  referred  to, 

Bm  =  b  COS.  ba 
Am  =  —  a'  COS.  aa! 

And  by  subtracting  these  equations  there  still  results 
the  same  equation  as  in  the  former  case,  namely 

a:=zd  COS.  aa'  +  b  cos.  ab 

By  this  artifice,  of  agreeing  to  write  a  negative  sign 
before  the  cosine  of  an  obtuse  angle,  one  formula  has 
been  extended  to  two  distinct  cases ;  and  examining  fur- 
ther we  sliall  find,  that^  not  only  two,  but  all  cases  of 
triangles^  are  brought  by  this  simple  agreement  to  admit 
the  formula 

a'  =  a  cos.  aaf  +  b  cos.  baf 

It  is  not  at  present  an  easy  task  for  the  student  to  form 
a  just  notion  of  the  important  results  obtained  by  con- 
densing in  this  manner  the  various  cases  of  a  problem. 

When  further  advanced  many  illustrations  of  it  will 
occur. 
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An  elementary  theoreni^  that  will  oocar  in  Part  III. 
for  example,  admits  thirty-two  cases — ^a  miilar  nnmbtr 
belongs  to  a  theorem  connected  with  it^  and  a  proposition 
where  both  these  theorems  were  Combined  would  admit 
thirty-two  times  thirty-two^  6r^  not  less  tha%  one  thou- 
sand and  twenty-four  distinct  cases. 

This  last  example  Would  alone  demonstrate  the  value 
of  the  artifice  we  have  employed ;  and,  prove  that  in* 
vestigations  may  thus  be  condensed  into  a  page  that 
otherwise  would  have  occupied  volumes. 

But  an  instrument  so  important  ought  not  to  be  dia- 
missed  until  we  have  given  it  the  most  advantageous  form 
of  which  it  is  susceptible. 

On  this  account  we  will  consider  it  in  another  point 
of  view. 

Returning  to  the  proposition  which  gave  rise  to  this 

digression^  and  comparing  the  cases  designated  in  figures 

108  and  109 ;  we  observe  that  Am  in  these  two  figures 

falls  on  the  opposite  sides  of  A ;  and  as 

Am  , 

----.  =  cos.  aa 

AC 
the  artifice  of  the  negative  cosine  would  be  satisfied  by 
agreeing  to  reckon  Am  positive  when  it  fell  upon  a  cer- 
tain side  of  A,  and  negative  when  it  fell  upon  the  other 
side. 

Viewed  in  this  light  the  agreement  in  question  would 
lead  to  the  rule,  that — 

A  change  of  direction  requires  a  change  of  sign. 

This  rule  we  shall  examine  more  closely ;  commenc- 
ing our  investigation  with  the  analysis  by  primordial 
elements. 

Some  observations  respecting  the  latter  which  have 
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occurred  in  the  preceding  pages,  will  assist  in  elucidat- 
ing the  discussion. 

We  have  there  remarked  that  all  geometrical  problems 
refer  to  the  relations  of  points. 

And^  whilst  treating  of  the  analysis  by  primordial  ele* 
mentS;  we  observed^  art.  106,  that  by  a  due  selection  of 
those  elements,  the  relations  of  points  could  be  expressed 
in  terms  of  the  differences  of  their  co-ordinates. 

The  chief  selection  regarded  the  position  of  the  origin. 

And  our  first  inquiry  concerning  the  changes  of  the 
figure  ought  therefore  to  have  in  view  the  effect  pro- 
duced by  an  alteration  of  the  origin. 

Suppose  A  and  B  the  points  in  question — the  origin 
at  0,  then  Oa  =  a:,  06  =  od^  and  ah         Fig.  iso. 
the  difference  of  the  ordinates  is  ex- 
pressed by  ar'  —  x. 

But  shifting  the  origin,  and  taking 
it  at  0'  we  have  O'a  =  x^  O'J  =  x! ;  and 
ahy  no  longer  a  difference  but  a  sum,  ^ 
is  expressed  by  x*  +  x. 

When  the  origin  is  at  0"  we  have 

0"a  =  a: 
0"6  =  a?' 
and  ah^'  which  again  becomes  a  difference,  is  expressed 
by 

abz=  X  —  xf. 

These  three  values  of  ab  may  be  regarded  as  cases  of 
the  same  problem,  and  comparing  the  changes  in  the 
equations  with  those  in  the  figures,  we  can  show  that 
our  rule  causes  the  former  variations  to  depend  upon 
the  latter. 
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The  change  in  the  equations  aft  =  a/  —  ar  and  oft  =  ar' 
-f  X  consists  of  an  alteration  in  the  sign  of  xi  the  varia- 
tion in  the  diagrams^  at  least  that  part  of  it  which  ren- 
ders the  same  equation  no  longer  applicable,  is  produced 
by  an  alteration  in  the  direction  of  Xy  but  the  rule,  con- 
sistent with  this  result,  in  deducing  the  change  of  the 
equation  from  the  change  of  the  figure,  alters  from  plus 
to  minus  the  algebraic  sign  of  those  lines  that  reverse 
their  direction. 

And,  finally,  comparing,  in  like  manner,  the  third 
equation  with  that  deduced  from  the  type,  we  observe, 
not  only,  that  we  obtain  ab=iX  —  x'  from  ab=:oc!  —  x 
by  changing  the  signs  of  x  and  x!^  but  also,  that  in  one 
diagram  x  and  xf  are  measured  in  directions  the  reverse 
of  those  they  occupy  in  the  other.  And  this  case, 
therefore,  as  well  as  the  former,  is  consistent  with  the 
rule. 

108.  These  partial  examples,  whilst  they  serve  to  make 
the  reader  acquainted  with  the  artifice  that  has  occupied 
our  attention,  ought  not  to  be  regarded  as  a  demonstra- 
tion of  it. 

A  demonstration,  however,  may  be  gathered  from  the 
preceding  pages. 

All  geometrioal  investigations,  it  has  been  then  shown,^ 
are  dependent  on  closed  figures,  and,  ultimately,  on  the 
theorem  of  art.  74. 

Turning,  then,  our  attention  again  to  this  theorem,  if 
we  can  prove  that  all  the  cases  of  it  are  embraced  by  the 
artifice  in  question,  the  latter  may  be  regarded  as  appli- 
cable to  every  geometrical  investigation. 


tiO 
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Bat  this  \m9  io  fast,  been  tooom-  Fig-  ^^^' 

pjished  in  ^tablisbing  the  theorem 
itself^  as  will  appear  by  attending 
to  what  is  theve  said  concerning  the 
line  DC. 

As,  however,  thQ  subject  is  im- 
portant,  it  may  not  be  amiss  to  re- 
peat the  reasoning  used  in  art.  74,    , 
and  to  add  to  it  some  further  illustration. 

The  points  A,  B,  G  and  D,  falling  as  in  figure  181, 
we  deduce  from  the  construction  used  in  art.  74 
(a)  .  .  .  .  Drf'  =  B6  +  Cc  +  Drf. 
But  the  position  of  the  points  whose  relations  we  pro- 
pose to  investigate  is  often  unknown  :  and  if  in  solving  a 
given  problem  concerning  the  relations  of  four  points,  we 
assume  them  to  lie  in  the  order  adopted  in  figure  181, 
that  assumption  may  be  erroneous ;  and  thus,  we  are  un- 
certain, in  such  cases,  how  far  the  equation  a  is  to  be 
depended  on. 

The  method  we  are  seeking  to  establish  proposes  to 
solve  this  difficulty. 

It  teaches  us  to  regard  figure  181  as  a  type  with  which 
all  cases  of  the  problem  should  be  compared. 

And  directing  us  to  deduce  from  this  type  the  equa- 
tion a,  asserts,  first,  that  equation  to  be  applicable  in  all 
cases  where  the  perpendiculars,  B&,  Cc,  &c.  have  the 
same  directions  as  in  181 ;  and,  secondly,  that  to  render 
the  equation  true,  for  those  cases  where  B6,  Cc,  &c. 
change  their  directions,  it  is  only  necessary  to  regard  as 
negative  those  perpendiculars  whose  directions  are  re- 
versed ;  or,  art.  74,  to  measure  the  inclination  of  AB, 
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BCf  &c.  with  m,  by  the  larger  of  the  two  adjacent 
tDgles. 

A  comparison  of  figures  181  and  Fig,  isa. 

182,  will  establish  the  truth  of  what 
is  here  said,  not  only  for  the  particu- 
lar number  and  arrangement  of  the 
points  delineated  in  those  figures,  but 
for  any  number  and  any  arrangement. 

For,  although  on  comparing  181  - 
and  183  we  find  but  one  line,  Cc, 
that  changes  its  direction,  and  but  one  term  of  the  equa- 
tion, (Ce),  that  becomes  negative  ;  yet,  if  in  this  simple 
case  a  change  of  direction  produces  a  change  of  sign,  it 
will  do  so  in  all  other  cases,  since  the  most  complicated 
examples  can  only  present  many  lines  that  change  their 
directions,  and  corresponding  terms  that  become  negative. 

The  artifice  in  question  is,  therefore,  generally  appli- 
cable to  the  theorem  of  art.  74 ;  it  dcies,  whilst  the  num- 
ber of  points  remains  the  same,  enable  us  to  combine  all 
the  cases  of  that  theorem  in  one  case ;  and  we  must  con- 
clude, in  the  words  of  a  preceding  paragraph,  that  the 
artifice  is  applicable  to  every  geometrical  investigation. 

Or,  as  we  may  more  exactly  word  the  result, 

^n  equation  derived  from  the  most  general  case  of  a 
proposition  applies  to  every  other  case,  provided^  on  com- 
paring the  diagram  of  the  former  with  the  diagram  of 
the  lattery  all  lines  in  this  last  are  reckoned  negative,  the 
pnyectiom  of  which,  on  a  given  straight  line,  appear  to 
have  changed  their  directions. 

But  without  some  further  remark  on  this  rule,  we  shall 
not  perceive  its  application  to  the  case,  with  a  view  to 
which  it  was  constructed. 

2  F 
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the  diagram  with  those  of  the  equations. 

In  |he  instances  alluded  to^  we  were  supposed  igno- 
rant concerning  the  arrangement  of  the  points,  whose 
relations  were  the  object  of  investigation. 

But  if  the  arrangement  of  the  points  is  unknown^  the 
directions  of  the  perpendiculars  let  fall  from  them  must 
be  unknown^  and  the  rule  seems  inapplicable. 

A  theorem  demonstrated  in  the  elements  of  algebra 
will  remove  this  difficulty.* 

Particular  errors  in  the  statement  of  a  numerical  pro- 
position^  it  is  there  shown,  will  not  affect  the  quantity  of 
the  results,  but  merely  affix  signs  to  tbem^  indicating  the 
corrections  required  in  the  premises.  Now  these  errors 
are  precisely  such  as  occur  in  the  problem  before  us ; 
and  arise  when  the  quantities  sought  are  considered  addi- 
tive^  instead  of  subtractive, — the  error  in  the  prenuses 
being  then  denoted  by  a  negative  sign  attached  to  the 
answer. 

The  rule  we  have  devised  may,  therefore,  be  neglect- 
ed until  our  investigations  are  complete,  and  will  thus 
enable  us  to  interpret  the  results,  and  compare  the  figure 
analysed  with  the  type  assumed  to  represent  it. 

Another,  and  final  observation  respecting  this  rule,  is 
introduced  to  warn  the  reader  against  an  error  diat  has 
deceived  a  mathematician  of  eminence. 

Cabnot  has  supposed  geometricians  to  regard  certain 
lines  m  <^  essentially  negative,^'  an  error  not  to  have  been 
expected  in  a  writer  who  usually  displays  so  much  per* 
spioiiky. 

Poritive  and  negative  are  other  words  for  additive  and 
Sttbtractive;  operations  to  which  all  lines  are  equally 
adapted  :  and  in  place  of  regardvig  one  direoliofi  as  pa* 

•  Note  5. 
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flitive,  and  another  as  negative^  a  more  just  yiew  of  our 
suliject  will>  I  trusty  teach  ^<  as"  to  regard  a  change  tf 
direction  0$  compensated  by  a  change  of  sign. 

A  simple  example^  already  employed,         '"Jf-  ^•^ 
will  illustrate  what  is  here  said.     In  in- 
vestigating the  problem  discussed  in  art. 
107,  we  selected  as  a  type  the  case  cor-  j 
responding  to  fig.  183  and  thence  de-  q 
duced  the  equation 

But  fig.  184  might  with  equal  propriety  hare  been 
chosen  as  a  type ;  the  equation  would  then  have  been, 

ab  z=i  x'  +  X 
and  in  establishing  it  we  should  have  added  together 
lines  whose  directions  are  opposite  ;  we  should  have  add- 
ed Oa  and  Ob,  without  supposing  the  difference  in  the 
directions  of  these  lines,  to  render  one  positive  and  the 
other  Jiegative. 

But,  comparing  the  first  diagram  with 
the  second,  regarded  as  a  standard,  we 
observe  that  06  or  of  has  the  same  di- 
rection in  each,  whilst  Oa  changes  its 
direction,  being  opposed,  in  the  figure 
chosen  as  a  type,  to  the  direction  of  abj 
and  agreeing  with  that  direction  in  fig.  183 :  this  change 
of  direction  alters  the  expression  for  ab^  and  must  be 
compensated  by  a  change  of  sign  ;  Oa,  regarded  as  posi- 
tive in  figure  184,  must  be  considered  as  negative  in 
figure  183  ;  and,  with  this  convention,  the  equation 
ab  s:z  x'  +x  will  equally  belong  to  either  case. 

The  illustration  by  rectangular  co-ordinates  of  the 
artifice  discussed  in  this  and  the  preceding  article,  has 
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hitherto  been  eonfined  to  a  single  axe,  but  what  has  been 
said  concerning  one  axe  applies  to  either  of  the  three, 
and  is  not  affected  by  the  angles  at  which  they  are  in- 
clined. 

Hence^  in  any  system  of  axes^  whether  rectangular  or 
oblique^  the  following  rules  may  be  observed. 

The  origin^  O,  may  be  so  chosen         ^-  ^85. 

that  every  point  belonging  to  the  type^     / Z^f — 7 

or  figure  of  comparison^  shall  be  found  J  j  Lyj^l 
in  one  of  the  eight  angles  formed  byi''^p^lo  j  1^ 
the  co-ordinate  planes  {cart.  67).  /      /  [^      j 

Let  the  solid  angle  be  that  formed^      t^' 
by  ZOX,  ZOY,  YOX. 

In  comparing  any  other  case  of  the  problem  with  this 
typCf  the  ordinates  x  are  to  be  reckoned  positive  when 
measured  towards  X^  and  negative  towards  X'  i — the 
ordinates  y  are  positive  on  the  side  of  K,  and  negative 
on  that  of  Y' ; — fmally^  the  ordinates  z  are  positive  an 
the  side  of  Z,  and  negative  when  measured  towards  Z'. 

The  general  method  of  analysis  proposed  at  the  end 
of  the  103d  art.  having  been  examined  and  established 
in  the  preceding  pages^  we  are  in  possession  of  an 
instrument  by  which  geometrical  propositions  can  be 
instantly  reduced  to  equations. 

This  analysis^  we  recollect,  consisted  of  two  branches, 
and  in  establishing  the  second  branchy  or  the  method  of 
correlations,  we  first  proved  the  artifice  of  negative  co- 
sines to  be  identical  with  that  which  regards  a  change  of 
sign  as  indicating  a  change  of  direction ;  and  afterwards^ 
adhering  to  this  view^  demonstrated  the  justice  of  apply- 
ing to  every  case  of  a  proposition  the  equations  deduced 
from  that  particular  case  which  served  as  a  type. 
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But,  in  treating  this  subject,  the  change  produced 
among  the  angles  of  a  figure  by  an  alteration  in  the 
arrangement  of  the  given  points,  has  been  considered 
less  fully  than  it  deserves. 

Angles,  no  less  than  lines^  are  additive^  and  admit  a 
change  of  direction ;  and  we  should  inquire  whether  the 
laws  regulating  the  correlation  of  lines  do  not  apply  to 
angles  also. 

The  subject  was  touched  upon  in  what  was  said  con- 
cerning negative  cosines,  but  we  will  investigate  it  at 
more  length. 

109.  An  angle,  we  have  seen,  art.  42,  is  measured  by 
the   portion  of  plane  space  included  be-     ^>8r- 186. 
tween  its  sides  when  infinitely  produced.  ^y 

But  the  plane  space  about  A  is  divided 
into  two  unequal  parts  by  the  directions 
AB  and  AC :  the  least  of  these  parts  is  thex  /  5 
space  bounded  by  AB  and  AC,  but  indefinite  towards 
m ;  and  the  larger  part  is  the  space  bounded  also  by  AB 
and  AC,  but  indefinite  in  the  directions  h  and  /. 

The  ratio  of  either  part  to  the  whole  of  plane  space, 
may  be  taken  for  the  inclination  of  AB  and  AC;  nor  is 
the  selection  important. 

Let  us  choose  the  smaller  of  these  ratios ;  and,  sup- 
posing AB  to  revolve  about  A,  examine  its  successive 
values. 

Fig.  187. 
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In  figs.  187 — 1  and  2^  we  observe  the  area  whose 
ratio  to  plane  space  measures  the  inclination  of  AB  and 
AC  succesavely  increasing^  until,  in  fig.  187 — ^3,  AB 
and  AC  form  one  right  line ;  the  space  about  A  is  dios 
divided  into  two  equal  parts:  but  in  the  next  figure, 
187—4,  the  space  CAB,  of  fig.  187 — 1  has  increased 
until  it  has  become  the  greater  of  those  two  parts  into 
which  the  lines  B A^  AC  divide  the  plane  space  about  A. 

The  figs.  187 — 1,  2,  3  and  4  are  cases  of  the  same 
diagram^  corresponding  to  different  positions  of  C. 

And  thus,  in  tracing  the  successive  positions  of  that 
point,  either^  we  must  distinguish  two  cases,  according 
as  C  falls  on  one  or  the  other  side  of  AB^  or  admit  that 
an  angle^  as  in  fig.  187 — 4^  may  be  measured  by  the 
greater  of  those  spaces  into  which  the  plane  space  about 
its  vertei^  is  divided. 

Either  convention  is  consistent  with  the  measure  of 
an  angle  given  in  art.  42^  but  other  considerations  will 
limit  our  choice^  and  the  second  convention  must  be 
adopted^  as  alone  in  accordance  with  the  method  which 
deduces  every  case  of  a  proposition  from  a  standard  dia- 
gram or  type. 

An  angle,  then^  may  exceed  unity;  and  this  result,  we 
again  repeat,  is  consistent  with  art.  42,  where  the  whole 
of  plane  space  was  shown  to  be  the  natural  unit  of  angles^ 
and  any  angle  less  than  the  unit  was  expressed  geometri- 
edlly  by  the  opening  between  the  directions  that  formed 
it;  and  analytically  by  the  ratio  between  this  opening 
and  the  whole  of  plane  space. 

110.  Expressed  by  this  ratio,  we  have  shown  that  an 
angle  may  increase  from  0  to  1,  but  even  when  it  has 
attained  that  value^  we  may  suppose  other  angles,  art.  41, 
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added  to  it^  and  thus  obtain  an  angle  greater  than  unity. 
Or^  to  view  the  subject  as  illustrated  hj  the  187th  and 
following  diagrams,  we  may  suppose  the  line  AB,  after 
revolving,  as  above  described,  through  the  whole  of 
plane  space,  to  regain  its  first  position  and  commence 
the  course  anew. 

But  an  angle  greater  than  unity  is  not  readily  ex- 
pressed by  a  diagram,  iind  although  the  idea  of  such  an 
angle  has  been  seen  to  follow  from  those  of  endless  rota- 
tion and  continued  addition.  This  idea  ought  yet  to  be 
regarded  in  the  light  of  an  analytical  artifice. 

When  many  lines  diverge  from  a  common  point,  the 
rules  here  given  will  direct  us  to  measure  their  inclina- 
tion by  the  angles  included  between  the  di-     ^«*  i^s. 
rections  themselves,  and  not  to  confound,  by    \a     J 
producing  either  of  the  lines,  a  direction       \/ 
with  its  converse.     With  this  agreement,    ^^^^^^^^ 
and  provided  the  direction  of  each  line  is  ^    I 
completely  assigned,  no  ambiguity  can  occur 
with  regard  to  their  mutual  inclinations. 

The  most  exact  method  of  assigiiing  their  directions 
is  that  of  primordial  elements ;  which  may  be  employed 
under  any  of  the  forms  explained  in  art.  100. 

When  the  positions  of  the  lines  are  not  explicitly  given, 
but  are  consequences  of  the  mutual  inclinations  assigned 
to  them,  the  precision  or  ambiguity  of  the  results  will 
depend  on  the  data,  and  the  hypothesis  may  even  be 
consistent  with  more  than  one  position  of  the  same  line. 

111.  The  minute  discussion  we  have  given  to  this 
subject^  will  have  prepared  us  to  appreciate  lAore  fully 
a  principle  employed  in  the  74th  art.,  and  introduced 
there  with  the  express  intention  of  removing  all  ambi* 
guity  respecting  the  measurement  of  angles. 
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This  principle  consists^  first,  in  estimating  according 
to  a  fixed  sequence^  all  the  points  whose  relations  are 
the  objects  of  inquiry;  and,  se-  ^'if-  ^^' 

condly^  in  substituting   direc-   — ±s ■• ^=sl^ 

tion,  for  the  more  rague  term,  d^x*^^ 

right  line.  ^  "*\"  ^ 

Thus,  denoting  the  direction  ^       -^-^-^^---^  c 

of  m  by  the  arrows  annexed^  and  *  -y*"^^^  ^ 

estimating  that  of  AB^  of  BC,  a 
&c.  by  the  sequence  of  the  points ;  we  are  no  longer  em- 
barrassed by  the  ambiguity  otherwise  attending  the  dis- 
tinction between  an  angle  and  its  supplement,  but  can 
immediately  decide  between  AB6,  for  example^  and 
AB6'^  or  CD(f  and  CDc?' ;  since  Bi'  and  Ddf'  are  to  be 
rejected  as  contrary  to  the  direction  of  nu 

Applying  this  principle  to  the  theorem  demonstrated 
in  art.  74^  we  immediately  perceive  tliat  one  of  the  sides 
of  the  closed  figure^  the  last  side,  is  ^*ff-  ^^• 

estimated  according  to  a  direction  —^2: i* 

opposed  to  that  of  the  other  sides,  **"'V55?^ 

or,  contrary  to  the  sequence  of  the  *— iv^vv^ 

points.  p..^-z^c 

Closing,  for  example,  by  means  of      *}T^ 

the  line  EA,  the  open  polygon  189,    / 

the  rule  at  which  we  have  arrived 
supposes  us  to  proceed  as  follows : 

1.  The  sides  are  estimated  in  the  sequence  of  the 
points,  or  in  other  words,  according  to  the  order  and 
directions  AB,  BC,  CD,  DE,  EA. 

2.  Calling  that  extremity  of  a  line  at  which  we  arrive 
last,  or  Which  is  denoted  by  the  superior  letter,  page  109, 
the  "  superior  extremity  of  the  line,^^  we  draw  through 
the  superior  extremity  of  each  side  a  line  parallel  to, 
and  directed  the  same  way  with  m. 
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3.  The  inclinatioa  of  any  side  to  m  is  then  estimated 
by  taking  in  their  due  directions  the  side^  and  the  paral- 
lel which  passes  through  its  superior  extremity.  The 
inclination,  for  example,  of  a  to  m,  fig.  190,  is  measured 
by  the  angle  which  AB  and  B6  include  between  them. 

Applying  this  rule  to  each  of  the  sides  that  are  found 
in  fig.  190,  we  observe,  as  above  noticed,  the  inclination 
of  the  final  side  £A  to  be  measured  by  an  angle  EAa, 
supplementary  to  that,  AEa,  which  is  assumed  as  the 
measure  of  this  inclination  in  art.  74. 

The  rule  however  which  we  have  here  explained, 
possesses  so  much  simplicity,  that  we  shall  adopt  it  as 
our  future  guide,  and  reconcile  to  this  method  the  theo-' 
rem  of  art.  74  by  regarding  the  final  side  in  the  latter  as 
having  an  inverse  direction. 

112,  With  these  remarks  we  might  terminate  our 
preparatory  operations,  and  proceed  to  employ  the  in- 
struments in  constructing  which  we  have  hitherto  been 
engaged.  But  the  universal  application  ascribed  to  the 
theorem  of  art.  74  is  a  sufficient  excuse  for  developing, 
in  the  most  ample  manner,  both  the  theorem  itself,  and 
the  method  of  employing  it ;  and,  accordingly,  I  shall 
terminate  what  is  here  said  with  an  enumeration  of  the 
moat  useful  forms  under  which  the  theorem  in  question 
occurs ;  and  afterwards,  in  a  separate  article,  proceed  to 
examine  the  cases  of  correlations  that  arise  when  more 
than  one  closed  figure  is  used  in  the  same  analysis. 

The  theorem  of  art.  74,  whose  most  useful  cases  we 
propose  to  exhibit,  may  be  expressed  as  the  following 
property  of  closed  figures. 

I.  In  any  rectilinear  closed  figure,  if  each  side  is  mul- 
iiplied  into  the  CQsine  of  the  angle  it  forms  with  a  com- 
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mon  but  arbitrary  direction^  either  of  these  products  will 
be  equal  to  the  sum  of  all  the  products  remaining. 

The  notation  explained  in  art.  39^  enables  us  to  ex- 
press this  rule  under  a  form  more  convenient  for  prac- 
tice. 

RULE  FOB  WRITING  ALGEBRAICALLY  THE  THEOREM   9, 

FORM  1. 

First.  Write  as  an  incofnplete  member  of  an  equation 
the  symbol  denoting  any  side  of  a  closed  figure ;  and 
commence  the  other  member  by  uniting  there^  at  inter- 
vals,  the  remaining  sides. 

a    =1    b    c    d    &c. 

Secondly.  Expressing,  by  a  convenient  symbol^  any 
fixed  but  arbitrary  direction  ;  multiply  each  letter  of  the 
equation  by  the  cosine  of  an  angle  formed  qf  that  letter 
and  the  symbol  last  mentioned, 
a  COS.  can    =:    b  cos.  bm     c  cos.  cm     d  cos.  dm    &c. 

And  lastly.  Connedt  by  the  sign  of  addition  the  several 
terms  on  the  right  hand  side^  * 

a  COS.  am  ^  b  cos.  bm  +  c  cos.  cm  •\-  d  cos.  dm  +  &c. 

II.  Assuming  the  arbitrary  line  m  to  coincide  with 
one  of  the  sides  of  the  closed  figure^  a,  for  example^ 
when  the  angle  between  them  will  of  course  vanish,  we 
shall  obtain  another  form  of  the  theorem,  and  one  very 
generally  employed. 

THEOREM  9,  FORM  2. 

a  sz  b  COS.  ba  +  c  cos.  ea  +  d  cos.  da  +  &c. 
The  rule  for  obtaining  this  result  may  be  deduced 
from  the  former  rule  by  removing  the  second  section^ 
and  substituting  in  its  place  the  following  words : 
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Secondly.  Multiply  each  letter  of  the  equation  by  the 
cosine  of  an  angle  formed  of  that  letter  and  the  letter  in 
the  left  hand  member. 

III.  A  thirds  and  in  some  respects  the  most  remarka- 
ble form  of  this  important  instrument  may  be  obtained 
by  transposing  the  term  in  the  left  hand  member^  and 
reversing  the  direction  according  to  which  the  side,  so 
transposed^  is  estimated :  by  this  change  of  direction  we 
alter  the  sign  affecting  the  term  in  question^  and  the 
equation  becomes^ 

0  zs  a  COS.  am  +  b  cos.  bm  +  c  cos.  cm  +  &c. 
In  this  form  of  theorem  9^  as  we  shall  perceive  by 
referring  to  what  is  said  in  art.  Ill,  the  final  side  is 
reckoned  in  the  same  sequence  as  the  other  sides. 

IV.  By  varying  the  position  of  m  these  theorems  re- 
ceive various  modifications. 

Assuming  m  at  right  angles  to  a  plane  which  passes 
through  a,  the  cosines  of  the  angle  made  by  the  sides 
and  this  perpendicular  are  changed  into  the  sines  of  the 
angles  which  the  sides  make  with  the  plane,  and  there 
results, 

0  =i  b  sin.  M  +  c  sin.  M  +  d  sin.  M  +  &c. 
where  M  is  the  ^ven  plane. 

113.  Making  the  arbitrary  line  m  agree  successively 
with  each  side  of  a  closed  figure,  the  relations  of  which 
are  sought,  we  obtain  from  the  second  form  of  theorem 
9  as  many  equations  as  there  are  sides  in  the  figure : 
and  since  all  the  parts  of  the  latter  are  involved  in  the 
equations,  these  last,  when  a  sufiicient  number  of  the 
parts  are  given,  will  enable  us  to  find  the  remainder. 
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•   The  polygon  ABCD;  fig.  173^  page  229,  for  example^ 
analyzed  in  this  way  produces  the  equations 

az=  b  COS.  ba  +  e  cos.  ca  +  a" cos.  a!'a 
b  zsi  c  cos.  cb  +  a"  COS.  a"6  +  a  cos.  oft  .  .  .  (m) 
c  =  a" cos.  a"c  +  a  cos.  ac  +  b  cos.  b  c 
a"=  a  COS.  flw"  +  b  cos.  ba"  +  c  cos.  ro" 

And  since  these  equations  contain  all  the  sides  and 
angles  of  the  polygon,  the  values  of  the  unknown  parts 
will  be  found,  by  elimination^  in  terms  of  parts  that  are 
given. 

So  far  the  process  seems  direct  and  clear ;  but  as  the 
relations  of  the  points  A^  B,  C^  D^  may,  art.  40,  be  ana- 
lyzed into  a  second  closed  figure^  174 ;  a  new  set  of 
equations  can  be  deduced. 

And  the  question  for  us  now  to  determine  is^  whether 
the  equations  obtained  from  the  figure  173  are  simulta- 
neous with  the  equations  obtained  from  174. 

In  both  sets  of  equations  the  same  lines  and  angles 
occur^  but  we  may  doubt  whether  they  are  estimated  in 
the  same  manner. 

That  is  to  say,  we  might  doubt  whether  the  rules  laid 
down  in  art.  111^  for  distinguishing  between  an  angle  and 
its  supplement,  and  for  determining  the  directions  of 
lines,  would  give,  when  applied  to  figure  174,  the  results 
they  gave  for  the  case  exhibited  in  173. 

To  examine  this  doubt  with  the  attention  it  deserves, 
we  must  recur  .to  the  method  of  analysis,  proposed,  at 
the  end  of  art.  103,  and,  established,  in  the  pages  im- 
mediately following  that  article. 

The  analysis  developed  there  requires  us  to  draw  all 
our  conclusions  from  one  type ;  and  by  constantly  keep- 
ing this  principle  in  view  we  shall  not  fail  to  remove  the 
difficulties  attendant  on  particular  cases. 


PART  II.   DETERMINATE  ANALYSIS.         25S 

Sect  m.    Theory  of  correlatioDS. 
Art  113.    Correlation  of  figures  that  art  uaed  amultaneoosly. 

In  obtaining  the  equations  m,  for  example^  the  truth 
of  our  results  might  hate  been  demonstrated  by  the  com- 
parison of  figures^  directed  in  the  article  alluded  to. 

The  method  we  actually  pursued^  it  will  be  recol- 
lected, wag  to  deduce,  by  a  transposition  of  letters,  the 
three  last  equations  from  the  fint :  and  we  supported 
the  justice  of  this  proceeding  by  observing^  art.  4& — ^1,* 
that^  by  properly  transposing  the  letters,  the  reasoning 
employed  to  deduce  the  value  of  a  particular  side^  would 
have  i^plied^  word  for  word,  to  any  other  side. 

Now  this  transposition  of  letters  is  equivalent  f  o  an- 
other mode  of  proceedings  that  may  be  explained  as 
follows. 

We  might  regard  each  equation  of  m  as  deduced  ffom 
a  separate  diagram :  and  the  method  of  correlations  would 
then  require  us  to  compare  the  diagram  whence  the  first 
equation  m  was  deduced^  with  the  diagrams  belonging 
to  the  three  other  equations. 

Let  us  assume^  for  example^  fig;  191 — 1  to  be  the  dia- 
eram  chosen  as  a  standard,  and  _    ,    ^*§r-  i^i-  ^    ^ 

^ .  •      -.  •  No.  1.  No.  3. 

whence  the  first  equation  m  was         _^ 
deduced.     Altering  the  order  of 
the  letters  A^  B^  C^  D^  in  such 
manner  that  B  shall    take  the<£y 

place  of  A,  C  of  B,  D  of  C,  and^i a ^b  b — * c 

finally,  A  of  D ;  the  figure  191 — I  changes  into  the  figure 
191 — 2 ;  .and  the  side  b  takes  in  the  latter  the  situation 
held  in  the  former  by  the  side  a. 

Now  the  two  figures  differing  only  in  the  names  of 
their  sides,  it  will  follow  that  whatever  value  is  deduced 
from  the  first  diagram  for  a^  a  similar  value  might  be 

*  By  an  error  of  the  press  there  are  two  articles  48  $  it  is  the  first  which 
is  here  referred  to. 
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dedaced  from  the  second  diagram  for  b ;  whilst  a  mere 
inspection  of  the  figure  shows  the  last  of  these  values  to 
result  from  the  former  by  the  transposition  of  letters  used 
for  that  purpose  in  establishing  the  equations  m. 

The  value  of  h^  therefore,  deduced  from  figure  191 — 2 
is  identical  with  the  second  equation  m. 

This  value  was  deduced  from  the  arrangement  of 
points  exhibited  in  figure  191— 2>  but  it  will  apply^  by 
the  theory  of  correlation  explained  in  the  preceding 
pages^  to  any  other  form  of  the  diagram. 

Let  us^  then^  imagine  the  points  A^  B,  C^  D^  figure 
191 — 2y  to  alter  their  arrangement  until  ^^;^^|^- 
they  attain  such  a  disposition,  fig.  191 — 3, 
that  each  line  and  angle  in  this  new  figure 
shall  agree  indth  the  lines  and  angles  of  the  o^ 
same  name  in  fig.  191 — 1.  The  express*- 
ion  obtained  from  fig.  191 — 2,  for  the  line  b  h  k 
h^  will  apply  to  the  value  of  that  line  in  the  diagram  fig. 
191—3,  but  the  side  b  in  this  last  diagram  is  the  same 
with  the  side  b  of  the  diagram  191 — ^1.  And  we  must 
conclude^  as  we  had  already  shown  in  art.  48 — 1,  that  fig. 
191 — 1,  is  justly  represented  by  the  second  equation  m. 

The  remaining  equations  m  may  be  deduced  from  the 
standard  equation  by  similar  reasoning. 

And  it  now  remains  for  us  to  extend  this  priDcess  to 
other  closed  figures  that  are  found  in  the  relations  of  four 
points^  and  to  deduce  the  equations  of  these  figures  from 
the  standard  equation  hitherto  employed. 

The  simplest  relations  of  four  points  consist^  we  recol- 
lect»  of  distances^  and  the  comparison  of  directions  two 
and  two. 

We  may  present  these  relations  graphically  by  exhi- 
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biting  in  one  diagram,  fig.  191,  Fig^m 

the  directioDS  and  distances  of  all 

the  points;  and  it  has  already  been 

shown  that  a  figure  so  constructed 

may  be  analyzed^  art.  40,  into 

four  triangles  and  three  closed  ^^ 

figures  of  four  sides. 

Two  of  the  latter  are  shown  separately  in  figures  173 
and  174. 

In  the  first  of  these  figures  the  sides  follow  the  se- 
quence of  the  letters  ABCD. 

In  the  second  the  sides  and  points  follow  a  different 
sequence. 

But  to  construct  in  this  way  a  diagram  that  shall  justly 
represent:  the  case  under  investigation^  it  is  necessary 
that  we  should  know^  in  regard  to  that  case^  the  position 
of  the  points  A^  B,  C,  D. 

In  what  manner^  then  are  we  to  proceed  in  estimating 
the  sidea  and  angles  when^  instead  of  the  arrangement  of 
the  points  being  given^  that  arrangement  is  itself  an  ob- 
ject of  research  ? 

Whilst  indeed  we  argue  on  one  diagram  only,  the 
change  of  the  equations,  aft.  108^  will  compensate  any 
alterations  that  may  be  required  in  the  figure :  but  if 
two  diagrams  are  to  be  used  simultaneously,  the  equa- 
tions of  the  one  must  be  rendered  consistent  with  those 
of  the  other. 

The  obvious  method  of  proceeding  is  to  derive  the 
equations  from  one  of  the  two  diagrams,  and  afterwards  to 
estimate  the  changes  which  these  equations  undergo 
when  the  diagram  whence  they  were  derived  is  changed 
into  the  other. 

In  eiSbcting  this  comparison^  we  remark^  that  untU 
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the  end  of  a  geometrical  investigation  we  rarely  know 
how  far  the  position  we  have  assigned  the  points  agrees 
with  their  real  sequence. 

The  point  C  of  fig.  192  might  Rg.  193. 

have  held  the  place  which  has 
heen  assigned  to  D ;  and  the  fig- 
ure 193,  constructed  by  joining 
the  points  in  the  order  of  their  se- 
quence, would  then  have  agreed  ^' 
in  form  with  ACDB^  a  quadrilateral,  found  in  fig.  192. 

And;  in  like  manner,  causing  B  to  take  the  place  of 
D,  C  of  B,  and  D  of  C^  a  figure  constructed  by  joining 
the  points  in  the  order  of  their  sequence  would  agree  in 
form  with  ADBC,  the  remaining  quadrilateral  that  re- 
sults from  the  analysis  of  the  figure  in  question. 

To  obtain  the  closed  figures  of  three  sideS;  we  have 
merely  to  suppose  two  of  the  points  A;  B;  C,  D;  coinci- 
dent ;  and  to  reason  in  other  respects  as  above. 

From  these  remarks  we  learn  not  only  that  every 
closed  figure  included  in  the  relations  of  four  points  is 
merely  a  particular  form  of  a  single  figure  taken  as  a 
standard;  but  further^  that  it  is  not  until  the  end  of  the 
investigation  that  we  can^  in  general^  decide  which 
among  these  forms  is  produced  by  writing  the  points^ 
A;  B,  G;  D,  in  the  order  of  their  sequence. 

Arrived  at  this  result,  we  can  apply  it  to  determine 
from  the  first  equation  m,  the  equations  of  the  closed 
figure  ABDC,  fig.  192. 

That  closed  figure^  we  recollect^  is  identical  in  form 
with  193 ;  and  is  obtained  from  the  latter  by  inter- 
changing the  letters  D  and  C. 

The  first  equation;  m;  we  have  also  seen,  applies 
equally  to  193,  and  to  ABCD;  192;  both  of  which  are 
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formed  by  uniting  the  points  according  to  the  sequence 
of  the  letters. 

But  since  the  interchange  of  C  and  D  causes  the  lines 
BC  and  DA,  of  193,  to  become  the  lines  BD  and  CA  of 
192,  the  equation  m  will  be  rendered  applicable  to  ABDC, 
192^  by  writing  b'  in  place  of  6;  and  a'  in  place  of  d'y  or, 
that  equation  will  become^ 

^a  =  h'  cos.  h'a  +  e  cos.  ca+  c^  cos.  aa\ 

And  proceeding  according  to  this  method,  and  writing 
as  follows : 

A— B— C— D— A (n) 


a      b    c     a" 

the  names  of  the  points  whose  relations  are  sought^  and  of 
the  distances  between  them ;  we  can^  by  interchanging 
the  letters^  discover  the  alterations  that  must  be  made  in 
the  standard  equation;  in  order  to  adapt  it  to  other  poly* 
gons. 

Thus,  shifting  the  letters  until  the  series  becomes, 

B— O— A— D— B (p) 

•  •      •      • 

•  .      ■      • 

b     ql   a''    V 

we  observe  that  in  the  equation 

a  =  6  COS.  ab  +  c  cos.  oc  +  h!'  cos.  a" a 

a  must  be  changed  into  by  b  into  a\  c  into  a"  and  a'' 
into  b'y  when  there  arises^ 

b  wma'  cos.  ba'  +  a"  cos.  af'b  +  b'  cos.  bV, 

an  equation  which  gives  the  value  of  i,  in  the  polygon 
ACBD,  fig.  192. 

The  closed  figures  that  arise  from  the  analysis  of  four 
points^  fig.  192,  are  obtained;  art.  40;  by  uniting  point 
with  point,  according  to  such  an  arrangement  that;  com- 
2h 
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menciug  with  any  one^  and  passing  through  all  the  re- 
mainder^ we  may  return  without  visiting  any  point  twice^ 
to  the  place  where  the  route  commenced. 

The  order  according  to  which  the  points  are  visited 
is  obtained  from  the  series  {n). 

And  hence^  to  discover  all  the  closed  figures  that  are 
formed  in  the  relations  of  four  points^  we  should  suc- 
cessively make  in  the  series  {n),  every  possible  inter* 
change  of  letters  that  is  consistent  with  the  first  letter 
remaining  the  same  as  the  last. 

The  investigation  we  have  pursued  has  led  to  an  easy 
method  of  deducing;  from  a  common  standard^  the  equa- 
tions which  arise  in  analysing  the  relations  of  four  points ; 
nor  can  it  be  doubted,  after  what  we  have  shown  respect- 
ing the  correlation  of  figures^  that  such  changes  will 
occur  in  the  equations  as  are  required  by  the  changes 
in  the  type,  and  that;  consequently,  the  equations  we 
obtain  by  this  rule  will  be  simultaneous. 

It  must  not  be  forgotten,  however,  that  certain  con- 
ventions were  necessary  in  order  to  produce  this  corre- 
spondence between  the  changes  of  the  equations  and  those 
of  the  figure,  and  it  will  be  useful  for  us  to  trace  the 
application  of  these  conventions,  in  the  problem  now  un- 
der consideration. 

The  first  case  that  will  attract  our  attention  relates  to 
the  equations  obtained  for  different  sides  of  the  same 
figure. 

In  each  of  these  equations,  one  or  more  angles  will  be 
found  in  common,  and  we  have  to  show  that,  notwith* 
standing  the  alterations  in  the  directions  of  the  sides, 
occasioned  by  an  interchange  of  letters,  the  angles 
alluded  to  will  still  be  identical. 

This  fact  will  be  rendered  evident  by  inspecting  the 
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figures  19JL — 1,  and  191—3,  where  the  inclination  of  b 
and  c^  the  only  angle  common  to  the  formula  derived 
from  those  figures,  is  mea3ured  in  the  former  by  BCc, 
and  in  the  latter  by  the  equal  angle  ABC. 

A  similar  result  will  not,  however,  be  deduced  from  a 
comparison  of  the  figures  193  and  192. 

Comparing  the  polygon  ABCD  of  the  former,  with  the 
polygon  of  the  same  name  in  the  latter,  we  find  the  line 
CD  holding  contrary  directions — ^its  projection  upon  m 
is,  therefore,  reversed — and,  according  to  the  rule  in 
art.  108,  a  change  must  take  place  in  the  signs. 

But  when  a  line  is  proiected  ,  ^^'^^t  ^ 

upon  another,  to  change  the  sign- 
of  the  projection  is  equivalent, 
art.   107,  to  changing  the  angle 


-which  measures  the  inclination  of 

these  lines  into  the  supplement  of 

that  angle :  a  result  that  we  observe  in  figure  194,  where, 

by  a  change  in  the  projection  of  c,  the  inclination  of  c 

and  m  is  changed  from  CDd  to  CDd'. 

The  angle  which  measures  the  inclination  of  e  and  m, 
in  the  polygon  193,  ought,  therefore,  to  be  the  supple- 
ment of  the  corresponding  angle  in  the  polygon  ABCD, 
192 ;  and,  accordingly,  we  find  this  relation  in  the  an- 
gles CDd  of  those  two  figures. 

The  polygon  ABDCA,  figure  192,  is  passed  over  in 
the  same  sequence  with  the  polygon  193,  and  what  has 
been  said  of  one  will  apply  to  the  other. 

It  results,  therefore,  from  our  inquiry,  that  in  analys- 
ing the  relations  of  A,  B,  C  and  D,  into  two  polygons, 
ABCDA,  and  ABDCA,  figure  192,  the  angle  ca  of  the 
one  will  be  the  supplement  of  ea  in  the  other:  and, 
accordingly,  when  the  equations  deduced  from  the  first 
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polygon  are  used  in  conjunction  with  the  equations  de- 
duced from  the  second^  we  must  change^  in  the  latter, 
the  sign  of  every  term  that  ia  multiplied  into  cos.  ca. 

The  change  of  direction  that  has  rendered  necessary 
this  alteration  in  the  signs,  is  pointed  out  in  the  series 
used,  in  the  present  article,  to  obtain  the  equations  of 
the  one  polygon  from  those  of  the  other. 

For>  writing  the  series  which  gives  the  first  of  these 
two  polygons, 

A.  •  .B.  ..C...D...  A 

•  •  •  • 

•  •  •  • 

a         b  c         of' 

and  comparing  it  with  the  series  belonging  to  the  se- 
cond| 

A...B.  ..D..-C...  A 


we  observe,  that  in  reading  one  of  those  arrangements 
we  pass  from  C  to  D^  whilst  in  reading  the  other  that 
sequence  is  reversed. 

114.  The  reasoning  here  employed  on  the  relations  of 
four  points  will  apply  to  those  of  any  number. 

Andy  combining  what  is  said  respecting  the  change  of 
signs,  with  the  method  developed  in  the  beginning  of 
the  preceding  article^  we  readily  deduce  the  equations 
which  arise  in  analysing  the  relations  of  any  number  of 
points. 

These  equations,  it  will  be  recollected^  are  developed 
in  succession  from  a  single  equation  taken  as  a  standard; 
but  as  the  method  we  have  followed  will  frequentiy  re- 
produce the  same  expression  under  different  forms,  it  is 
necessary  to  guard  against  this  superfluity. 
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The  considerations  that  enable  us  to  do  so  are  obvious. 

The  equations  in  question  are  diyided  into  sets^  each 
set  arising  from  the  analysis  of  a  different  closed  jBgiire. 

To  ayoid  repetitions^  therefore)  we  must  so  proceed 
in  uniting  point  with  pointy  that  we  shall  not  pass 
^' twice"  over  the  same  closed  figure. 

Thus  to  analyse  the  relations  of  n  points  into  polygons 
of  as  many  sides : 

Commencing  with  the  point  A,  we  have  n — 1  points 
remaining)  any  one  of  which  may  be  united  with  A ;  that 
iS)  A  occupying  the  first  place  in  the  series,  art.  1 13^ 
any  one  of  the  remaining  letters  may  be  put  in  the  second 
place.  Let  us  suppose  C  the  point  so  united  with  A, 
we  have  then  to  connect  C  with  any  one  of  the  points 
remaining,  that  is^  with  any  of  the  n  points  except  A 
and  C. 

In  our  series,  therefore,  we  may  put  A  in  the  first 
place,  either  of  the  n — 1  remaining  letters  in  the  second 
place,  and  either  of  the  n — 2  letters^  which  then  remain, 
in  the  third.  And  the  number  of  ways  of  doing  so  will 
be  (nr— 1).  (n— 2). 

But  this  solution  made^  and  omitting  the  three  points 
already  united^  we  have  still  a  choice  among  n — 3  others. 

And  continuing  the  process^  and  combining  the  num- 
ber  of  selections  at.each  step^  the  total  number  will  be 
(n— 1)  (n— 2)  (n.-<J) 3.  2.  1. 

This  process^  whilst  it  avoids  the  repetitions  that  would 
arise  from  an  unmethodical  development  of  the  polygons^ 
does  not  prevent  our  passing  over  the  same  figure  in  dif- 
ferent directions^  and  thus  estimating  it  as  two  poly-, 
gons ;  but  the  superfluous  series,  obtained  in  this  way^ 
will  be  eadly  recognized,  since,  read  backwards^  they 
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agree  with  series  previously  deduced :  the  fact  serves^ 
however^  to  reduce  the  number  of  distinct  polygons  to 
(n— 1)  (n— 2)  (n— 3) 3. 

Each  of  these  figures  produces  n  distinct  equations, 
and  the  number  of  the  latter  obtained  from  an  analysis 
by  closed  figures  of  n  sides,  will  therefore  be  n  (n — 1) 
(n — 2)  (w — 3) 3,  or,  half  the  number  of  per- 
mutations that  can  be  made  out  of  n  things  taken  all  at  a 
time. 

When,  by  the  preceding  rules,  we  have  determined 
the  several  closed  figures  into  which  the  relations  of  n 
points  can  be  analysed,  the  n  equations  resulting  from 
each  are  best  deduced  by  the  rule  in  art.  113. 

The  process  we  have  employed  will  also  serve  to  de- 
termine the  polygons  of  any  number  of  sides  less  than  n. 

To  discover,  for  example,  the  polygons  of  n — 1  sides, 
we  must,  in  the  first  place,  form  new  series,  by  omitting, 
first  A,  then  B,  and  so  on  successively,  until  we  have 
written  down  n  distinct  combinations  of  n — 1  points. 

Secondly,  applying  to  these  combinations  the  method 
already  explained,  we  form  from  each  (n — 2)  (n — 3) 

(n^-~4) 3,  distinct  closed  figures.   And  hence, 

the  number  of  such  figures  formed  from  all  the  combina- 
tions will  be  n  (n — 2)  (n— 3) 3.     And  as 

every  such  figure  produces  n — 1  equations,  the  total 
number  of  the  latter  will  be  n  (n — l){n — 2) 3, 

In  condensing  these  observations  into  a  practical  rule, 
we  shall  make  n  s  4,  with  the  view  of  avoiding  the  great 
length  to  which  the  process  extends  when  the  points  are 
more  numerous. 
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BULBS  FOB  ANALYSING  THE  BELATIONS  OF  W  POINTS. 

Illustrated  by  the  case  wfiere  n  is  4. 

1  •  Write  in  a  series  commencing  and  ending  with  Jlj 
and  arranged  according  to  the  order  of  the  alphabet 9  the 
names  of  the  points^  placing  between  every  two  of  these^ 
but  lower  downy  the  name  of  the  line  that  unites  those 
poiutSj 

A  B  C  D  A)     . 

a  b  c  af'         S 

2.  Keeping  A  in  the  first  and  last  place^  make  all 
possible  permutations  of  the  other  letters,  omitting ^  how- 
ever j  those  series  which,  read  backwards,  agree  with 
series  already  obtained. 

*'       (2) 

(3) 

3.  Verify  the  correctness  of  the  operation,  by  observ- 
ing whether  the  number  of  series  obtained  in  this  way, 
including  the  type,  is  equal  to  (h — 1),  {n — 2),  (n — 3) 
5.4.3. 

4.  Commencing  with  the  first  series,  read  them  all  in 
succession,  proceeding  from  left  to  right. 

Observe  where,  in  passing  from  one  letter  to  another, 
the  order  of  the  alphabet  is  violated. 

Over  the  name  of  the  line  uniting  the  points  where 
tfus  happens  place  a  negative  sign. 

5.  Apply  to  each  polygon,  so  developed,  that  is,  to 
each  series  of  itaKe  letters,  the  process,  art.  112,  theo.  9, 


A 

C 

B 

D 

of 

b 

b' 

a" 

A 

a" 

D 

bf 

B 
b 

c 

0' 
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form  2  ;  making  each  term^  successively j  the  left  hand 
number  of  the  equation — and  writing' a  negative  sign 
before  those  cosines  that  involve  ^'om?^  letter  having 
the  negative  sign  above  it. 

a  =z  +  b  COS.  ab  +c  cos.  m  +  a" cos.  aa"" 
b  =  +  c  COS.  be  +  a"  cos.  ba"+  a  cos.  ba        Fram 
c  =  +a" cos.ca"+  a  cos.  ca  +  b  cos.  cb    r  i. 
of'  ^  +  a  cos.  (^'a+  b  cos. af'b  +  c  cos.  af'cj 

a'  =  —  b  COS.  a'b  +  b'  cos.  afV  +  o^cos.o'a" 
—  b  =  +  6'  COS.  bV  +  a"  cos.  6a"  +  a!  cos.  ba! 
y  — +a"co8.a"6  +  a'cos.6'a'  — 6cos.  6'6  ^  ^• 
al'^^ct  COS.  a"a' — 6  cos.  al'b  +  6'  cos.  6"6' 

af'sn  +  V  COS.  ya" — 6  cos.  a!'b  +  a'  cos.  (f'af "] 
V  =z—b  cos.  Vb  +af  cos.  6V  +a"  cos.  6V 
— 6  =  +  «'  COS.  6'a  +a"  cos.  fia"  +  6'  cos.  A6' 
a'  »  +  a"  COS.  a!a!'  +  b'  cos.  a'6'  —  b  cos.  a'i 

When  these  equations  are  not  sufficient,  we  must  pro* 
ceed  to  analyse  by  polygons  of  n  —  1  sides. 

BULES  FOR  ANALYSING  BT  POLYGONS  OF  ft — 1  SIDES. 

1 .  Write  all  the  combinations  that  can  be  made  out 
of  the  names  of  the  points  taken  n  —  1  at  a  time. 

A  B  C  A 

A  B  D  A  ...  a 

A  C  D  A 

B  C  D  B 

* 

2.  Proceed  with  each  of  these  series  as  with  the  te- 
ries  {l)f  that  served  as  a  type, 
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A  B  C  A 


aha! 

B  D  A 

a  y  a" 

CD  A 

d  e  a" 


(4) 

....    (5) 

....  (6) 


b  e  V  •  •  •  •  l^^ 

3.  Verify  the  operation  by  observing  whether  each  of 
the  combinations^  a,  produces  (n— 2)  (n— 3) .  .  •  4.  3, 
distinct  series*. 

4.  Proceed  to  deduce  the  equations  as  in  the  preced- 
ing rule. 

a  =z  +b  cos.ab — a'cos.oo'"] 
b  =- — a'cos.ba'  +  a  cos.  ba  Wrom  poiyion  4. 
— a!  ss+a COS.  a'a  +b  cos.  a'bj 

a  =+  b'ci>3.ab'  +a"co8.aa'n 

6'  =  +  a''cos.6V + a  cos.  b'af'  5. 

a"=  +a  cos.a^a  +6'co8.a"ft' J 

of  =:  +  c  COS.  afc  +a"cos.a'a"l 
c   = +a"  COS.  ca"+ a'  cos.  ca!  f 
«"  =+a'  cos.af'af+c  cos.  af'cj 

b  =z  +  c  cos.  be  — y  cos.  Wl 
e   = — 6' cos.  eft'  +  b  COS.  c6  >-  7. 

—  6'  =  +6  COS.  i'6+  c  COS.  6'cJ 

*  In  the  example  used  to  illustrate  this  rale,  fi'|i^4 ;  and  the  first  term  of 
the  series  (n— 2)  (n— 3)  . .  4.  3,  would  be  less  than  the  hst  term,  3,  at 
which  we  are  to  stop  :  to  discover  how  this  happens,  we  have  only  to  re- 
collect that  our  series  occurred  under  the  form  (w— 2)  (n— 3) .  .  4. 3.  2. 1 

2 
and  which  for  n  =a  4,  becomes  9.1  bs  1. 

"2 

2i 


6. 
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Should  these  equations  still  prove  insufficient  to  dis- 
cover the  particular  relations  sought^  we  may  form  others^ 
by  extending  the  process  already  used,  to  figures  of  n — 2 
sides ;  and,  finally,  to  triangles. 

We  have  now  only  to  remark,  that  instead  of  the  se- 
cond form  of  theorem  9,  we  may  substitute,  in  the  pre- 
ceding rule,  any  of  the  forms  given  in  art  112  ;  the  word- 
ing, in  all  other  respects,  remaining  the  same :  the  fourth 
form,  when  signs  are  used  in  place  of  cosines,  is  espe- 
cially to  be  preferred  when  the  number  of  points  is  few. 

It  is  not,  however,  necessary,  in  any  case,  to  use  all 
the  equations  that  would  result  in  this  way  ;  their  num- 
ber, when  the  points  are  numerous,  is  immense ;  and 
those  only  must  be  selected  that  are  required  by  the 
nature  of  the  problem  ;  in  what  manner  to  conduct  this 
selection  will  be  the  subject  of  a  separate  inquiry. 


PRELIMINARY  REFLECTIONS  TO  SECTION  IV. 

All  closed  figures  being  compared  with  the  right  an- 
gled triangle^  the  relations  of  the  latter  should  be  ex- 
pressed with  the  utmost  possible  simplicity :  wc  have  not^ 
hitherto^  formed  a  simple,  or  even  a  manageable  express- 
ion^ for  the  ratio  of  the  sides^  in  terms  of  the  angles. 
How  is  the  deficiency  to  be  supplied  ?  The  best  substi- 
tute seems  to  be  a  table.  A  table  may  be  formed  by 
assuming  an  angle,  as  small  as  any  that  we  have  occasion 
to  use,  and  by  calculating  the  ratios  in  question  for  every 
whole  multiple  of  this  small  angle. 


INQUIRIES  SUGGESTED  BT  THESE  REFLECTIONS. 

Relations  of  angles  about  a  point.  Numerical  value  of 
the  sine  of  a  small  angle :  simple  method  of  obtaining  by 
consecutive  calculations  the  sines,  cosines,  &c.  of  every 
multiple  of  this  angle. 


SECTION  IV. 


RELATIONS  WHICH  THE  ANGLES  OF  THE  TYPE  BEAR  TO 

THE  RATIOS  OF  ITS  SIDES. 


Measurement  of  ctngles^  and  noiatiah  used  to  ex- 
press their  quantity — possibility  of  reducing  the  sine  of 
any  angle  to  that  of  a  small  aliquot  part  of  it — the 
other  ratios  mcy  he  obtained  from  the  sine — the  sine  of 
a  particular  angle  found — calculation  of  the  sine  of  a 
very  small  angle — and  thence  of  all  the  ratios  of  any 
angle  whatever — limits  of  the  ratios — their  algebraic 
signs. 

115.  In  articles  42  and  79^  plane  angles  were  shown 
to  be  definite  parts  of  the  infinite  plane  space  that  sur- 
rounds a  point. 

This  space  forms  a  natural^  and,  often^  a  convenient 
unit  by  which  to  measure  such  angles. 

When,  however,  this  ^*  largest^'  angle  is  taken  as  our 
unit,  all  other  angles  will  be  proper  fractions. 

And  as  fractions  are  less  simple  expressions  than  whole 
numbers,  it  is  often  convenient,  in  practice,  to  assume 
the  unit  an  angle  so  small  that  all  other  angles  shall  be 
whole  multiples  of  it. 


270  PART  II.   DETERMINATE  ANALYSIS. 

Chap.  n.     Of  the  elements  to  which  place  is  referred. 

Art  115.     Measurement  of  angles  and  notation  used  to  express  their 

quantity. 

Thb  supposes  the  unit  to  be  the  least  angle  that  is 
used. 

In  very  accurate  tables,  the  least  angle  that  is  used  is 
called  a  second^  and  is  the  t.^gVooo  P*''^  of  the^plane  space 
about  a  point. 

An  angle  formed  by  the  juxta- position  of  sixty  such 
small  angles^  and,  therefore,  equal  to  sixty  seconds^  is 
called  a  minute:  and  an  angle  equal  to  sixty  minutes  is  a 
degree. 

Hence,  if  the  second  were  alone  denoted  by  the  unit 
of  number y  the  minute  would  be  denoted  by  60^  and  the 
degree  by  3600. 

But  following  the  principle  adopted  in  arithmetic^ 
where  the  denominations  of  tens^  hundreds^  thousands^ 
&c.  have  each  their  unit,  distinguished  by  the  place  it 
occupies ;  geometers  have^  in  like  manner^  represented 
one  second^  one  minute^  one  degree^  by  the  unit  of  num- 
ber ;  distinguishing  the  several  denominations  apart  by 
accents  placed  over  them. 

A  second  has  two  accents^  thus^  1"  ;  a  minute^  one,  1', 
and  a  degree  is  without  accents,  which  last  agreement  is 
often  expressed  by  placing  a  cypher  above  the  degree,  in 
the  place  occupied  by  the  accents  of  the  other  denomina- 
tions, thus,  1*. 

But  although  the  plane  space  about  a  point  is  in  many 
respects  the  natural  unit  of  angles,  these  quantities,  as  we 
have  seen,  art.  110,  may  be  increased  without  limit;  and, 
on  the  other  hand,  they  admit  an  indefinite  subdivision. 
An  angle,  therefore,  can  only  be  the  ^^  smallest,''  with 
relation  to  the  degree  of  accuracy  which  we  decide  upon 
using :  in  this  way,  the  angle  that  is  considered  as  the 
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unit^  is  sometimes  a  third,  or  the  sixtieth  part  of  a  se- 
cond; or  even  afourthy  which  is  the  sixtieth  part  of  a 
third ;  denominations  whose  units  are  distinguished  by 
three  and  four  accents,  thus,  1'",  a  third,  1"",  a  fourth; 
the  unit  of  number^  when  not  provided  with  such  ac- 
cents, representing  the  whole  of  plane  space. 

116.  Choosing  one  of  these  small  angles^  the  minute, 
for  example^  as  the  ultimate  unit,  and  neglecting  all 
smaller  parts,  we  may  regard  every  angle  as  formed  of 
such  integral  parts  placed  in  juxta-position ;  and,  per- 
haps, in  this  way  deduce  the  sine,  cosine,  &c.  of  the 
given  angle  from  those  of  the  unit. 

If  such  a  deduction  is  attainable,  it  will  furnish  us  with 
the  means  of  calculating  the  important  tables  proposed 
in  art.  52 ;  or,  rather,  it  will  cause  this  calculation  to 
depend  on  that  of  the  sine,  Cosine,  &c.  of  a  very  small 
angle. 

But  it  is  only  necessary  to  glance  at  the  method  used 
in  the  article  alluded  to,  in  order  to  perceive  the  possi- 
bility of  that  deduction  which  we  seek  to  establish. 

For  drawing  the  perpendiculars  mentioned  in  art.  52, 
and,  for  greater  simplicity,  choos-  ^'^s-  ^^^ 

ing  the  foot  of  one  perpendicular  as 
the  commencement  of  the  next,  we 
form  a  closed  figure,  ABCDEA. 
In  this  figure  we  may  assume 
AB  =1,  and  we  shall  then  have. 
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AB=1 

a    =  1 

AC  =  COS.   1' 

h    =  sin.    1' 

AD  =  COS.*  1' 

e    =  COS.   1'  sin.  1' 

AE  s  COS.'  1' 

d   =  COS.*  1'  nn.  1 

a"'  =  co8.»  1'. 

We  have  chosen  an  angle  which  contains  the  unit 
three  times^  but  the  reasoning  is  evidently  general^  and 
we  may^  therefore^  conclude,  that  by  proceeding  in  the 
same  way  with  any  angle,  the  sides  of  the  resulting 
closed  figure  would  all  depend  upon  the  sine  and  cosine 
of  the  unit. 

It  is  also  evident  from  the  construction  itself^  that  all 
figures  formed  of  the  given  sides^  and  with  the  given 
angle  A,  will  be  identical^  and  hence  the  data^  we  con- 
clude, are  such  as  suffice  to  determine  the  problem* 

But;  with  sufficient  data,  the  analysis  of  closed  figures, 
established  in  the  preceding  sections,  will  affi)rd  us  equa- 
tions whence  all  parts  of  the  figure  can  be  determined. 

The  sine  of  A  is  not  only  a  part  of  the  figure  but  en- 
ters as  a  term  in  the  equations  alluded  to. 

The  sine  of  A  can  therefore  be  expressed  by  means 
of  the  data,  or^  from  what  we  have  seen  respecting  the 
values  of  the  sides,  the  sine  of  A  can  be  expressed  in 
terms  of  sine  1'  and  cosine  1';  or,  lastiy^  in  terms  of  sine 
1'  alone,  since  the  sine  and  cosine  will  presently  be  shown 
to  depend  upon  each  other. 

117.  The  possibility  of  calculating,  and  forming  tables 
of  the  sines  of  all  angles,  is,  by  this  preliminary  inquiry, 
reduced  to  the  possibility  of  calculating  the  sine,  either 
of  Vj  or  of  any  other  very  small  angle. 

But  since  an  equation  can  be  deduced  that  expresses 
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sides. 

Art.  lir.«  The  other  ratios  may  be  obtained  from  the  sine.    Art.  118.  Hie 

sine  of  a  particular  angle  found. 

sine  A  in  terms  of  sine  1',  conversely,  that  equation  will 
give  the  value  of  sine  1'  in  terms  of  sine  A. 

118.  And  thus  the  possibility  of  calculating  the  tables 
is  reduced  to  that  of  finding  the  sine  of  some  one  angle  A. 

Turning  our  attention  towards  this  object,  we  observe^ 
that  in  any  right  angled  triangle  whose  hypothenuse  is  a^ 

— =  COS.  aa^ 1 

a 

— s  COS.  ba 2  ...  a 

a 

a^al  COS.  aa!  +b  cos.  ai  .  .  .  .  3 

\^{aa;)  +  {ah) 4 

and  as  we  have  here  four  equations  between  five  un- 
known  quantities,  it  will  follow,  that  provided  we  can 
find  a  fiflLh  condition  connecting  the  angles  with  the 
sides^  the  problem  we  seek^  namely  to  find  the  sine  of 
some  one  angle^  will  be  completely  resolved. 

Such  a  condition  will  be  obtained  by  assuming  &  =  a'; 
for  as  the  left  hand  numbers  of  the  two  first  equations 
are  then  equals  the  cosines  of  (a'a)  and  {ha)^  and  conse- 
quently the  angles  themselves^  must  be  so  likewise. 

But  with  these  substitutions  the  two  last  equations 
become 

1=2  COS.'  oa'  =  2  sin.'  aa' 
J  =  2  {aa') 

whence  we  have 

sin.  i  =  COS.  j.  =  VI"  =  \  ^/T  =  .7071068. 

119.  The  next  step  in  the  investigation  is  to  determine 
the  sine  of  1'  from  this  of  \. 

2k 
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Chap.  n.     Of  the  elements  to  which  place  is  referred. 
Art  119.    Calculation  of  the  sine  of  a  very  small  angle. 

And  for  that  purpose,  as  we  have  already  remarked^ 
it  will  be  necessary  to  establish  an  equation  between  sine 
A  and  sine  of  l\  Or^  which  is  a  more  general  case  of 
the  same  problem^  between  sine  A  and  sine  a^  where  a 
is  an  integral  part  of  A. 

To  solve  thb  question  let  us  have  recourse  to  article 
100,  equation  20.  F»ff- 196- 

Assuming  the  lines  r'  and  r  to  lie  as  in 
figure  196;  observing  that,  zr,  zr'  are 
each  equal  |,  and  consequently  cos.  zr 
and  cos.  zr'  equal  o ;  that  ^'y  =  J  —  r'Xy 
and  /y  =  J  +  ra: ;  the  equation  becomes 

COS.  rr'  =  cos.  r'x  cos.  rx  —  sin.  r'x  sin.  rx. 

The  angle  rr'  is  the  sum  of  the  other  two^  and,  hence, 
putting  r'x  =  a,  and  rx  =  6,  we  have  the  theorem 

cos.  (a  4-  £)  =  cos.  a  cos.  b  —  sin.  a  sin.  6.  •  .  •  /3. 

This  equation  will  readily  enable  us  to  solve  the  ques- 
tion with  a  view  to  which  it  was  introduced,  namely^  to 
express  cos.  A  in  terms  of  cos.  a ;  where  the  smaller  an- 
gle a  is  an  integral  part  of  the  larger. 

For  taking  in  the  first  place  A  =  2a,  and  assuming 
i  =  O;  the  formula  iS  becomes 

COS.  A  »  COS.  2a  =  cos.'  a  —  sin.'  a. 

This  value  of  A  contains^  it  is  true^  both  the  sine  and 
cosine  of  a ;  but  substituting  in  the  third  of  the  equations 
a,  the  values  of  a!  and  b  obtained  from  the  two  firsts  we 
have 

1  »  cos.'  oa'  +  COS.'  ba ; 

or^  as  COS.  ab  is  the  sine  of  oaf, 

1  =  COS.*  aa'  +  sin.'  aa'; 

a  result  that  may  be  written  more  conveniently  under 
the  form 
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1  =»  cos.'a-f-sin.'a. 
Hence^  deducing  the  value 

COS.*  a  ea  1  —  sin.«  a, 
and  substituting  it  in  the  formula  for  cos*  A^  that  formula 
becomes 

COS.  A.  «  COS.  2  a  a  1  —  2  sin.*  a  ....  y 

where,  as  cos.  A  is  expressed  altogether  in  terms  of  sin. 
o^  we  can^  if  required^  find  sin.  A  in  terms  of  the  same 
quantity. 

The  reasoning  employed  upon  the  case  where  A  a  2a, 
would  lead  us  to  a  general  solution  of  the  problem ;  but 
for  the  object  immediately  in  view  the  particular  case 
already  solved  is  abundantly  sufficient. 

That  object  we  recollect  is  to  find  the  sine  of  a  very 
small  angle. 

Now  the  equation  y^  which  expresses  cos.  A  in  terms 
of  sine  a^  will,  conversely,  give  the  sine  of  the  latter  in 
terms  of  the  cosine  of  the  former,  or, 

sin.  a  =  -v^  {I  —  |  cos.  2a} 
which,  putting  2a  «  A,  may  be  written 

sin.  i  A  =  v  {i  —  k  COS.  A} 
Whence,  if  cos.  A  is  known,  sin.  §  A  is  known,  and  since 
COS.*  «  1  —  sin.%  the  cos.  i  A  is  also  known. 

But,  repeating  these  operations,  we  shall  have 

sin.  I  A  «  V  {a  —  i  cos.  |  A} 
COS.  J  A  =a  V  [l  —  sin.*  J  A} 
sin.  J  A  =  V  {f  —  J  COS.  J  A} 
COS.  J  A  =s  v'  {1  —  sin.*  *   A} 

Ac &c. 

As  this  process  may  be  continued  to  any  extent,  it 
appears  that  when  cos.  A  is  known,  we  can  find  by  sue- 
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A 
cessive  operations  the  sine  of  -^ ;  where  n  may  be  taken 

as  great,  and  c6nsequently  ^  as  smali^  as  we  please. 

In  the  particular  case  where  A  »  i,  we  have  fiound 
the  cosine  of  A  to  be  .7071068 ;  and,  hence,  whatever 
value  IS  assigned  to  n,  the  successive  operations  described 

will  readily  lead  us  to  the  sine  of  -— j.  or,  which  is  the 

same  thing,  to  the  sine  of  -^. 

The  angle  1'  does  not  happen  to  fall  within  the  form 
— ;  but  when  n  is  taken  very  great,  the  sines,  as  they  are 

successively  computed,  will  be  fpund  to  approach  to- 
wards a  constant  number  multiplied  into  the  angle ;  or, 
in  other  words,  the  sine  divided  by  the  angle  will  ap- 
proach a  constant  limit. 

The  accuracy  of  the  tables  must  be  determined  by 
their  size. 

And  hence,  when  the  difference  between  the  limit  in 
question  and  the  ratio  of  the  sine  and  angle  is  not  found 
in  the  tables,  we  may  regard  that  limit  as  rigorously  at- 
tained. 

This  will  happen  for  some  particular  value  n'  of  n ;  and, 
taking  n'  greater  than  this  value,  and  assuming 

1 

we  have, 

sin.  a 


=  c 


a 
where  c  is  the  constant  limit. 
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Art.  119.    Calcuktion  of  the  sine  of  a  yeiy  small  angle. 

The  number  c,  though  constant  for  the  same  unit, 
varies  with  the  latter ;  and  provided  the  angle  assumed 
as  unity  is  less  than  the  whole  of  plane  space  divided 
by  21^^  we  shall  have, 

sin.  1  =  c 
where  1  is  the  small  angle  we  have  assumed  as  unity. 

Hence^  supposing  the  tables  not  carried  beyond  a  cer- 
tain degree  of  accuracy^  seven  or  eight  places  of  figures^ 
for  example^  it  will  appear^  on  performing  the  processes 
described  in  this  article^  that  one  minute  is  less  than  the 
whole  of  plane  space  divided  by  2*' ;  whence, 

sin.  1'  =:  c. 

120.  The  value  of  c  will,  in  this  case,  be  .00029099 
and  the  analysis  given  in  art.  116  requires  that  we  should 
now  investigate  a  method  of  determining  from  the  sine 
of  1',  that  of  all  angles  which  are  whole  multiples  of  thb 
unit. 

The  formula 

cos.  (a  -f  6)  =  cos.  a  cos.  b  —  sin.  a  sin.  b 

will  readily  afford  us  the  means  of  so  doing.     For,  as- 
suming a=i  dy  and  i  =  |  +b\  that  equation  becomes^ 

cos.  {\  +ci   +  V)  =  —  sin.  a!  cos.  b'  —  cos.  d  dn.  b' 

or, 

sin.  {ct  -f  V)  =  sin.  a!  cos.  V  +  cos.  d  sin.  V ; 

where,  assuming  a'  =  Vy  and  Vj  successively,  equal  to 
r,  2',  3',  &c.  we  obtain, 

sin.  2' =  2  COS.  1' sin.  V 
sin.  3'  =  sin.  1'  cos.  2'  -f  cos.  1 '  sin.  2' 
sin.  4'  «  sin.  1'  cos.  3'  +  cos.  1'  sin.  3' 
&c &c. 
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In  tables  of  the,  extent  here  supposed^  the  cosine  of  1' 
may  be  taken  equal  to  unity  ;  and  these  equations  will 
then  assume  a  form  rather  more  simple. 

The  process  may  be  continued  as  far  as  we  please ; 
and  since  the  sine  of  an  angle  is  thus  expressed  in  terms 
of  the  une  and  cosine  of  the  preceding  angle,  and  of  the 
known  sine  of  1'^  it  is  evident^  that^  by  successive  opera- 
tionsy  we  can  calculate  the  sine  of  every  whole  multiple 

of  r. 

The  sine  has  been  chosen^  in  these  calculations^  as 
affording  greater  facility  than  any  of  the  other  ratios : 
but  when  a  complete  table  of  any  one  ratio  has  been 
obtained^  the  remaining  five  can  be  readily  deduced 
from  it 

The  cosine  can  be  obtained  from  the  sine  by  means  of 
the  equation^  art  120^ 

COS.*  +  sin.*  =  1. 

And  to  find  the  tangent,  we  may  proceed  as  follows^ — 
in  any  right  angled  triangle, 

— s  sin.  da 
a 

d 

— »  COS.  da 
a 

b 

■3=  tan.  da 

hence^  dividing  the  first  equation  by  the  second^ 

sin.  da 

cos.  a  a 
or,  as  we  may  express  the  result  more  generally, 

sin. 
'Z:r'^  tan. 

COS. 
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The  three  remaining  ratios  are  the  reciprocals  of  the 
sine^  cosine  and  tangent ;  and  thus,  when  the  sines  and 
cosines  have  been  calculated,  the  other  four  ratios  can  be 
found  from  them,  by  division. 

The  particular  arrangements  adopted  in  the  tables  of 
these  ratios  do  not  belong  to  a  work  of  this  nature ;  but 
it  will  be  proper  to  mention,  that,  in  most  calculations, 
die  logarithms  of  these  ratios  are  usually  employed,  in- 
stead of  the  ratios  themselves ;  and  that,  to  avoid  the 
frequent  occurrence  of  negative  logarithms,  it  has  been 
usual  to  set  down  in  the  table,  not  the  logarithm  itself, 
but  that]  logarithm  increased  by  10.  The  convenience 
of  this  practice  may  be  greatly  doubted  ;  the  final  rejec- 
tion of  10  for  every  logarithm  used,  renders  both  the  for- 
mula and  the  practice  unnecessarily  complicated,  and 
could  have  been  avoided  by  placing  in  the  tables  the 
arithmetical  complements  of  the  negative  logarithms, 
with  the  negative  characteristics  increased  by  unity. 

A  few  remarks  on  the  limits  of  the  six  ratios,  and  on 
their  algebraic  signs,  will  complete  all  that  we  need  say 
upon  this  subject, 

121.  When  the  angles  are  very  small,  the  limits  to 
which  the  sines,  cosines,  &c.  approach,  are  as  follows : 

sine  •  •  •  •  0  secant  ....  1 
cosine  •  •  1  cosecant  .  •  .  a 
tangent  .  •  0      cotangent   •  .  a. 

The  sine,  divided  by  the  angle,  we  have  already 
seen,  approaches  a  certain  constant  number,  which  is 
also  the  limit  of  the  tangent  divided  by  the  angle  ;  the 
value  of  this  limit,  to  seven  places  of  figures,  and  cor- 
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Chap.  n.    Of  the  elements  to  which  pkce  is  referred. 
Art  121.    limitB  of  the  ratios. 

responding  to  the  case  where  1'  is  the  unit  of  angles^  has 
been  given  in  the  preceding  article :  but,  except  for  the 
purpose  of  calculating  the  tables,  the  most  convenieot 
unit  of  tingles  is  the  plane  space  about  a  point ;  accord- 
ingly^ it  is  with  respect  to  this  unit  that  the  limit  in 
question  most  frequently  occurs :  it  is  denoted,  in  this 
work^  by  the  symbol  2  «-  and  is  equal  to  6.2883185. 

122.  The  algebraic  signs  of  the  ratios  will  be  readily 
deduced  from  the  principles  already  laid  down  regard- 
ing that  subject ;  for  since^  representing  the  whole  of 
plane  space  by  unity^  we  have^ 

sin.  ( J  +  a)  =  COS.  a, 
sin.  (§  +  a)  «  —  sin.  a, 
sin.  (I  +  a)  ra  —  COS.  a, 

it  follows  tbat^ 

Sin.  a  i9  positive  when  a  is  less  than  i,  and  negative 
when  a  lies  between  i  and  1 . 

Or,  extending  the  result  to  angles  that  are  greater  than 
unity^ 

Sin.  a  is  positive  when  a  lies  between  an  even  and  etn 
odd  multiple  of  f ,  and  negative  when  it  lies  between 
an  odd  and  even  multiple  of  |. 

A  similar  investigation  applied  to  the  cosines  will  de- 
monstrate that^ 

Cos.  a  is  positive  when  a  lies  between  0  and  |,  or  | 
and  I J  and  negative  when  it  lies  between  the  limits  i 
and  if  or  i  and  |. 

Or^  more  generally, 

Cos,  a  is  positive  when  a  is  greater  than  {4  m  —  1 )  .J 
and  less  than  {4  m  +  1) .  |,  and  negative  when  a  is 
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Art  123.    Their  algebraic  ngns. 

greater  than  (4  m  -f  1)  .  |  and  less  than  {4  m  +3).  i, 
where  m  is  am;  whole  number. 

The  tangent,  being  equal  to  the  sine  divided  by  the 
cosine,  will  be  positive  when  the  sine  and  cosine  have  the 
same  algebraic  sign,  and  negative  when  their  algebraic 
signs  are  opposite :  or^ 

Tan.  a  will  be  positive  when  a  lies  between  an  even 
and  an  odd  multiple  of  |,  and  negative  when  it  lies  be- 
tween an  odd  and  an  even  multiple. 

The  secant,  cosecant  and  cotangent  will  have  the  same 
algebraic  signs  as  the  cosine,  sine  and  tangent^  respect- 
ively. 


2  I. 


PART   III. 


ANALYSIS  OF  PARTICULAR  PROBLEBIS. 


PRELIMINARY  REFLECTIONS. 

The  preceding  analysis  referring  wholly  to  the  rela- 
tions of  points,  its  further  development  may  naturally  be 
divided  into  distinct  propositions,  according  as  the  rela- 
tions of  three,  four,  or  a  greater  number  of  points  are 
inquired  into. 

The  relations  of  two  points  have  been  fully  developed. 

A  single  point  has  no  relations. 

And,  yet,  if  we  suppose  angles  formed  about  a  point, 
these  relations  would  include  all  the  relations  of  direction 
that  could  occur  in  any  of  the  propositions  just  men- 
tioned. For  supposing  in  space  any  number  of  simple 
directions,  and  that  lines  are  drawn  parallel  to  them  from 
a  given  point,  the  angles  formed  by  these  lines  will  be 
equal  to  the  angles  formed  by  the  directions  to  which 
they  are  parallel. 

In  treating  of  such  angles,  as  many  distinct  divisions 
can  be  made,  as  in  treating  of  the  relations  of  points. 


ARRANGEMENTS  SUGGESTED  BY  THESE  REFLECTIONS. 

Fjrst  Division.  Relations  of  the  angles  about  a 
point.  Subdivisions.  Dependent  on  the  number  of 
divergent  lines. 

Second  Division.     Relations  of  any  number  of  points 


986 

in  space.  Subdivinans.  Dependent  on  the  number  of 
points. 

These  general  principles  of  arrangement  admit  of 
modification  whenever  principles  of  a  more  partial  kind 
tend  to  further^— the  sole  object  of  classification — ^the 
ready  acquirement  and  use  of  knowledge. 

Such  a  subordinate  principle  arises  from  the  facility 
with  which  graphic  models  can  be  delineated  on  plane 
surfaces ;  and  hence  the  angles  formed  by  divergent  lines 
that  lie  in  one  plane  will  form  the  subject  of  a  separate 
section. 


CHAPTER  I. 

DETAILED  ANALYSIS  OF  THE  RELATIONS  OF  DIRECTION; 
AND  OF  THE  RELATIONS  PECULIAR  TO  THREE-TO  FOUR 
— A19D  TO  A  GREATER  NUMBER  OF  POINTS. 


SECTION  I. 


RELATIONS  OF  THREE   DIVERGENT   LINES   THAT   LIE 

IN   ONE  PLANE. 

The  reUdioM  of  dirteUan  are  the  same  with  the  relar 
turns  of  angles  that  are  formed  about  a  common  pointn^ 
relatious  of  three  directions  thai  lie  in  one  plane — con- 
verse relations  of  the  type  of  closed  figures — transforma- 
tions of  the  converse  relation^-^tables  of  the  most  useful 
relations  of  angles  about  a  point  and  in  one  plane. 

123.  Straight  lines^  m^  m'p  m'\  &c.,'  whose  lengfhs 
are  not  made  an  object  of  inquiry,  may  be     ^ifir-  i^r. 
regarded  as  ^^  simple^'  directions. 

Their  only  relations  will  be  their  *^  re- 
lative^'  directions,  or  the  angles  which  they 
mutually  form>  and  it  is  to  these  that  we 
have  now  td  tum'our  attention. 

Assuming  at  pleasure  a  point  0^  and  drawing  from  it 
straight  Knes  parallel  respectively  to  rn,  to  m\  to  m", 
&c«9  the  inclinations  of  these  last  will,  art.  71,  be  those 
of  the  former  lines ;  and  our  inquiry  is  therefore  reduced 
to  an  analysis  of  the  relations  of  angles  about  a  point. 

*  • 

124.  The  simplest  case  of  the  problems  we  are  con- 
2m 


1     • 
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sidering  is,  that  which  involves  only  three  directions^ 
and  where  these  directions  are  in  one  plane. 

Let  the  directions  be  fi),  m'  and  w!' ;  and  from  any 
point,  0^  draw  parallel  to  them  the  lines  n^  n'  and  n" : 
these  last  will  beabo  in  one  plane,  art.  69 — 5  and  63 — ^5.* 

Let  n'  be  that  direction  which  lies  between  the  other 
two — ^we  have 

(nn")  «,  (nn')  +  {nln!')^ 
or,  calling  these  angles^  Oj  b  and  e 

(1) a  =  A  +  c. 

Hence,  by  articles  19  and  20^  we  have 

(2)  •  .  •  cos.  a »  cos.  6cos.  c — sin.  Asin.^r » cos.  [h  +  c) 

(3)  .  •  •  sin.  a  »  sin.  h  cos.  c  +  cos.  b  sin.  c  ^  sin.  {b  +  c) 

Dividing  the  second  of  these  equations  by  the  firsts 

sin.  a  _  sin.  b  cos.  c  +  cos.  b  sin.  c  ^  sin.  {b  +  c), 
cos.  a  ""  cos.  b  COS.  c  —  sin.  b  sin.  c  ""  cos.  (6  +  c) 

or,  dividing  numerator  and  denominator  of  the  second 

fraction  by  cos.  b  cos.  c,  and  recollecting  that  — 1  is 

cos. 

equal  to  tangent ; 

/A\  4.*«   ^         tan.  6 -f  tan.  c  '.       /,        x 

(4)  .  .  .  tan.  a  = HI =  tan.  (b  +  c) 

^  ^  1  —  tan.  b  tan.  c  v    -r    / 

The  reciprocals  of  these  expressions  will  be,  respec- 
tively^  sec.  a,  cosec.  a,  and  cotangent  a. 
From  equation  1  we  obtain 

« 

(5)  .....  6  =  a  —  c; 
and^  consequently,  the  sine,  cosine,  &c.,  of  b  may  be 

*  By  art  69—5  it  may  be  shown  that  n,  tif  and  n^'  are  at  right  ang^les  to 
a  common  line*  whence,  art.  63 — 5,  they  are  in  one  plane. 
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deduced  from  those  of  a  by  substituting  a  for  5,  and  —  c 
for  +  c ;  making  these  substitutions^  and  observing,  art. 
122,  that  sin.  ( —  c)  is  equal  to  —  sin.  Cp  there  arises 

(6)  .  .  COS.  b  =»  COS.  a  cos.  c  +  sin.  a  sin.  c  »  cos.  {a  —  c) 

(7)  .  .  sin.  b  «» sin.  a  cos.  c  —  cos.  a  sin.  c  a  sin.  (a  —  c) 

/o\       X       r       tan.  a  — tan.  c  .       ,  x 

(8j  .  .  tan.  b  = »  tan.  (a  —  c) 

1  +  tan.  a  tan.  c  ' 

The  equations 

sin.  (a  +  i)  •=  sin.  a  cos.  b  +  sin.  b  cos.  a 
sin.  (a  —  b)  —  sin.  a  cos.  b  —  sin.  b  cos.  a 

which  are  the  same  with  3  and  7,  give,  by  addition  and 
subtraction, 

(9)  .  .  .  sin.  a  COS.  6  =»  i  {sin.  (a  +  6)  +  sin.  (a  —  b)\ 
(10).  .  .  sin.  b  cos.  a  =  |  {sin.  (a  +  6)  —  sin.  (a  —  6)} 
And  by  the  same  process  we  obtain  from  the  equa- 
tions 

COS.  (a  +  6)  =  COS.  a  cos.  b  —  sin.  a  sin.  b 
COS.  (a  —  6)  =  cos.  a  cos.  b  +  sin.  a  sin.  b 
the  following 

(11).  .  .  COS.  a  cos.  6  =s  I  |co8.  (a  +  i)  +  cos.  (a  — 6)} 
(12).  .  .  sin.  a  sin.  6  «  |  {cos.  (a  —  i)^-cos.  (a  +  6)} 

These  transformations^  besides  the  practice  which  they 
afford  the  student,  are  of  frequent  use  in  analysb,  and 
lead  to  other  forms  that  we  shall  have  occasion  to  employ. 

One  obvious  change  that  can  be  made  in  them  is  pro- 
duced by  substituting  single  angles  for  those  which  are 
compound.    Thus  assuming 

a  +  6  =»  a,  and  a  —  6  =■  |3 
the  equations  9^  10,  11  and  12  become,  respectively, 

(13)  ,  .  .  8in.-gL±^  cos.  ^^  ~^)  =  i  {sin,  a  +  sin.  ^\ 

^0  ^0 
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(14)  .  .  .  sin. !!^-IlH  COS. -IjtJl.  =  I  {sin.  a— sin.|3j 

(15)  .  .  .  COS.  ^  +  ^  COS.  ^      ^  =  \  {cos.  a  +  cos.  j8} 

(16)  .  .  .  sin.-2LiLr  sin.  ^      ^  =  §  }cos.  j3 — .cos.a| 

^'  At         « 

A  formula  derived  from  those  equations  will  be  of 
material  use  in  the  next  sectbo.  It  is  obtained  by  divid- 
ing the  fourteenth  equation  by  the  thirteenth ;  whence 
there  arises 

COS.  — LJZ.     sin. i-       .  .     ^ 

2  2      ^  sin,  g  —  sin,  p 

o;n  a  +  l3  ^  ,^  a—/?  "  si»^-  «  +  sin.  /3 
sin.  — i-i-     COS. i- 

2  2 

or^  art.  120^ 

cotan.  ?L+^x  tan.  ^LTL^.^  "j"' »  -  ""•  f 
2  2  sin.  a  +  sm.  p 

or^  finally^  art.  50^ 

/J-,*  ■  tan.  I  (a  —  j3)  _  sin.  «  —  ain.  ^ 

tan.  i  (a  +  /3) ""  COS. «  +  cos.  ^' 

125.  The  terms  sine  %  cos.  a,  tan.  o,  &c.  art.  50, 
have  been  used  to  denote  the  ratios  of  the  sides  of  a  right 
angled  triangle,  one  of  whose  angles  is  a :  but  whilst 
treating  of  these  direct  relations  of  angles  it  must  fre- 
quently happen  that  we  have  occasion  to  mention  the 
converse  relations. 

If,  for  example,  there  is  given  the  equation 

sin.  a  ea  &; 
This  expresdon  informs  us  that  a  is  an  angle  whose  sine 
is  b ;  but  such  expressions  as — ^<  the  angle  whose  sine  is 
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y^— or — "  the  angle  whose  cosine  is  b/^  are  too  long  and 
involved  to  suit  the  brevity  of  mathematical  language  $ 
and,  accordingly,  analysts  have  endeavoured  to  compre* 
hend  each  of  these  expressions  in  a  single  term. 

The  elements  of  algebra^  as  they  are  wholly  founded 
on  such  abbreviations^  will  present  us  ^ith  examples 
similar  to  the  case  we  are  considering. 

The  equation^ 

offers  an  instance  of  this  kind :  the  direct  relation  is  that 
of  a  number  b  equal  to  the  square  of  a ;  and  the  notation 
employed  expresses  this  relation  under  an  abbreviated 
form ;  but  the  direct  relation  gives  rise  to  another  that 
is  its  converse^  the  relation  namely  of  a  to  6  :-^''  aba 
number  whose  square  is  b ;''  and  the  object  bow  is  to 
attach  a  sign  to  the  letter  b  that  shall  express  ill  a  single 
term  these  words — ^*  a  number  whose  square  is  6.'^  Al- 
gebraists^ led  by  analogy,  endeavoured  to  comprehend 
the  relation  in  question  under  the  notation  used  for 
powers;  they  assumed  that  when  b  was  the  second  power 
of  a^  the  latter  was  also  some  unknown  power  of  the 
former ;  and  putting  x  for  the  co-efficient  of  this  power, 
they  had  only  to  solve  the  equation 

(b^y  =  6. 

in  order  to  discover,  not  only  whether  the  assumption 
was  admissible^  but  also^  what  number  should  be  substi- 
tuted for  X. 
The  theory  of  exponents  reduced  this  equation  to 

4^  =  6 
whence  it  appeared  that 

2a?  =  1 
and,  finally, 

0?  =  J. 
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A  similar  process  of  reasoning  will  apply  to  the  case 
which  now  presents  itself  to  our  notice. 

Suppose^  for  example,  that  in  an  investigation  of  the 
relations  of  a  given  number  of  points  in  space^  or  of  lines 
diverging  from  a  given  pointy  we  met  with  the  equations 

sin.  a  »  5 
sin.  b  =  c: 

substituting  for  b^  in  the  second  equation,  its  value  ob- 
tained from  the  firsts  there  arises  the  expression 

sin.  sin.  a  a  c 

To  comprehend  the  meaning  attached  to  the  com- 
pound sign  on  the  left  hand  side^  we  must  consider ; 

First,  that  a  is  a  number  expressing  the  relation  of 
some  angle  to  the  unit  of  angles. 

Secondly^  that  a  right  angled  triangle  has  been  con- 
structed^ having  one  of  its  acute  angles  equal  to  the 
angle  denoted  by  af  and  that  sin.  a — a  number — ^is  the 
ratio  of  two  sides  of  this  triangle. 

Having  in  this  way  recalled  to  mind  the  meaning  of 
the  number  sin.  Oy  we  must  select  an  angle  whose  ratio 
to  the  unit  of  angles  is  equal  to  that  number ;  and^  con- 
structing a  right  angled  triangle  with  one  of  its  acute 
angles  equal  to  the  angle  so  selected,  find  in  this  triangle 
the  ratio  of  the  opposite  side  to  the  hypothenuse. 

The  ratio  so  found  is  the  number  expressed  by  the 
compound  symbol  sin.  sin.  a. 

Continuing  the  process  of  reasoning,  we  should  per- 
ceive^  in  like  manner^  that 

sin.  sin.  sin.  a 

was  a  result  derived  by  eliminating  b  and  c  from  the 
equations 
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sin.  a  a  6 
sin.  &  a  c 
sin.  c  n  (/; 

and  we  should  further  perceive^  that  such  a  result  as- 
sumes the  successive  construction  of  the  three  right  an- 
gled triangles  to  which  these  equations  refen 

The  view  we  have  here  taken^  leads  us  to  expect  the 
occurrence  of  such  quantities  as  sin.  sin.  a,  sin.  sin.  sin.  a, 
&c  ;  and  as  they  do^  in  fact^  present  themselves  not  un- 
frequently  in  analysis^  it  may  be  useful  to  provide  abbre- 
viations for  them.  Algebraists  have  agreed  to  use,  in 
this  case,  the  notation  employed  for  powers^  and  have 
represented 

sin.  sin.  a----  by----  sin.*  a* 

sin.  sin.  sin.  a--  by----  sin.^  a 

sin.  sin.  sin.  sin.  a  by  -  -  -  -  sin.^  a,  &c.  &c. 

The  figure  placed  above  the  sine  will  thus  signify  the 
number  of  right  angled  triaqgles  successively  constructed, 
or^  in  the  peculiar  language  of  analysis,  the  number  of 
times  which  the  sine  is  taken. 

To  discover  the  rules  by  which  such  expressions  are 
combined,  we  have  merely  to  put  for  these  abbreviated 
expressions  the  values  that;  by  convention^  they  stand 
for.     If  we  meet;  for  example^  with 

sin.^  I  sin.  a\  ; 

the  symbol  sin.*  has  been  put,  by  convention,  for  sin.  sin.  a; 
and  here  we  have^ 

sin.*  I  sin.  a\  =sin.  sin.  jsin.  a\  : 
but  sin.  {sin.  a]  is  the  same  thing  as  sin.  sin.  a,  since  a 
difference  in  their  signification  could  only  arise  from  an 

•  Note  6. 
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agreement  to  that  effect^  an  agreemeDt  that  we  have  not 
made. 

The  same  remark  applies  to  the  left  hand  number  of 
the  equation ;  and,  hence^ 
An.*  {sin.  a}  =s  sin.^  sin.  a  =  sin.  sin.  sin.  a  =  sin.^  cl 

Pursuing  this  method  of  analysis  with  other  combina- 
tions of  the  same  kind,  we  shall  readily  demonstrate  the 
exponents  to  follow  a  very  simple  law. 

^^  In  any  equation  of  the  form 

sin."*  sin."  sin.'  a  ss.  sin.^a 

the  exponent^  g^  is  the  sum  of  the  exponents^  my  riy 
and  p.^^ 

This  rule,  it  will  be  seen^  exactly  agrees  with  that 
used  in  algebra  for  multiplying  together  different  powers 
of  the  same  quantity  :  the  equation 

equally  leading  to  the  result^  q  z^z  m  +  n  +  p:  and 
hence  we  are  led  to  expect  the  converse  notation  in  the 
one  case,  to  be  derived  by  a  process  substantially  the 
same  with  that  used  for  deducing  the  converse  notation 
of  the  other. 

According  to  this  view  of  the  subject,  a  number  :r  can 
be  founds  which  will  enable  us  to  express  the  words, 
^*  the  angle  whose  sine  is  6,''  by  the  symbol  *^  sin.*  6.^^ 

To  investigate  whether  such  is  the  case,  we  must  have 
recourse  to  the  equation 

sin.  a  =i  b  ; 

where  a  represents  the  angle  implied  by  the  words, 
^^  the  angle  whose  sine  is  6'^ ;  or  where,  if  the  notation 
in  question  can  be  established, 

a  =  sin.'  b. 
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Substitating  for  b  its  value^  the  former  of  these  two 
equations  becomes, 

sin.  sin.'  b  zs  b, 

or,  which  is  the  same  thing, 

sin.^  sin.'  b  =s  b. 

And  again,  this  equation^  by  the  law  we  have  estab- 
lished for  these  exponents^  is  the  same  as 

sin.*  ♦»6t=6, 

but  b,  by  our  notation,  must  be  equivalent  to  sin. '  by  for 
since  the  exponent  placed  over  the  sine  denotes  how 
often  it  has  been  ^<  taken^''  it  that  exponent  is  zero^ 
the  sine  of  the  angle  has  not  been  taken  at  all,  and  the 
symbol  must  then  signify  the  angle  itself. 
The  last  equation  then  becomes, 

sin.*  ♦  •  6  =  sin.^  6, 

whence, 

1  +x  ^o 

a?  ae  —  1. 

And 

sin.  *"'  b 
will  thus  be  an  appropriate  symbol  to  represent  the 
words  ^^  an  angle  whose  sine  is  6.'^ 
The  equation 

An.  a  KM  b 
leads^  we  have  seen,  to  the  expression 

a  «i  sin."*  6; 18 

but  if,  in  the  first  of  these  two  equations,  we  had  writ* 
ten  sin.  "  *  on  both  sides^  it  would  have  become^ 

sin.  ■"  *  sin.  *  a  ■■  sin.  *"  *  6, 
2n 
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or^  by  the  rules  already  developed, 

sin.  •  a  ss  sin.  "  *  b 
or, 

a  »  sin.  ~  *  b. 

This  result  agreeing  with  the  former,  it  is  evident, 
that  if  we  precede  one  side  of  an  equation  by  sin.  "  \  it 
will  be  equal  to  the  other  i»de  preceded  by  sin.  "^  ^;  a 
result,  indeed,  sufficiently  obvious ;  since  whatever  ope- 
ration is  performed  on  one  side  of  an  equation,  it  must 
produce  a  result  agreeing  with  that  which  would  have 
been  obtained  by  performing  the  same  operation  on  the 
other  sid^. 

A  number,  a,  with  <^  sine'^  placed  before  it,  is  said  to 
have  its  sine  takeriy  and  a  number,  a,  with  '^sine  "^^ 
placed  before  it,  is  said  to  have  its  inverse  sine  taken. 

The  meaning  of  these  expressions  will  be  sufficiently 
understood  from  the  detailed  explanation  that  has  pre- 
ceded ;  but,  to  avoid  all  error  on  the  subject,  we  shall 
remind  the  student  of  the  operations  signified  by  the 
symbols  in  question. 

The  first  symbol,  it  will  be  recollected,  views  a  as  an 
angle,  and  implies,  first,  that  a  right  angled  triangle  is 
to  be  constructed,  having  a  for  one  of  its  acute  angles; 
and,  secondly,  that  we  are  to  measure  the  ratios  between 
the  opposite  side  and  the  hypothenuse  of  this  triangle. 

The  operation  implied  by  the  second  symbol  proceeds 
in  an  inverse  order*  The  latter  supposes  the  construc- 
tion of  a  right  angled  triangle;  but  viewing  a  as  the  ratio 
of  a  side  to  the  hypothenuse,  it  directs  us  to  measure  the 
angle  to  which  the  side  in  question  is  opposed. 

The  remarks  that  have  been  made  with  respect  to  the 
sine  will,  of  course,  apply  to  the  other  trigonometrical 
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ratios^  and  thus,  we  shall  have  cosine  "  ^  a,  tan.  "  ^  a, 
&c.  for  the  respective  angles  that  liave  cosines  or  tan- 
gents equal  to  a. 

Such  a  notaUon  will  necessarily  require  riiles,  by 
means  of  which  the  various  combinations  that  it  is  sus- 
ceptible of  may  be  performed ;  and  with  some  of  the  most 
useful  of  these  rules  we  shall  now  terminate  the  subject. 

126.  The  trahsformations  most  frequently  wanted  are 
those  of  one  inverse  ratio  into  another :  we  may  wish^ 
for  example,  having  the  inverse  sine  of  a,  to  change  it 
into  an  inverse  cosine  of  the  same  number. 

The  process  by  which  such  a  transformation  is  to  be 
obtained  will  be  evident ; 

For,  since  

cosine  «.  Vl  — un.% 
if  a  is  the  sine  of  an  angle^  the  square  root  of  1  —  a* 
must  be  its  cosine^  or  the  same  angle  will  be  expressed 
indifferently  by 


sm. ""  *  a, 


or, 


COS.  '%/  1  —  a*. 
The  same  reasoning  applies  to  the  remaining  ratios, 
and  deduces  the  formulae. 


— 1 


sin.  "■*  a  as  COS.  '{/  i  —  a% 
sa  tan. 


-1        a 


ss  sec* 


_i       1 


VI— a' 


(19) 


=  cot.  -vii^fL' 


=5  cosec.  -  * 


a 
1 


a 
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And  in  a  similar  manner  we  might  deduce  other  re- 
lations of  a  more  complicated  character^  but  as  the 
reasoning  in  the  latter  case  is  less  easily  remembered,  it 
may  not  be  amiss  to  replace  it  by  an  analytical  investi- 
glLtion. 

Let  it  be  supposed,  for  example,  that  we  are  acquaint- 
ed with  two  sines  j  and,  without  requiring  each  of  the 
angles  separately,  wish  to  determine  their  sum.  As- 
suming' a  and  b  for  the  given  sines,  the  proposition 
requires  that  we  should  determine  the  value  of  x,  in  the 
equation : 

sin.  — *  a  +  sin.  — *  6  =  sin.  —^  x: 

Now,  taking  the  sine  of  both  sides,  this  equation  be- 
comes, 
X  -■  sin.  {sin.  —  *  a  +  sin.  —  ^  b] 

SB  sin.an.— *a  x  cos.  sin.—*  b+  sin.  sin.—  *  b  cos.sin.-*fl 

■i  sin.sin.-*acos.co8.-v^  1  -6*+sin.sin."*  6cos.cos.''v^l-«* 
» a \/l  — 6*  +  b  VI— a* 
or, 


sin.  —  *a+sin.-*  i=sin.  -*  {a\^l — b^+b  %/! — a^]  .  20 
And  by  a  similar  process  we  may  obtain  any  of  the 
inverse  formulas  that  are  found  in  the  annexed  table. 
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Sect  I.    Rdlationi  of  time  dirergeni  Ubm  that  lie  in  one  plane. 


^8t  useful  relations  of  three  directions  that  lie  in  one  plane  and  diverge 

from  a  common  point. 

DIRECT  RELATIONS. 

Sin.a"-rC08.a*«il        1  +tan.a*i»8ec.a%        1  +cota'MC08dc.a' 

tan^fl-iiiB:?        cot,a-J--£2?£        seca— 1-        cosec.a-JL 
co8.a  tan.a    sin.  a  co8.a  Bin.a 

8m.(a*t6)aM8in.a  co8.ftH:oo8.a  sin.fr        co8.(aHh6)«BC08.a  co8.6Ifi8is,a8iii.6 

/     irx       Ian.  a  •+•  tan.  6 

tan.  (a  +o)»b  -~= — = 1 

^   —  '      1  q:  tan.  a  tan.  6 

8in.ix  eoB.bt^iBia,{a+b)+iBm.{a'^)  coa.a  8m«6«i8in.(a+fr)— i8in.(a— ^) 

cos.a  co8.5aBioo8.(a+^) +ico8.(a— ^)  sin.a  8in.&aico8.({i— 6) — ico8.(a+6) 

8in.a+8in.5»2  8in.i(a-f^)co8.i(a— ^)  coB.a+co8.5aB2  co8.2(a+6)co8.i(cH-ft) 

sin.a— 8in.&aB2  8in.i(a— &)co8.i(a+^)  coa.a— co8.5a2  8in.i(a— 6)8in.i(a+6) 

tan-a+tan.6-^2i«±4  tan.a-tan.6-  "°'«-*^ 

co8.a  C08.6  COS. a  cos.a 

sin.l  asasin.a  cos.aaacos.a 

8in.2  a  a2  8in.a  co8.a  co8.2  aa2  cos^o*— 1 

sin.d  aa*3  sin-o— 4  sin.o^  co8.3  a^4  cos.o*— ^  cos.a 

8in.4  a«>(4  sin  a— 8  sin.o'}  co8»a  co8.4  aaS  cos.a*^— ^  cos.a'+ 1 

sin.a  ^sin.a  cos.  a  cBC08.a 

2  sin.a"«al — co8.9a  2  cos.o'aal  4-co8.2  a 

4  sin.a'^S  8in.a— sin.d  a  4  cos.o'sad  co8.a+cos.3  a 

8  8in.a*aM8— 4  co8.2  0+008.4  a  8  coB.a*w34-4  cos.t  a-f-cos.4  a 

8Ui.|aaB%/i— 4  co8.a"  cos.Jaa^/i+icos.a. 

8in.a^— «in.5'aBC08.&^— -cos.a'Hi 8in.(a+5)sin.(a— ^) 

cos.a^-HBin.6'aB co8.(a+6)  cos.(a— ^) 

tan.ii^tan.6«- 8in.{a+b)  8in.(a—&) 

co8.a*co8.6' 

«rt.a^-^tJ-- ■ -^.{a+b)Bm.(ar-i) 

sin.a*sm.6' 

8in.a+8in.6    tan.j|(a+^)  sin.(g+6)      co8.jt(g+6)  8in.(g+&)  sin.i(a+6) 

8in.a-Hrin^    tan.i(»-^        8in.a+sin.6    cos.|(a— -6)        sin.o— -sin.6  sin.i(a — b) 
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Most  useful  relations  of  angles  about  a  point  and  in  one  plane, 
sin.a+sin.d    cos.6— cos.a    ^      ,/.    .  ,  v 

= r«  -: as-r-Tr  «tan.  J(a+6) 

co8.a+cos*6    sin.  a  4- 8111.6  ^  —  ' 

tan.a+tan.5    cot.a+cot.6     ^8in.(a+6) 
tan.a=ptaa.6    +cot.fr— coUa    8in.(a4:6) 
taii.a+taii.&     .  ^  ^  ..„  r 
cot.a-f.cot.6 

8in.a    _l^<x)s.a_ ^  ^  ^  «^'^   „l+f2!:?« cot.  i  a 

l+co8.a       8iii.a  1 — cos.a       sin.a      ^^ 

Bin.(i+a)«+cos.a  cos.(i+a)-B+8in.a  tan.(i+a)ai4:cot.a 

8in.(i±a)fi«T»"^'  a  co8.(i+a)s»— co8.a  tan.(i±a)=±tan.a 

8in.(}+a)«— cos.a  cos.(|4ia)«=±sin.a  tan.(i+a)«4:cota 

8in.(l+a)-i+8in.a  co8.(l+a)=a+cos.a  taii.(l+a)=±taii.a 


INVERSE  RELATIONS. 


n  1  ^1— ^* 

sin—*  aa.co8.-%/l — a'tBatan.-* — =Ss=r=»  sec.  -^  aacof*^       ^  gscosec 

cos.-*aa«8in -l/l— <i»=Btan.  -*iliZIiLsB8ec.-»  --«cot.-*-5===«sco8ec.-*-=a 
tan.— laassin.  "-*  — ==  tascos.—*   ^gssec.— V 1  +a»tsicoU— *    «  cosec.— *^l-i? 


a  1  1 

a.->a«sin.-*-====.«co8.-i-7===r«Bec.--i/l+«**«coU--i    « 

in.  -» a  +  sin.-»  6=  sin.-i  {ay^l—b*+b^T^^] 
»8.-»a  +cos.-»  6=sC08,-»{a6— v^l— a*  v/1— 6»} 

an.-"ia  +  tan-ifc  « tan.~iix£:^ 


sin.""- 
cos 

tan 


tm-^a^\ 


-^«tan.-i^^^ 

l-4tan.-*(a-l),  tan.-J^-tan.-v^T-^to^^ 


JV«(s.— The  whole  of  plane  space  about  a  point  is  denoted  by  unity. 
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Sect.  n.    Relattons  of  three  poiatf ,  or  plane  trigenometry. 
Art  127.    Notation  best  adapted  to  the  relations  of  three  pointa. 


SECTION  IL 


RELATIONS  OF  THREE  POINTS^  OR  PLANE  TRIGONO- 
METRY. 


JVbtatton  best  adapted  to  the  relations  of  three  points 
relations  expressed  in  terms  of  the  opposite  sides  and 
angles — relations  of  the  three  sides — relations  of  the 
angles  in  terms  of  the  sides — any  three  parts  except  the 
three  angles  will  determine  the  remcnnder — logarithmic 
expressions — two  sides  and  included  angle— three  sides 
— ambiguity  of  some  of  the  formulas— properties  com- 
mon to  all  plane  triangles— case  which  admits  two  solu- 
tions — properties  of  particular  triangles— relations  thai 
the  parts  of  triangles  have  with  lines  dravm  in  and 
about  the  latter. 


127.  The  relative  positions  of  three  points  involve, 
we  have  seen,  three  distances  and  three  angles,  whose 
relations  are  containtd  in  the  equations  (1),  art.  51. 

The  resohition  of  these  equations,  and  the  develop- 
ment of  the  relations  they  contain,  is  a  problem  that 
belongs  to  algebra ;  and^  by  the  rules  of  that  science, 
without  any  further  reference  to  geometry,  we  could 
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Art  127.    Notation  best  adapted  to  the  relations  of  three  points. 

now  discover  all  the  combinations  of  which  the  relations 
of  three  points  are  susceptible. 

But  the  process  of  elimination,  one  of  the«mo8t  tedious 
in  algebra^  is  facilitated  by  employing^  in  conjunction 
with  the  equations  (I),  others  deduced  by  a  different 
geometrical  analysis ;  and  wherever  this  mixed  process 
enables  us  to  avoid  prolixity^  we  shall  not  scruple  to  avail 
ourselves  of  it. 

The  notation  we  have  hitherto  used  may,  also,  in  the 
present  instance^  be  laid  aside  with  advantage^  both  as 
more  comprehensive  than  the  case  requires^  and  as  yield* 
ing,  in  simplicity,  to  a  notation  peculiarly  adapted  to  the 
relations  of  three  points. 

NOTATION  EMPLOYED. 

•According  to  this  last  method  of  naming  the  parts  of 
a  triangle^  the  angles  are  denoted  by  any  of  the  ronton 
centals,  whilst  italic  letters  of  the  same  name  are  put 
for  the  opposite  sides. 

128.  Analysing  the  given  triangle  into  two  right 
angled  triangles^  and  denoting  the  perpendicular  by  pj 
we  have^ 

^  =  sin.  A 
c 

-^  B  sin.  C ; ' 
a 

and  dividing  the  first  of  these  equations  by  the  second, 

a       sin.  A 


•    .  . 


a 


€    ^  sin.  C 

similar  expressions  for  the  ratio  of  any  two  of  the  sides 
may  be  obtained  by  the  same  process,  but  the  principle 


X 
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Sect.  II.    Raktioni  of  thrse  pointi,  or  plane  tiigonomotiy. 
Art.  198.    Relatiom  expretsed  in  temit  of  the  opposite  iidea  and  angles. 

of  symmetry  will  render  such  additional  investigations 
unnecessary^  and  enable  us  to  deduce  from  the  equa- 
tion a  the  three  following  equations : 

a     sin.  A 


e      sin.  C 
b     sin.  B 


21 


c      sin.  C 

a  _  sin.  A 

b  ""  sin.  B 
which  assert  the  ratio  of  any  two  sides  to  be  the  same 
with  the  ratio  of  the  sines  of  the  opposite  angles. 

129.  Multiplying  the  first  of  the  equations^ 

a  =  5  COS.  C  +  c  COS.  B 
6  =  a  COS.  C  +  e  cos.  A 
e  c=  a  COS.  B  +  b  cos.  A 

by  Of  the  second  by  — -  b,  and  the  third  by  -^  e;  and; 
adding  the  equations  together^  there  results, 

a*  «i  6'  +  c*  —  2  6c  COS.  A 
or, 

a  =  V  I  **  +  c*  —  2 6c  COS.  A}  ...  22 
From  which  formuls^  by  interchanging  the  letters, 
we  derive  similar  expressions  for  the  other  sides. 

This  value  of  a  will  be  the  greatest,  when  A  s=  |  j 
or  when  the  point  A  lies  between  B  and  C,  and  the  three 
points  are  in  one  straight  line* 
The  formula  then  becomes 

ass  b  +e: 
but  for  any  other  value  of  A^ 

a  <  b  +  c. 
And  as  similar  results  are  true  for  b  and  c,  we  con-* 
2o 
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Art.  129.    Relationfl  of  the  three  sides.    Art.  190.  Relations  of  the  angles  in 

terms  of  the  sides.    Art.  131.   Any  three  relations  except  the 

three  angles  will  determine  the  remainder. 

elude,  that,  when  the  points  do  not  lie  in  the  same  direc- 
tion, the  three  quantities,  a,  b  and  e^  are  limited  by  the 
condition  that  any  two  of  them  shall  be  greater  than  the 
third. 

130.  The  equation  22  also  gives, 

A  =  cos.-»5*!j:4=i!!J  ...  23 

(        26e         ^ 

from  which,  by  interchanging  the  letters,  expressions 
for  the  other  angles  may  be  derived. 
This  last  equation  may  be  put  under  the  form, 

A  =  COS. -'5  (LL£ri?Oii+£+i!)  _ , 

I  a  be 

where  we  observe,  that,  when  a  is  greater  than  &  +  e, 
the  cosine  of  A  is  greater  than  unity  ;  an  impossible  re- 
sult, that  proves  we  have  assumed,  among  the  distances 
of  three  points,  relations  that  could  not  exbt. 

131.  The  equations  1,  art.  51,  which  involve  the  whole 
of  plane  trigonometry,  containing  six  quantities,  it  is  ne- 
cessary that  three  of  the  latter  should  be  known,  in  order 
to  determine  the  remainder :  in  the  particular  case,  how- 
ever, where  the  three  given  things  are  three  angles^  the 
data  will  not  be  sufficient ;  for,  as  all  similar  triangles 
have  their  corresponding  angles  equal,  it  must  follow  that, 
from  a  knowledge  of  the  angles,  we  can  merely  deter- 
mine the  form,  and  not  the  magnitude  of  the  triangle. 
This  result  is  also  manifested  in  the  algebraic  solution  of 
the  problem,  the  value  of  a  side  when  expressed  in  terms 

of  the  three  angles  assuming  the  indeterminate  form  -r* 
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Art.  132*    Logarithmio  exprenions ;  two  ddei  and  included  angle. 

13^.  Ill  every  other  case^  where  three  of  the  six 
parts  are  given,  the  formulae  21 ,  22  and  23  will  enable 
US  to  determine  the  parts  which  are  sought :  but  although 
these  formulsB  present  to  the  eye  a  complete  solution  of 
every  case  that  can  occur^  they  are  not^  in  their  present 
form,  adapted  to  practice. 

The  objection  applies^  indeed,  only  to  the  express- 
ions 22  and  23,  which  do  not  readily  permit  the  use  of 
logarithms. 

The  processes  of  multiplication  and  division  being  re- 
duced by  that  method  of  calculation  to  the  more  simple 
processes  of  addition  and  subtraction,  all  expressions  to 
which  logarithms  are  to  be  applied^  should  be  previously 
reduced^  if  possible,  to  factors ;  and^  to  factors  Whose 
component  parts  are  connected  by  the  signs  of  addition 
and  subtraction. 

As  the  formula  22,  that  expresses  a  side  in  terms  of 
the  other  two  sides  and  the  angle  included  between  them^ 
does  not  admit  of  such  a  transformation,  this  case  has 
been  resolved  by  a  different  process^  which  we  shall  now 
explain. 

Assuming  a,  b  and  c  for  the  given  parts^  we  have, 
fronr  the  equations  21^ 

a      sin.  A     b       sin.  B 

— »  _M  . 

c        sin.  C '    c        sin.  C 
and,  adding  and  subtracting  these  equations,  there  arises^ 

a  +  b     sin.  A  4.  sin.  B 

c  sin.  C 

a  —  b  _  sin.  A  —  sin.  B 
c  sin.  C 

whence,  by  division, 

a  —  b       sin.  A  —  sin.  3 
a  +  b      sin.  A  -f  sin.  B 
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Art  132.    Logarithmic  exprenioDB ;  two  sidea  and  included  angle. 

Buty  in  article  124,  equation  17,  we  have  a  value  of 
the  right  hand  member  of  this  equation^  that  changes 
the  latter  into 

fl  — 6  _tan,  i(A->B)  ^ 

a  +  b      tan.  |(A  +  B) 
And  since 

A  +  B=:i--C  ....  25 

we  shall  know  three  out  of  the  four  terms  that  enter  into 
the  equations  24. 

Having  determined  from  this  last  the  value  of  A  — -  B^ 
we  have^  then, 

i(A  +  B)  +  i(A-B)  =  A 
i(A  +  B)-§(A-B)  =  B, 

And  as  all  the  angles^  as  well  as  the  two  given  ^des^ 
are  now  known^  the  side  c  can  be  found  from  the  equa- 
tions 21  • 

The  formula  24  is  usually  expressed  as  the  following 
rule: 

TJie  ratio  between  the  sum  and  difference  of  any  two 
sides,  is  equal  to  the  ratio  between  the  tangents  of  half 
the  sum  and  half  the  difference  of  the  opposite  angles. 

133.  The  expression  for  an  angle  in  terms  of  the  three 
sides^  admits  the  transformation  to  which  we  have 
alluded. 

For  transposing  the  term  unity  in  the  equadon^  art 
130, 

cos.A=(*  +  ^-^H*  +  ^  +  ^)-l 

26c 

it  becomes, 

1+  COS.  A  =  (&4-c-a)(6  +  c.fa) 

2  Ac 
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The  right  hand  number  is  expressed  in  factors  of  the 
kind  required)  and  with  regard  to  the  left  hand  number^ 
we  observe^  art  119,  y,  that  it  is  equivalentto  2  cos.  J  A*j 
whence, 


cos,|A  =  v^(^  +  "-^)(^  +  ^+^) 


26 


This  expression  is  well  adapted  to  calculation^  but  it 
admits  of  a  form  still  more  commodious. 

To  obtain  this  last,  it  is  necessary  to  render  the  com- 
pound factors,  of  the  expression  26,  symmetrical,  an 
object  effected  with  most  facility,  by  commencing  the 
process  of  reduction  anew. 

The  equation  23  gives, 

COS.  A  =  -— 3— T ; 

2  6c 

which  is  the  expression  that  is  to  be  reduced  into  factors. 
.  But  among  the  compound  expressions  of  the  second 
degree  that  can  be  readily  resolved  into  factors,  one,  the 
difference  of  two  squares,  is  remarkable  for  its  simplicity . 

Now  the  numerator  of  the  fraction  we  are  consider- 
ing, can  readily  be  reduced  to  the  difference  of  two 
squares.  It  is  only  necessary,  for  this  purpose,  to  add 
or  subtract  the  denominator,  and  the  quantity  in  ques- 
tion will  become  {b  +  cy  —  a*. 

If  the  denominator  is  added,  the  factors  will  not  be 
symmetrical,  but  they  assume  a  symmetrical  form  when, 
on  the  contrary,  the  denominator  is  subtracted. 

To  effect  the  latter  operation,  subtract  y^^^r-  on  one 

26c 

side,  and  its  value,  unity,  on  the  other.     The  equation 

becomes, 

A        1        {b  —  cf  —  (f 

COS.  A  —  1  =  i —4 

2,  be 


SIO    PART  III.   ANALTSIS  OF  PARTICULAR  PROBLEMS. 

Chap.  I.    Detailed  analysb  of  the  relatioiui  of  direction  ;  and  of  the  re- 
latione peculiar  to  three,  to  four,  and  to  a  greater  number  of  points. 

Art  133.    Logarithmic  ezpreanons;  three  eides. 

Again,  art.  101,  1  —  cos.  A  =  2  sin.  i  A*,  and 
hence; 

8in.  i  A«  =^  -  (;  -  ^)' 

4  be 

resolving  the  right  hand  number  into  its  factors, 

be 

But  if  the  sum  of  the  three  sides^  a,  b  and  e^  is  denoted 
by  Sf  we  have 

i(a  +  6  — <?)  =  i*— o 

and 

|(a  +  c  — 6)  =  !*  — 6; 

whence^  finally,  the  expression  for  A  becomes 


(  be 


27 


134.  When  the  quantity  sought  is  an  angle,  each  of 
the  equations  21  gives  two  solutions.  To  be  convinced 
of  this  fact;  it  is  only  necessary  to  reflect,  that  as  the 
sine  of  an  angle  is  the  same  as  the  sine  of  its  supplement; 
we  cannot  determine,  from  the  value  of  the  sine;  whether 
the  angle  or  its  supplement  is  to  be  taken.  The  same 
remark,  however;  does  not  apply  to  the  formulae  24  and 
27 ;  for;  as  an  angle  is  always  considered;  in  these  inves- 
tigations, as  less  than  180^,  the  half  of  any  angle  must  be 
less  than  90^;  and  the  angle  found  in  the  tables  is,  conse- 
quently; that  which  resolves  the  problem. 

The  formulas  24  and  27  may ^  therefore,  be  considered 
as  completely  resolving  the  question  with  reference  to 
which  they  were  deduced ;  whilst  the  equations  21  re- 
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qaire,  in  a  particular  iDStance,  that  we  should  unite  with 
them  results  obtained  from  other  considerations. 

The  properties  that  we  have  detailed  below,  as  com- 
mon to  all  triangles^  are  results  of  this  kind }  and  will 
enable  us  to  remove  the  ambiguity  in  question. 


PROPERTIES  COMMON  TO  ALL  PLANE  TRIANGLES. 

135.    1.  In  every  triangle^  the  sum  of  the  three  angles 
is  equal  to  two  right  angles^  art. 

2.  The  sum  of  any  two  sides  of  a. plane  triangle  is 
greater  than  the  third  side^  art. 

3.  The  difference  of  any  two  sides  of  a  plane  triangle 
is  less  than  the  third  side. 

Let  a,  b  and  c  represent  the  sides,  arranged  in  the 
order  of  their  magnitude ;  we  have 

b  +  c  >  a 
b^b 

"whence^  by  subtraction, 

c  >  a  —  b. 

4.  Any  side  of  a  plane  triangle  is  less  than  i,  and 
greater  than  iy  the  sum  of  the  sides. 

Taking  the  same  notation  as  before^ 

a  <,  b  +  c 

.•.  2a  <  a  +  b  +  c 
or, 

a+  b  +e 

a  <  — . ■ — 

^  2 

Again,  since  the  sides  are  arranged  in  the  order  of 
their  magnitude, 
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a  >  b  —  c 
2a  >2c 

And  adding  these  equations^  and  dividing  by  4, 

5.  The  greater  angle  of  a  plane  triangle  is  opposite  to 
the  greater  side^  and  the  converse, 
For  since 

sin.  A  ^  a 

sin.  B  ""  6 

if  a  is  greater  than  6,  sin.  A  must  be  greater  than  sin.  B^ 
and  A  than  B.  The  latter  conclusion,  when  A  and  B 
are  each  less  than  \y  follows  from  art.  50 — 3,  and  when 
either  of  these  angles  exceeds  |^  the  same  result  may  be 
established  by  a  very  simple  process. 

For  since 

B<i-A 

it  will  follow^  first;  that  if  A  is  greater  than  f,  B  is  less 
than  I;  and  A,  consequently^  greater  than  B ;  secondly^ 
that  if  B  is  greater  than  \j  it  will  be  yet  less  than  the 
supplement  of  A,  and  sin.  B  >  sin.  (|  —  A),  or  greater 
than  sin.  A :  and  as  this  result  is  contrary  to  the  hypo- 
thesis^  we  conclude  that  A  must  be  greater  than  B. 

And  from  the  same  reasoning  we  may  also  establish 
the  converse  proposition :  for  since  it  has  been  proved 
that  A  and  B^  considered  as  angles  of  a  triangle^  increase 
and  decrease  with  their  sines^  the  equation 

sin.  A  _  a 

sin.  B ""  4 
will  require^  that  when  A  is  greater^  equal;  or  less  than 
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B.  the  same  relation  should  be  found  in  the  numerator 
and  denominator  of  the  right  hand  number. 

6.  A  plane  triangle  can  only  have  one  rights  or  one 
obtuse  angle. 

The  application  of  these  properties  to  the  problem 
with  a  view  to  which  they  were  introduced,  will  scarcely 
require  a  comment :  the  difficulty,  it  will  be  recollected^ 
art.  134^  regarded  the  choice  between  an  angle  and  its 
supplement^  and  it  is  now  obvious  that  in  selecting  from 
the  two  angles  which  the  formula  presents^  we  must 
choose  that  which  is  consbtent  with  the  properties  above 
demonstrated. 

136.  Only  a  single  case  however  occursi  we  remarked, 
when  this  trial  is  necessary. 

It  is  that  wherein  the  given  things  are  two  rides  and 
an  angle  opposite  to  the  greater  of  them. 

When  the  data  are  two  rides  and  an  angle  opporite  to 
the  less^  the  formul»  21  equally  apply,  but  the  double 
values  which  they  give  are  both  solutions. 

That  such  is  the  case  will  appear  from  conridering^ 
that;  if  in  any  triangle,  an  angle  B  is  greater  than  A,  the 
supplement  of  B,  art.  135—5,  will  be  also  greater  than  A ; 
and^  consequently^  that  it  is  only  when  the  smaller  angle  is 
to  be  found  that  the  criterion  we  have  established  applies. 


PR0PERTIB8  OF-PARTICULAB  TRIANGLES. 

137.     1 .  Plane  triangles  that  are  equilateral  are  equi- 
angular and  the  converse. 
2p 
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These  properties  follow  immediately  from  the  equa- 
tions 

sin.  A    a    sin.  A    o   a 
Sin.  B     0    sin.  C     c 

combined  with  the  property  that  no  angle  of  a  trian^e 
can  be  so  great  as  the  supplement  of  another  of  its  angles* 

137.    2.  Isosceles  triangles  have  the  angles  oppodte 
the  equal  sides  equals  and  the  converse. 
These  properties  are  demonstrated  as  the  preceding. 


RELATIONS    THAT    THE    PARTS    OF    TRIANGLES    HAVE 
WITH  LINES  DRAWN  IN  OR  ABOUT  THE  LATTER. 

138.  1.  In  any  isosceles  plane  triangle^  a  perpen- 
dicular drawn  from  the  vertex ,  will  bisect  both  the  base 
and  the  vertical  angle. 

The  figure  is  divided  into  two  right  angled  triangles, 
which  have  a  corresponding  side  and  angle  equal  in  each ; 
whence  all  the  remaining  parts  are  equal. 

138.  2.  In  any  plane  triangle,  if  we  draw  a  line  from 
the  vertex  to  the  middle  of  the  base^  the  sums  of  the 
squares  of  the  other  two  sides  will  be  equal  to  twice  the 
sum  of  the  squares  of  the  bisecting  line  and  half  base. 

Let  the  vertices  cf  the  triangle  be  ABC^  and  the  mid- 
dle of  the  base  D :  the  figure  is  divided  into  two  trian- 
gles by  the  bisecting  line ;  whence^  using  the  notation 
of  page  109, 

,  a"  =  a"»  +  6"  _  2  a"y  cos.  a"6' 
6*  =  c*   +  6'*  —  2  cb'    COS.  cb\ 
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about  the  latter. 

But  d*  and  c  are  each  equal  to  |  d^  and  co8«  cV  = 
—  C06.  ol^V ;  whence^  adding  the  equations^ 

a*  +  6>  =  2{(ia')>+6'«}. 

138.  3.  In  any  plane  triangle  if  a  line  is  drawn  bi- 
secting the  vertical  angle^  the  segments  of  the  base  will 
have  the  same  ratio  as  the  opposite  sides. 

Udng  the  same  notation^  we  have,  from  the  two  trian* 
gloi  into  which  the  figure  is  divided^ 

a  _  sin.  d'V 
d' "  sin.  oJ' 

b  ^  sin.  cb' 

c  ""  sin.  bb' 

But 

{d'V)  =  i  —  {cV) 

and 

(oft')  =  bVi 

whence  it  appears  that  the  right  hand  members  of  the 
two  first  equations  are  equal,  and  Wttve  results 

a      b 


r"      c 


or 

a    d' 
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APPENDIX  TO  SECTION  II. 


BXAHPLBS. 

L  In  a  right  angled  trian|^e  ABC,  right  angled  at  C, 
the  following  parts  are  gpven 

A  a  39*  17' 
cs509 

required  the  remaining  parta 


To  find  a. 


-s  sin.  A 


e 

asse8in.A« 
log.  509  s  2.7X)67178 

li^.  nn.    39*  17' s  9.8015106 


Sam,  rejecting  10,  =  2.5062284  s  log.  322.277 

a  s  322.277. 


To  find  b. 


-sCOB.  A 


c 
ftseeos.  A 

log.  509  a  2.7067178 

log.  COS.  39>  ir  g  9.8887547 
Sam,  rejeetug  10,  s  2.5954725  s  log.  393.978 

6  =  393.97& 
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Exttnplw. 

To  find  B. 

90   00 

B«50  43 

2.  In  a  right  angled  triangle  ABC,  right  angled  at  C, 
the  ffdlowing  parts  are  given, 

.  a  .  105.4 
b  -  734.6 

required  the  parts  remaining. 


To  find  A. 


-{-■■tan.  A 
o 


log.  105.4  -  2.0228406 
log.  734.6  -  2.8660509 
Diff.  adding  10,  >■  9.1567897  »  log.  tan.  8»  9'  54" 


A  -  8»  9'  54" 


To  find  B. 


180    0    0 
8    9  54" 
B  -  171  50    6 


To  find  e. 


—  «  sin.  A 


e  B 


sin.  A 

log.  105.4  «  2.0228406 
log.  sin.  8*  9^  54"  «  9.1523625 


iif.,  adding  10,  .  2.8704771  -  log.  742.50 

e  SB  7^.50. 
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Appendix  to  Section  11. 
Ezmmplee. 

3.  Given  in  the  plane  triangle  ABC^  the  following 
parts 

a  =  354 
fr  =  248 
B=    4^36' 

to  find  the  parts  remaining. 

To  find  A. 

a  _  sin.  A 
b     sin.  B 

.;»    A      ^  sin.  B 
sin.  A  = , — 

b 
log.  sin.  A  s=  log.  a  +  log.  sin.  B  +  ar.  co.  log.  b 

log.  354  3  2.5490033 

log.  sin.  41*  36'  =^.8221198 

ar.  CO.  log.  248  =  3.6055483 

sum  =  9.9766714 

Thb  sum  is  the  sine  of  either  71''  23'^  or  lOS""  37'^  and 
either  solution  will  be  consistent  with  the  data. 


To  find  C. 

B—    41' 

36' 

41«  36' 

A—   71 

23 

or 

108   37 

112 

59 

150   13 

180 

00 

180  00 

Diff.    67 

1 

OP 

29   47  .  , 

1  •  c 

To  find  e. 

c       sin.  C 

b       sin.  B 

log.  e  SB  log.  sin.  C  +  log.  b  +  ar.  co.  log.  sin.  B 
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Appendix  to  Section  11. 
Examples. 

log.sin.  GP    I-  9.9640797  . .  29»  47'-  9.6961130 

log.  .  .  248    .^.3944517 -^3944517 

ar.co.log.8in.  41  36-10.1778802 10.1778802 

sum »  2.5364116 2.2684449 

These  sums  correspond  to  the  logarithms  of  343.88 
and  185.54 ;  whence 

e- 343.88 
or 
185.54. 

4.  In  the  plane  triangle  ABC  the  following  parts  are 
given, 

a-4324 
6-6780 
C  -  105"  ^' 

it  is  required  from  these  data  to  determine  the  other 
parts  of  the  triangle. 

To  find  A  and  B. 

b  —  a  _tan.  I  {B--A{ 
b  +  a      tan.  |  {B  +  Aj 

Log. tan.  i  j  B — ^A}  =  log.  tan.  i  {B  +  A  j  +  log.  {b — a) + 

ar.  CO.  log.  {b  +  a) 

6780  180 

4324  105  42 

11104  b  +  a  2)74  18 

2456  b  —  a  32    9  f  (B  +  A) 
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Appen&c  to  Baetion  II. 
Exunplaa. 

log.  tan.  32»  y  =  9.7983160 

log.  2456  s  3.3902284 

ar.  00.  kg.         11104  =.  5.9545205 

tarn  s  log.  tan.  r  54'  51"  «  9.1430649 

2       . .  .22689  next  Icbb. 

B  -—  A  =  15  49  42        . .  .31959  next  greater. 
B  +  A  s  74  18  00  7960  1st  diff. 

2)90    7  42  9270  2d  diff. 

B  =  45    3  51  '?25-  ^ 

2)58  28  18  927       60 

As  29  14    9 

Pfvof. 
A  s   29  14    9 
B  «    45    3  51 
C  »  105  42  00 

180  00  00 

To  find  e. 

e  _tan.  C 
a '~  sin.  A 
log.  e  =s  log.  a  +  log.  sin.  C  +  ar.  co.  log.  an.  A 
log.  Bin.  74°  18.    9.9834872 
log.  4324  s    a6358857 

ar.calog.8in.29°14'9"- 103112195.  .31 12533  next  less 
sum.  «  log.  8523  «    a9305924     ♦ .  .0277  nextg'r. 

2256  diff. 

c  .  8523  9^       338 

60"2256 

5.  In  a  plane  triangle  ABC  the  three  ndes  are, 

a  =  4,  6.9,  eslO; 

required  the  three  angles. 
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To  find  A. 


sin.  J 


i\-^Aihs  —  b)as  —  e) 

be 


log.sin.  §  A  =  i  jlog.  (I  «  —  6  )  +  log.  (i  »  —  «)  + 

+  ar.  CO.  log.  b  +  ar.  co.  log.  c] 

«  ~    4                         log.  2.5  =  0.3979400 

b=    9                       log.  1.5  =  0.1760913  * 

c  =zm             ar.  CO.  log.  9  =  T.0457575 

2)23             ar.  co.  log.  10  =  2.9999999 

11-5  —  i  s  2)2.6197887 

2.5— ja  —  b  I  sum=»  1.3098943 

1.5 — I  9 — c  10 

log.  sin.  11»46'41.6"=  "9.3098943 

2_  94737  next  less. 

A  =  23  33  23.3  100798  next  gV. 

Istdiff.  4206     41.6 
2d  diff.  «)61  " "eO~ 

To  find  B. 

sin.  B       b 
sin.  A  ""  a 

log.  sin.  B  =  log.  rin.  A  +  log.  b  +  ar.  co.  log.  a 

log.8in.23033'23".3=9.6016828  6015703next  less, 

log.  9=0.9542425  6018600  next  ^r. 

2897  diff. 
ar.  ca  log.  4  =  1.3979400      23.3  _  1125 

'sum=:Io.8i.64«3'20"=  9.9538653       "60         2897 

448  next  less. 

9063  next  greater. 

1st  diff.  205  _  20 
2d  diff.  "615  ~  60 
2  Q 
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SECTION  III. 


BELATIONS  OF  THREE  DITERGENT  LINES. 

Equations  of  condition  fulfilled  by  three  lines  that  lie 
in  one  plane — relations  of  the  angles  formed  by  three 
divergent  lines — inclinations  of  the  planes  included  in 
the  relations  of  three  divergent  lines — when  one  of  these 
inclinations  is  a  right  angle — without  the  restriction  of 
the  last  article — notation  proper  to  three  divergent 
lines — opposite  solid  angles — use  of  opposite  solid  cm- 
gles  in  analysis — table  of  the  formulx  used  when  one 
solid  angle  is  90* — apply  to  the  case  wherein  a  plane 
angle  is  right — JSTapier^s  rules — three  par ts^  in  the  most 
general  case,  determine  the  remainder — efiumeration  of 
data — two  plane  angles  and  an  opposite  solid  angle— 
or  the  converse — two  plane  angles  and  the  included  solid 
angle — two  solid  angles  and  the  interjacent  plane  angle 
— another  solution  of  the  two  preceding  cases — three 
sides-^three  angles— properties  common  to  every  case  of 
three  divergent  lines— particular  relations  of  three  di- 
vergent lines — contiguous  cases^— appendix. 

139.  The  three  lines  whose  relations  are  investigated 
in  Sect.  I.  were  assumed  to  lie  in  a  common  plane^  and 
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Sect  III.    Relatioiu  of  three  diTergent  lines. 
Art  139.    EqoatioiM  of  condition  fulfilled  by  three  lines  that  lie  in  one  plane. 

as  in  the  next  article  we  shall  prove  this  condition  essen- 
tial to  the  equations  of  the  section  alluded  to^  the  latter 
may  be  regarded  as  equations  of  condition  fulfilled  by 
three  lines  that  lie  in  one  plane. 

Other  equations^  however,  that  are  deserving  of  no- 
tice^ express  the  same  condition. 

To  investigate  tbem^  draw  lines  parallel  to  the  given 
directions^  and  forming  a  closed  figure^  a  condition  al- 
ways possible  when  the  directions  lie  in  one  plane. 

The  third  form  of  theorem  9,  art.  112,  employed  ac- 
cording to  the  rules /of  art.  113^  but  with  some  alteration 
in  the  arrangement,  will  give, 

0  =  m  COS.  mm  +  m'  cos.  m  m'  +  m"  cos.  m  n»" 

0  =  m  COS.  mm*+  m'  cos.  m'm*  +  m"  cos.  m'm*' .  .  28 

0  =  m  cos.  mm"+  m'  cos.  fn'm"+  m"  cos.  m'*m"y 

Which^  regarding  the  sides  m^  m'  and  m"  as  the  un« 
known  quantities^  may  be  written  more  simply^ 

0  =  a'  m  +  j8'  m'  +  y  m" 

0  =  a'"m  +  ^"W  +  y'"m" 

Applying  the  method  of  elimination  of  Bezout,  a 
method  given  in  most  elementary  works  upon  algebra, 
the  values  of  m,  m*  and  m",  will  be  expressed  by  zero 
divided  by  a  constant  factor  D :  and,  consequently^  either 
the  sides  of  the  closed  figure  must  all  be  zerO;  or  we 
must  have  the  equation  of  condition  D=0. 

The  first  result  is  inconsistent  with  the  construction  ; 
which,  far  from  producing  a  figure  whose  sides  are  of 
infinitely  small  magnitude^  leaves  the  magnitude  of  the 
sides  altogether  arbitrary. 

The  equation  D=0  is^  therefore,  established ;  and, 
in  fact,  is  consistent  with  our  last  remark  respecting  the 
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magnitude  of  the  sides ;  since  the  symbol  -  which  then 

o 

appears  for  the  values  of  m^  m!  and  m"^  implies^  among 
its  other  significations,  an  indeterminate  quantity. 

Developing  the  value  of  D  by  Bezout's  rule,  the  equa- 
tion 

D  =  0 

becomes 

which,  substituting  for  the  several  letters  their  values, 
assumes  the  form 

(29) ...  1  —  cos.  mm!^ — cos.  mm!*^  —  cos.  m'm"*+2  cos. 

mm!  COS.  mm"  cos.  m'm"  ^  0. 

The  angles  in  this  equation  of  condition  are  those 
which  measure  the  mutual  inclination  of  the  sides ;  but 
we  may  write  it  under  a  form  that  applies  to  any  three 
angles  whose  sum  is  f . 

For  this  purpose  we  must  recal  some  of  the  results 
obtained  in  the  preceding  investigations. 

In  the  method  of  estimating  angles  assumed  in  the  first 
formula  of  art.  112,  we  showed  the  direction  of  the  last 
side  to  be  reversed. 

The  angles  so  measured  agreed  with  the  interior  an- 
gles of  the  figure. 

The  interior  angles  of  a  figure  of  three  sides  are  equal 
toi. 

Hence,  changing  the  sign  of  the  last  term  in  equation 
29,  to  allow  for  the  change  of  direction  above  mention- 
ed ;  and  taking  a,  b  and  c  to  represent  any  three  angles 
whose  sum  is  |,  the  equation  may  be  written, 
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(30)...l  =s  COS.  a*+cos.  6*+ cos.  c'+2  cos.  a  cos.  h  cos.  c. 


And  substituting  in  this  last  \ — a  for  a,  | — b  for  b^ 
} — c  for  c,  it  takes  the  form 

(31)...lBs8in.  a*4  sin.  b^+  sin.  e'-f2  sin.  a  sin.  b  sin.  c; 

which  expresses  the  condition  that  a+b+c^\. 

The  equations  29,  30  and  31,  less  frequently  used 
than  the  equations  of  Sect.  I.  are  yet  important ;  Car- 
NOT  has  founded  on  them  his  analysis  of  polygons  and 
polyedrons. 

140.  If  the  three  angles  are  not  in  one  plane^  they  do 
not  admit  of  an  equation  between  them ;  since  a  know- 
ledge of  two,  art.  85^  does  not  Suffice  to  determine  the 
third.  They  admits  however,  of  an  imperfect  relation^ 
i¥hich^  as  in  the  corresponding  case  of  three  lines  that 
form  a  closed  figure^  limits  any  one  to  be  less  than  the 
sum  of  the  other  two :  a  condition,  we  recollect,  that  as- 
sumes numerous  forms,  art.  135 — 2^  3,  4. 

For  applying  two  rectangular  pyramids       ^'^-  ^^• 
to  the  solid  angle  which  is  formed  by  the  a 

three  plane  angles  in  question,  the  bases  yjn 

of  the  pyramids  will  form  one  of  the  plane  /  / 1 1 

angles.  /      /  M 

But,  art.  61,  in  each  pyramid,  confin- a  4££i"'|^ 
ing  ourselves  to  the  angles  at  A,  the  acute         ^^""^J^ 
angle  of  the  base  is  less  than  the  acute  angle  of  the  ob* 
lique  face. 

Hence  the  angle  made  up  by  the  sums  of  the  bases  is 
less  than  the  sum.  of  the  other  two  angles. 

141.  But  although  no  definite  relation  exists  between 
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Art  141.    Inelinationa  of  the  planes  included  in  the  relations  of  three  direr- 
gent  linei. 

the  plane  angles  which  are  firmed  by  three  lines  diverg- 
ing from  a  point ;  the  directions  of  those  lines  do  still 
involve  relations ;  since  the  plane  angles  are  connected 
with  the  inclinations  of  the  planes  that  contain  them^  and 
with  the  solid  angle  they  include. 

If  the  lines  diverge  from  a  point  A,  they  may  be  con- 
sidered as  tending  towards  points  B^  C  and  D,  taken  at 
pleasure  in  their  directions ;  and  may  therefore  be  de- 
noted, art.  39,  by  the  letters  a,  d  and  a". 

The  symbols  for  the  planes  that  pass  through  a  and  a', 
a  and  d'^  and  d  and  d'y  will,  by  the  same  article,  be 

142.  In  the  first  case  that  we  shall  consider,  one  of 
three  angles  is  a  right  angle ;  and  as  a  rectangular  pyra- 
mid can  then  be  found,  that  shall  exactly  fill  the  solid 
angle  at  A,  the  relations  are  reduced  to  those  of  the 
types  of  solid  figures 

The  properties  of  that  type  give,  art.  61, 

COS.  ofl"  =  COS.  (ujI  cos.  dd^ 32. 

sin.  ad  s  sin.  aa!*  sin.  A^  A' 33. 

To  which  may  be  added , 

COS.  A,  A'  s:  sin.  A^  A  cos.  ad  ...  .  34. 

an  equation  that  we  shall  derive  in  art.  147. 

Referring  again  to  the  type,  and  supposing  BCD  situ- 
ated at  its  angle,  we  have 


c 

-  »  sin. 

d 

a'a" 

%  ^  cot. 
b 

A,  A' 

*  =  tan. 

ad 
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And  multiplying  together  the  two  last  equations,  and 
comparing  their  product  with  the  first,  we  obtain, 

sin.  da!'  =»  tan.  a'a  cot.  A^  A' 35. 

By  analogy,  we  have, 

sin.  cui  =3  tan.  a!a!'  cot.  A^  A, 
multiplying  which  into  the  equation  35,  and  recollecting 


that  tan. 


sm. 

COS. 


,  there  arises, 


COS.  aa!  cos.  a'a"  =  cot.  A,  A'  cot.  A,  A ; 
or,  from  equation  32, 

COS.  ad'  ==  cot.  A^  A'  cot.  A^  A  .  .  .  .  36. 
To  this  may  be  added, 

cos.  A^  A'  ==  cot.  aa"  tan.  dd' ;  ....  37. 
an  equation  readily  derived  from  what  has  been  here 
done,  but  which  we  shall  defer  investigating  until  the 
results  of  art.  143  and  145  have  been  established. 


Fig.  199. 


143.  Passing  from  the  relations  of  three  divergent 
lines  restricted  by  the  condition  of  the  preceding  article 
to  those,  of  three  divergent  lines  that  are  unrestricted  by 
any  condition ;  we  proceed  to  analyse  the  latter  case  by 
the  use  of  two  rectangular  pyramids. 

Retaining  the  notation  of  art.  141,  and 
analysing  the  relations  sought  by  means 
of  the  closed  figure  ACEDA,  fig.  198, 
we  have,  art.  112, 

.%      d  «  d'  cos.  d'd  +  d  cos.  d  a'; 

and  from  an  analysis  by  triangles 

d  ^  a  cos.  a  d 
d'^  a  cos.  d  a" 
d  ^V cos. A^ A' 
b'  —  a  sin.  a  d\ 

2r 


/ 
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Art  143.    Without  the  restriction  of  the  last  article. 

Whence^  by  substitution^ 
COS.  aa*  =3  cos,  oo"  cos.  a** a!  +  sio.  aa"  cos.  dd  cos.  A^A'. 

But  {dd)  _  J  —  («'«"),  and  cos.  dd  »  sin.  dcl'% 
whence^  inverting  the  order  of  the  terms^  the  formula  for 
COS.  cud  becomes, 

cos.  aa'=ssin.  ao"sin.aVcos.A^A'+cos.aa"cos.a"a'.  .  38. 

144.  When  the  number  of  divergent  lines  does  not 
exceed  three,  the  notation  we  have  generally  adopted 
is  less  convenient  than  a  notation  similar  to  that  used  in 
art.  128,  According  to  the  latter  me- 
thod of  expressing  the  relations  of  such 
lines,  the  angles  formed  by  the  divergent 
lines  are  named  a,  h  and  c ;  whilst  the 
capitals  A,  B  and  C,  are  used  to  express  ^^ 
the  solid  angles  formed  by  the  planes 
which  pass  through  the  divergent  lines. 

The  letter  A  denotes  the  solid  angle  opposite  to  a,  or 
the  solid  angle  formed  by  the  inclination  of  the  planes 
in  which  a  does  not  lie  \  and  a  similar  remark  applies  to 
the  other  letters. 

The  equation  38,  expressed  by  this  notation,  will  be 

COS.  a  a  sin.  h  sin.  c  cos.  A  +  cos.  h  cos.  c. 

And .  as  the  reasoning  applied  to  the  solid  angle  A, 
and  the  parts  related  to  it,  applies  equally  to  either  of 
the  other  angles  and  their  corresponding  parts,  we  must 
have,  by  analogy,  the  equations 

COS.  a  ^  sin.  h  sin.  c  cos.  A  -f-  cos.  6  cos.  c 

cos.  h  s  sin.  a  sin.  c  cos.  B  +  cos.  a  cos.  c 39. 

cos.  0  *=  sin.  a  sin.  h  cos.  C  +  cos.  a  cos.  h 
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Sect  in.    Relations  of  three  diver^nt  lines. 
Art.  144.    Notation  proper  to  three  divergent  lines. 

which  include  all  the  relations  of  three  divergent  lines ; 
and  correspond  with  the  equations  1^  art.  51,  deduced 
for  three  lines  that  form  a  closed  figure. 

145.  Some^  however,  of  the  relations  implied  in  the 
equations  39  cannot  without  a  tedious  elimination  be  de- 
veloped from  them ;  whilst  they  admit  a  far  more  com- 
modious investigation  by  means  of  a  solid  angle  that  has 
remarkable  relations  with  the  angle  we  are  considering. 

The  latter,  we  recollect^  is  the  solid  angle  formed  at 
0;  fig.  200^  by  the  plane  angles  a,  b^  c,  that  are  contained 
in  planes  whose  inclinations  have  been  denoted  by  capital 
letters  of  the  same  name. 

Now  retaining  a  similar  notation  for  the  new  solid^  but 
distinguishing  by  accents  the  letters  referring  to  the 
latter  from  those  referring  to  the  solid  angle  at  0 ;  the 
former  solid  is  that  wherein 

a'  =  i  —  A,  6'  «  i  —  B,  c'  «  i  —  C  •  .  .  .  40. 

The  demonstration  in  art.  85  and  40,  proving  that  any 
three  plane  angles,  two  of  which  are  greater  than  the  thirds 
are  capable  of  containing  a  solid  angle,  sufiiciently  es- 
tablishes the  possibility  of  finding  a  solid  whose  parts 
shall  fulfil  the  equations  40 ;  and  when  these  are  fulfilled 
we  shall  prove  that 

A'  «  i  —  fl,  B'  «  i  —  ft,  C  =  i  —  c  .  .  •  •41. 

The  solid  angle  connected  with  that  at  0  by  these 
simple  relationa  has  been  called  the  supplemental,  or  the 
polar  angle  of  the  latter ;  but  these  terms,  which  have 
their  origin  in  different  views  of  the  subject,  are  little 
adapted  to  the  method  of  investigation  that  we  have  fol- 
lowed; the  latter  term  would  here  be  altogether  without 
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Art.  145.    Opposite  solid  angles. 

meanings  and  the  former  is  deficient  in  accuracy;  the 
parts  of  the  two  solids  are  indeed  supplementary,  but 
not  so  the  solids  themselves^  which  added  together  do 
not  produce  a  constant  siitn. 

The  term  opposite  solid  angles  seems  least  objection- 
able, and,  although  not  free  from  ambiguity^  will  per- 
haps suflSiciently  indicate  the  angles  whose  connection  we 
have  now  to  analyse. 

Assume  any  point  0'  opposed  to  the  angle  at  0^  and 
draw  from  0'  perpendiculars  O'A',  O'B'       ^ifir-  201. 
and  O'C'^  to  the  three  planes  which  con- 
tain the  given  solid  angle. 

The  solid  angles  at  0  and  0'^  which 
are  respectively  contained  by  the  three 
lines  diverging  from  those  points^  are  3^ 
^^  opposite  angles^^'  and  fulfil  the  equa- 
tions 40  and  41. 

To  demonstrate  this  assertion  we  need  only  remark  that 
from  art.  63 — ^3,  the  plane  which  passes  through  O'A', 
O'B'  will  be  at  right  angles  to  each  of  the  planes  to  which 
these  lines  are  perpendiculars,  and  consequently  to  their 
common  intersection ;  for  as  a  similar  remark  applies  to 
the  plane  that  passes  through  the  perpendiculars  O'B' 
and  O'C,  it  will  follow  that  OCB'  and  OAB'  are  right 
angles,  and  consequently,  that  AB'C  is  the  supplement 
of  AOC,  or  that 

B'  =  180  —  b* 

The  perfect  identity  of  the  construction  with  respect 
to  the  planes  of  a,  b  and  c  will  render  whatever  is  proved 
for  one  of  these  angles,  applicable  to  the  others ;  and 
hence  we  derive  the  equations 

*  See  the  notation  of  the  preceding  page. 
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A'  =  180  —  a 
C  «  180  —  c 

which  are  equivalent  to  41. 

But  since  O'B'  and  O'C  are  perpendiculars  to  the' 
planes  whereon  they  fall^  the  angles  at  B'  and  C  are 
right  angles,  and  B'O'C  is  the  supplement  of  B'AC. 
This  result^  expressed  by  the  notation  we  have  adopted^ 
gives 

a'  =  180  —  A 

whence,  from  the  identity  observed  in  the  construction, 
we  derive 

6'  «  180  —  B 
c'  =  180  —  C. 

The  demonstration  here  given  of  the  equations  40  and 
41  may  be  derived  more  immediately  from  a  subsequent 
article ;  but  the  reasoning  will  not  be  understood  until 
the  intermediate  analysis  has  been  read,  and  should 
therefore  be  omitted  until  the  student  has  made  the 
necessary  progress. 

The  demonstration  alluded  to  is  as  follows : 

By  the  subsequent  article  above  mentioned,  perpendi- 
culars to  planes  include  angles  equal  to  those  at  which 
the  planes  are  inclined. 

If,  therefore,  a,  b  and  c  are  plane  angles,  the  lines  pf 
p  and  j&"  respectively  perpendicular  to  the  planes  of  a, 
h  and  c,  will  include  angles  equal  to  the  inclinations  of 
those  planes. 

But,  reciprocally,  the  lines  that  form  the  angles  a,  h 
and  e  are  perpendicular  to  the  planes  passing  through  p 
voApyp  andjJ",  and j&' j&" ;  and  must  form  angles  equal 
to  the  inclinations  of  the  latter. 

^^If,  then,  three  lines  are  the  edges  of  a  solid  angle, 


SS4   PART  III.   ANALYSIS  OF  PARTICULAR  PROBLEMS. 

Chap  I.     PetAiIed  analyiis  of  the  reUtiona  of  direction ;  end  of  the  n- 
latione  pecaliar  to  three,  to  fonr,  and  to  a  greater  number  of  points. 

Art.  145.    Opposite  aolid  angles. 

the  perpendiculars  to  the  planes  in  which  they  lie  will 
be  the  edges  of  a  second  solid  angle,  so  related  to  the 
first,  that  a  plane  angle  in  the  one  solid  will  be  an  in- 
clination of  two  planes  in  the  other." 

But*  the  inclinations  of  planes  that  form  a  solid  angle 
are  measured  in  the  same  order  and  direc- 
tions as  the  inclinations  of  the  sides  of  a 
closed  figure :  the  inclinations  of  the  planes 
that  form  the  angle  at  0,  for  example, 
being  measured  in  the  order  and  direc- 
tions of  the  inclinations  of  the  Ades  which 
form  the  closed  figure  CBA :  hence,  by  the  subsequent 
article  referred  to,  the  angles  of  which  we  have  spoken, 
are  not  the  interior  angles  of  the  solid,  but  their  supple- 
ments :  and  when  the  interior  angles  are  used,  the  rela- 
tions of  the  two  solid  angles  above  mentioned,  will  be 
changed, and  the  proposition  will  be  expressed  as  follows: 

^<  If  three  lines  are  the  edges  of  a  solid  angle,  the  per- 
pendiculars to  the  planes  in  which  they  lie  will  be  the 
edges  of  a  second  solid  angle,  so  related  to  the  first,  that 
a  plane  angle  in  the  one  solid  will  be  the  supplement  of 
an  inclination  of  two  planes  in  the  other.'' 

Which  agrees  with  the  proposition  of  page  332. 

From  inspecting  the  equations  40  and  41,  as  well  as 
from  the  demonstrations  of  them  since  given,  it  will  be 
seen  that  of  two  solid  angles  A  and  B,  if  B  is  the  ^^  op- 
posite angle"  to  A,  reciprocally  A  is  the  opposite  angle 
toB. 

Every  solid  angle  is  therefore  an  ^^  opposite  angle"  to 
some  other ;  and,  hence,  whatever  be  proved  true  of  all 
^^  opposite  solid  angles,"  must  be  true  of  all  solid  angles 
whatever. 

*  See  note  7. 
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146.  These  proper^e^'wilf  readily  enable  us  to  trans- 
form the  equations  39  5  for  writing 

a=i  — A',  6  =  i  — B',   c'=|-C' 

substituting  these  values  in  the  equations  39,  and^  finally^ 
omitting  the  accents^  those  equations  become 

cos.  A  a  sin.  B  sin.  C  cos.  a  —  cos.  B  cos.  C 

COS.  B  k:  sin.  Asin.  C  cos.  b  —  cos.  Acos.  C  .  •  *4St 

cos.  C  ta>  sin.  A  sdn.  B  cos.  c  —  cos.  A  cos.  B. 

147.  The  equations  of  art.  142^  if  written  acoording 
to  the  notation  we  have  tiince  employed,  will  be 

32^ cos.  c  a  cos.  h  coa.  a 

33^ sin.  h  «»  sin.  e  sin.  B 

34* cos.  B  a  sin.  A  cos.  5 

35* sin.  a  »  tan.  h  cot.  B 

36*  . COS.  c  =a  cot  B  cot.  A 

37* cos.  B  »  cot.  c  tan.  a. 

« 

These  equations  were  demonstrated  in  the  article  al- 
luded to^  with  the  exception  of  the  third  and  last; 
ip^hich  follow,  however,  from  the  sets  of  e^ations  39  and 
43. 

For  the  value  of  cos.  B  given  in  the  iast  set^  redueea, 
"When  ^  is  substituted  for  C^  to  the  value  given  in  the 
expression  34*,  and  if  the  same  substitution  is  made  m 
the  last  equation  of  39,  it  becomes  .     v 

«  ■ 

cos.  c,sa  COS.  a  cos.  by 
and  since  from  33*  we  deduce,  by  analogy, 


•^  ^      sin.  a  . 
sm.  Csa-: — -T  ; 

sin.  A 


4o  R  ^^ 


t  • 
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Art  147.    Table  of  the  iormulia  Qs^i  when  one  M>lid'ang[le  is' 90^. 

there  will  arise,  dividing  the  first  of  these  results  by  the 
second,  f 

cot.  c  £=s  cot.  a  CQ&  &  situ  A : 

Now,  from  the  equation  34*, 

COS.  b  sin.  A  s  cos.  B : 

hence, 

cot.  c  8SI  cot.  a  COS.  B, 

or, 

COS.  B  =>  cot.  €  tan.  a ; 

which  is  the  theorem  to  be  demonstrated. 

14&  These  formulae,  which  we  have  deduced  for  the 
case  wherein  one  of  the  solid  angles  is  a  right  angle,  will 
aho  apply  where  a  plane  angle  is  right;  or,  in  other  words, 
when  two  of  tlie  divergent  lines  are  inclined  to  each 
other  at  an  angle  of  90^ ;  as  will  appear  evident  by  em- 
ploying the  sub-contrary  angle.  For  since  the  solid 
angles  of  the  latter  are  supplementary  to  the  plane  angles 

.  of  the  solid  whose  properties  we  are  investigating,  it  will 
follow,  that  a  solid  right  angle  in  one  corresponds  to  a 

jriane  angle  in  the  other. 
Assuming,  for  example, 

A,  B,  C,  and  a,  6,  90 

to  he  the  angles  of  the  primitive  solid,  we  shall  have 

.  /A'  =  180  —  fi,  B'  p»  180  —  6,  C  *«  90 
.  .^      «'«  180— A,  &'=:  180— .B,\?'=sl80  — C, 

for  those  of  its  sub-contrary. 

And  as  the  expressions  here  given  for  changing  the 
parta  of  the  primitive  into  those  of  the  sub-contrary  do 
not  alter  the  values  of  the  trigonometrical  ratios  of  the 


^  « 
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Art  148.    Apply  to  the  case  wherein  one  plane  angle  is  right. 

formuln  wherein  they  are  substituted^  the  equations  of 
the  preceding  article  will  equally  apply  to  a  subcon- 
trary  with  a  *' solid,"  or  a  primitive  with  a  **plane^^ 
right  angle ;  in  other  words^  they  will  apply  whether 
the  right  angle  is  plane  or  solid.  It  must  be  borne  in 
mind^  however^  that  although  the  substitution  in  question 
does  not  alter  the  values  of  the  ratios^  it  frequently  alters 
their  signs^  and  the  result  must  be  written  accordingly. 

149«  The  extent  and  frequent  use  of  the  formuls,  ren- 
der it  important  to  retain  them  in  the  memory^  and  as 
this  cannot,  under  their  present  form^  be  accomplished 
without  undue  exertion  of  that  faculty^  it  is  customary 
to  employ  an  arrangement,  founded  not  on  the  nature  of 
the  subject,  but  on  the  laws  of  suggestion. 

The  following  rules^  altered  from  those  given  by  the 
celebrated  inventor  of  logarithms,  are  very  convenient 
for  this  purpose. 

Arrange  the  six  parts^  ^^'  3^^- 

A^  c,  B^  Oy  G,  b 

in  the  order  which  they  occupy  when 
regarded  as  relations  of  the  closed  figure  o^ 
ABC. 

Omit  the  part  which  is  ninety^  and  any  one  of  the 
parts  remaining  will^  then,  have  two  that  are  adjacent^ 
and  two  that  are  opposite  to  it. 

This  done^  and  provided  that  we  substitute ,  the  com- 
plements of  the  parts  opposite  to  the  90^  instead  of  the 
parts  themselves^  the  formulae  of  art.  147  will  all  be  in- 
cluded in  the  following 

RULE. 

Assuming  either  of  the  five  relations  as  a  middle  part^ 

2s 
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the  sine  of  the  middle  part  will  be  equal  to  the  product 
of  the  cosines  of  the  oppasiUy  or  the  tangents  of  the  adja- 
cent parts. 

150.  The  equations  39  containing  all  the  relations  of 
three  divergent  lines,  reduce  the  investigation  to  an 
algebraic  process  of  elimination ;  and  the  subsequent  part 
of  the  inquiry  will  therefore  resemble  the  course  pur- 
sued with  regard  to  three  lines  which  form  a  closed 
figtire ;  but  as  the  form  of  the  equations  is  not  the  same 
as  that  of  the  equations  1,  we  must  have  recourse  to 
other  processes  to  disengage  the  parts  sought^  and  to 
express  them  in  terms  of  those  parts  which  are  ^ven. 

In  the  case  before,  as  in  that  alluded  to,  the  number 
of  relations  is  six,  and  we  must  therefore  have  three 
things  given  to  determine  the  remainder. 

The  data;  however,  are  not  subject  to  the  restriction 
which  limited  the  given  parts  in  the  former  problem, 
any  three  of  the  six  things  being  data  sufficient  to  render 
the  problem  determinate. 

This  fact  may  be  sufficiently  seen  from  the  form  of  the 
equations  39  and  42,  which  is  such  that,  except  for  par- 
ticular values  of  the  parts^  neither  the  numerator  nor 
denominator  of  the  fraction  given  by  Bezout's  rule,  will 
be  equal  to  zero. 

The  analogy  between  the  case  we  are  considering  and 
that  of  art.  51,  will  be  seen  in  other  particulars;  and,  as 
in  that  case,  we  must  conduct  our  eliminations  with  an 
especial  view  to  the  form  of  the  result,  which,  unless  it  is 
either  monomial  or  consists  of  factors  of  the  first  degree, 
will  not  permit  the  use  of  logarithms.  The  expressions 
we  have  deduced  for  the  partial  cases  already  considered^ 
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are  of  this  form ;  and  it  now  remains  for  us  to  deduce^  in 
the  most  general  case  of  three  divergent  lines^  values  for 
each  of  the  parts^  that  shall  fulfil  the  two  conditions  to 
which  we  have  alluded ,  namely^  that  shall  be  expressed 
in  terms  of  three  other  parts,  and  that  shall  either  be 
monomial*  or  divisible  into  factors  of  the  first  degree. 

A  very  simple  analysis,  by  auxiliary  elements,  will 
enable  us  to  avoid  a  tedious  elimination  from  the  equa* 
tions  in  question,  and  lead  to  a  result  having  the  required 
form. 

This  analysis  consists  in  equating 
the  values  of  BE,  a  common  side  of 
the  two  rectangular  pyramids  em- 
ployed in  establishing  the  equations 
39. 

Denoting  this  common  side  by  p^ 
we  should  have,  by  applying  equation 
33*  to  one  of  the  pyramids, 

sin.  p  «■  sin.  c  sin,  A ; 
and  by  applying  it  to  the  other, 
sm.p  SB  sin.  a  sin.  C: 
whence,  equating  their  values,  and  di- 
viding both  sides  by  sin.  c  sin.  C,  there 
arises, 

sin.  A 


sm.  a 


sin.  c     sm. 


C* 


The  results  deduced  for  the  sides  a  and  c  will  evi- 
dently apply  to  any  other  sides,  and  thus  we  conclude 
generally,  that, 

The  ratio  of  the  sines  of  two  sides  is  equal  to  the  ratio 
of  the  sines  of  two  angles  of  the  same  name. 

A  result  expressed  by  the  equations 
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Art.  151.    Enumeration  of  data. 

sin.  a  sin.  A 
sin.  b  ^  sin.  B 

sin.  a     sin.  A  .^ 

sm.  e  sm.  C 
sin.  h  _  sin.  B 
sin.  c     sin.  C 

151.  The  combinations^  three  and  three^  that  can 
be  made  of  the  six  relatives  of  three  divergent  lines^ 
will  express  the  different  forms  under  which  the  data 
may  appear ;  but  as  some  of  the  cases  may  be  solved  by 
analogy  from  others,  it  is  only  necessary  to  consider  cer- 
tain of  the  combinations  as  distinct:  they  are  conve- 
niently arranged  as  follows : 

DATA. 

1.  Two  plane  angles^  and  a  solid  angle  opposite  to  one 
of  them. 

^.  Two  soHd  angles^  and  a  plane  angle  opposite  to  one 
of  them. 

3.  Two  plane  angles,  and  a  solid  angle  included  be- 
tween them. 

4.  Two  solid  angles,  and  a  plane  angle  adjacent  to 
both. 

5.  Thrte  plane  angles. 

6.  Three  solid  angles. 

152.  As  the  equations  43  suffice  for  the  solution  of  the 
two  first  of  these  cases^  we  may  proceed  to  condder  the 
third. 

The  equations  39^  were  they  under  a  form  Uiat 
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permitted  the  ready  applicatioil  of  logarithms^  would 

ft  ' 

render  unnecessary  any  further  investigation  of  the  case 
iu  question  ;  but  as  these  expressions  are  not  adapted  to 
that  species  of  calculation^  it  will  be  necessary  to  re- 
place them  by  others  that  are  the  products  of  factors  of 
the  first  degree. 

The  reduction  is  too  long  to  permit  a  detailed  expla- 
nation of  the  viev)%  which  guide  the  analysist  in  the  suc- 
cessive steps^  but  the  process  itself  will  be  readily  un- 
derstood. 

Substituting  for  cos.  Cy  in  the  first  of  the  equations  39^ 
its  value  obtained  from  the  last^  there  arises^ 

cos.  a  =  cos.  A  sin.  h  sin.  c .+  sin.  a  sin.  h  cos.  h  cos.  C 

-f  cos.  a  cos.  V ; 
or,  transposing^  substituting  for  1  —  cos.  h^  its  value 
sin.  6%  and  dividing  by  sin.  hj 

cos.  A  sin.  e  a  cos.  a  sin.  h —  sin.  a  cos.  h  cos.  C* 

This  equation  gives^  by  analogy^ 

cos.  B  sin.  e  »  cos.  h  sin.  a  —  sin.  d  cos.  a  cos.  C, 

And  adding  the  two  together^  and  substituting  for 
sin.  a  cos  i  -f.  cos.  a  sin.  h  its  value  sin.  (a  -f  h) 

I  COS.  A  +  cos.  B I  sin.  c  =s  {1  —  cos.  0}  sin.  (a  -f  i)  •  •  a 

But  we  have,  art.  150, 

sin.  A  _^  sin.  a 
sin.  C  ""  sin.  c 

sin.  B      sin.  h 
sin.  G      sin.  e 

and,    adding  and  subtracting  these  equations^  there 

results^ 

{sin.  A  +  dn.  B|  sin.  e  =s  sin.  C  {sin.  a  +  sin.  6} 
{sin.  A — sin.  B}  sin.  c  =  sin.  C  {sin.  a — sin.  h\ 
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whicb^  divided  by  the  equation  aj  produce 

sin.  A  +  sin.  B  _     sin.  C  sin,  a  +  sin,  b  q 

cos.  A  4-  COS.  B  ""  1  —  cos.  C  '  8in.(a  +        *)  '  ' 

sin.  A  —  sin.  B  _     An.  C  sin,  a  —  sin,  h 

COS.  A  +  COS.  B  ""  1  —  cos.  c  *  sin. (a  +         *)     * 

But  referring  to  the  table  of  trigonometrical  formute; 
art.  126^  we  observe  that^ 

^HL£±£Hl4==tan.  i(a+6) 
COS.  a  +  cos.  b 

sin,  a  +  sin,  b  ^  cos.  \  {a  —  b) 
8in.(a  +       b)      cos.  i[a  +  b) 

sin,  a  —  sin,  b  ^  sin,  j  {a — b) 
sin.  {a  +      b)  ""  sin.  i  (a  +  b) 

sin.  a  ^^4.   1  ^ 
=  cot.  i  a 

1  — COS.  a 

Where  the  angles  a  and  b  are  taken  at  pleasure,  and 
have  no  relations  to  the  angles  of  the  same  name  in  the 
particular  problem  we  are  considering:  making  them 
successively  to  coincide  with  these,  and  with  the  angles 
A;  B  and  C,  tlie  equations  ^  and  y  reduce  to 

tan.  HA  +  B)  =  ^^'  f  {"^"^j  cot,  j  C  .  .  44 

cos.  i  {a  +  b) 

tan.  i  (A  — B)  =  T'  !l^~?jcot.  i  C  .  .   45 

'      sin.  i  {a+  6) 

expressions  that  are  well  adapted  to  logarithms^  and 
which  enable  us,  when  two  plane  angles  and  the  includ- 
ed solid  angle  are  known,  to  determine  both  the  sum 
and  the  difference  of  the  remaining  solid  angles,  and 
thence  the  angles  themselves. 

153.  In  the  solid  angle  which  is  opposite  to  that  we 
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have  been  considering,  there  will  be  given  two  solid 
angles^  and  a  plane  angle  inteijacent  to  them  ;  but  sub- 
stituting in  the  preceding  formulae,  i  —  a'  for  A,  i  —  V 
for  B^  &c.  and  neglecting  the  accents,  these  expressions 
become, 

—tan.  i  (a  +  6)  =  ^^' t  S^tSJ  tan.  i  c  ...  46 

cos.  4  (A  +  B) 

—tan.  h  {a—b)  =  ^°'f  f^TS?  tan.  i  c  ...  47 

^      sin.  i  (A  +  B) 

which  enable  us  to  determine  the  remaining  plane  an- 
gles. 

154.  Although  the  formula  of  the  two  preceding  ar- 
ticles are  perhaps  the  most  convenient  that  can  be  used 
in  solving  the  thirdand  fourth  cases  of  art.  151^  we 
ought  not,  when  estimating  their  practical  utility^  to 
lose  sight  of  the  length  of  the  investigation :  rules  that 
are  to  be  employed  in  particular  cases  should  be  readily 
deduced  from  those  general  principles  of  analy^s  that 
apply  to  all  cases^  and  which  owe  their  chief  value  to 
the  relief  they  afford  the  memory. 

Estimated  in  this  point  of  view^  our  analysis,  by  aux- 
iliary elements^  will  appear  superior  to  those  which 
have  occupied  us  in  the  articles  alluded  ta 

Employing  the  same      ^'«  ^   ^  '^^  ^• 

figure^    and     assuming 
the  ^ven  parte  to  be 
the  solid  angle  A,  and 
the  plane  angles  b  and  q^-^--^-^     ^ 
c,  we  have  in  the  rect-  _ 

angular*pyramid  which  contains  the  angle  A,  two  parte 
given  ;  whence^  by  the  known  properties  of  that  solid^ 
all  the  remaining  relations  of  it  can  be  found. 
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The  angles  at  the  bases  of  these  two  pyramids^  as  they 
are  merely  segments  of  the  angle  &,  are  not  contidned  in 
the  system  of  notation  which  we  have  adopted^  art.  144, 
for  the  whole  triangle ;  we  will  express  them  by  s  and 
s'y  and  representi  as  before^  the  perpendicular  C£  by  p. 

The  equation  37*  will  give 

cos.  A  =  cot  c  tan.  s ; 

whenQ^^ 

tan.  s  s  COS.  A  tan.  ^ :  ....  48 

From  this  expression  the  value  ots  is  readily  determined^ 
and  thence  we  deduce  the  value  of  ^  by  the  equation 

«'  =  6  —  « 49 

Again^  from  the  same  pyramid,  we  have,  32*^ 

cos.  C  =  COS.  p  C0&  s. 

And  in  the  remaining  pyramid, 

COS.  a  =z  COS.  p  COS.  a' 
And  dividing  the  last  equation  by  the  last  but  one, 

COS.  a    COS.  s'  f^ 

COS.  C     COS.    s 

an  expression  that  enables  us  to  determine  the  value  of 
the  unknown  angle  a,  and  thence  by  the  cases  1  and  2, 
art  151 9  the  remiuning  parts  sought. 

The  analysis  here  employed  follows  so  immediately 
from  the  general  principles  of  the  science^  that  should 
the  result  be  forgotten  it  is  easy  for  any  one  who  has 
fully  comprehended  the  principles  of  geometrical  inves- 
.  tigatioui  to  rediscover  it  for  himself ;  the  equation  48 
is,  indeed;  merely  a  particular  application  of  the  formu- 
la for  the  rectangular  pyramid ;  and  the  equation  50  is 
too  simple  to  escape  the  memory ;  it  may  be  expressed 
as  the  following  rule : 
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If  a  solid  angle  formed  by  three  divergent  lines  is 
divided  into  two  rectangular  pyramids,  the  ratio  of  the 
cosines  of  the  undivided  angles  is  equal  to  the  ratio 
of  the  cosines  of  the  adjacent  bases. 

When  this  analysis  of  the  third  case  is  employed^  the 
method  of  deducing  the  solution  of  the  fourth  case,  pro* 
ceeds^  as  in  art.  153,  upon  the  use  of  the  subcontrary 
solid  angle  :  as  the  equation  50^  however^  contains  parts 
that  are  foreign  to  the  relations  of  three  divergent  lines, 
we  have  no  assurance^  from  what  has  hithierto  been  de- 
monstrated^ that  the  relations  of  the  subcontrary  angle 
can  be  applied  to  them ;  and  hence,  in  place  of  substi- 
tuting in  these  equations^  as  in  the  equations  44  and  45, 
the  supplements  of  the  several  parts,  it  is  necessary  to 
proceed  upon  a  more  certain  foundation ;  and  by  means 
of  the  equations 


a=i  — A',  b=i  — B',  c=i  — C,  A=i— a',  B=i— 6', 

C=J— c' (a) 

transform  the  solid  investigated  into  its  subcontrary 
solid. 

The  parts  given  in  the  latter  will  then  fall  under  the 
case  (3)  already  solved  ;  and  determining  by  tha^  case 
the  remaining  parts  of  the  Subcontrary  solid  angle,  we 
can,  from  these,  by  means  of  the  equations  a,  deduce 
the  relations  sought. 

Or  dividing  one  of  the  known  solid  af/gles^  C^  by  a 
perpendicular  drawn  to  the  opposite  plane  angle^  c,  and 
calling  the  segments  of  the  former  (the  solid  angle)  S 
and  S',  we  can  derive,  by  an  analysis  in  every  respect 
similar  to  the  preceding,  the  equations^ 
2t 
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cot.  S  =  COS.  a  tan.  B 

S'=C— S 
COS.  A  __  sin.  S' 
COS.  B  ""  sin.  S 

155.  The  first  of  the  equations^  39^  gives, 
^_    A      ^^^'  ^  —  ^*^*  *  ^^*  ^  o 

cos.  A  ^  ; 1 — ,  •  P 

sin.  o  sin.  e 

an  expi'ession  that  must  be  reduced  to  factors  in  order 
to  solve  the  fifth  case,  art.  151. 

The  denominator  is  already  composed  of  simple  fac- 
tors,  and  it  only  remains,  therefore,  to  bring  the  nume- 
rator to  the  same  form. 

Examining  the  table,  art.  126,  we  observe  the  sums 
and  differences  of  the  cosines  to  be  among  the  simplest 
quantities  of  that  kind  which  can  be  expressed  in  factors. 

Now  the  expression, 

cos.  a  —  COS.  b  COS.  e 
consists  of  a  compound  quantity  subtracted  from  a  cosine  ; 
and  if,  therefore^  we  can  in  any  way  substitute  for  the 
second^  or  compound  term^  the  cosine  of  a  single  angle, 
the  expression  we  are  considering  will  taice  the  form 
desired. 

But  the  second  term^ 

cos.  b  cos.  c 
taken  in  conjunction  with  the  denominator  of  the  frac- 
tion |9,  will  be  expressed  as  a -cosine  of  a  single  angle^ 
since 

COS.  b  cos.  c  +  sin.  b  sin.  c  «■  cos.  {b  —  c). 

The  first  step  in  the  inquiry^  then^  is  to  bring  the  de- 
nominator of  the  fraction  a  into  the  numerator;  that  we 
may  combine  it  with  the  term  cos.  b  cos.  c. 
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This  may  be  accomplished  either  by  adding  or  sub- 
tracting unity  to  both  sides  of  the  equation :  let  us 
choose  the  latter;  there  will  arise,  by  changing  the 
Mgns, 

1  A      1      COS.  a — cos.  b  cos.  e 

1  —  cos*  A  tea  1  — — ; jf — I 

Sin.  b  sin.  c 

l-cos.A-^^^-^^-"l"^^^'^ 

sin.  b  sm.  c 

But  taking  any  two  angles^  m  and  n,  the  formute  of 
the  table  give 

COS.  m  —  COS.  n  ■■  2  sin.  i{fn  +  n)  sin.  J  (m  —  n) 

iwhichy  making  m  »  6  —  c,  and  n  s  a>  transforms  our 
last  equation  into 

-■        «««   A       2  sin.  i  [a  +  b  —  c)  sin.  i(a+c — b) 

sin.  b  sin.  c 

The  right  hand  member  is  now  under  the  form  required, 
but  that  on  the  left  hand  is  not  adapted  to  the  use  of 
logarithms.  Referring,  however^  to  the  table  of  trigo- 
nometric formulae  of  which  such  frequent  use  has  been 
made  in  the  preceding  pages,  we  observe,  that 

1  —  COS.  A  n  2  sin.  i  A* 

and  adopting  this  substitution,  the  equation  we  are  con- 
sidering becomes 

sin.  J  A*  -  s^P'  i (g  +  6  — c)  sin.  i{a  +  c  —  b) 

sin.  6  sin.  c 

an  expression  that  would  serve  all  the  purposes  of  calcu- 
lation. 

It  admits,  however^  of  some  further  reduction ;  for 
since 

i  \a+  c  —  b]  ^  i  {a+  b+  c]  —  b 
and 

i  [a  +  b^r]  =:i\a+b  +  c}—c 
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Chap.  I.    Detailed  awdyiis  of  the  nIatioiiB  of  direction ;  and  of  the  re- 
lations peculiar  to  three,  to  four,  and  to  a  greater  number  of  points. 

Art.  155.    The  three  sides.     Art.  156.    The  three  angles. 

by  putting  a  +  b  +  c  ="  $,  we  shall  finally  obtain 

sin.  4  A  ==  V  5  ?l5:iii:=4«5LlijlZl£.U  .  .  .  51 

I  Sin.  6  sm.  c  ) 

an  expression  very  analogous  to  the  equation  (27)  ob- 
tained for  the  similar  case  in  plane  trigonometry. 

When,  by  means  of  this  formula^  one  of  .the  solid  an- 
gles has  been  found,  the  remainder  of  the  oomputation 
will  be  c6mpleted^  from  the  equations  43 ;  and  we  may, 
therefore,  now  proceed  to  consider  the  last  case  enume- 
rated in  art.  151.    - 

156.  But  the  use  of  the  subcontrary  solid  angle  rea- 
ders a  detailed  investigation  of  this  case  unnecessary ; 
siace,  substituting  for  a,  b  and  c  their  values, 

reducing,  and  afterwards  omitting  the  accents,  the  ex- 
pression 51  becoaies, 

'  (  sin.  B  sin,  C.  ) 

where  S  expresses  the  sum  of  the  three  solid  angles,  A^  B 
and  C. 

The  value  of  a  obtained  from  the  equation  52,  the  re- 
mainder of  the  computation  is  completed  as  in  the  pre- 
ceding article. 

157.  The  formulae  51  and  52,  althou^  affected  with 
the  double  sign  common  to  all  irrational  quantities,  will 
present  no  ambiguity;  for  as  the  value  of  half  an  angle 
canr^ot  be  greater  than  |,  we  are  always,,  when  using 
these  formulsB,  to  make  choice  of  the  angle  found  in  the 
tables. 


cos. 
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The  same  remark>  however^  does  not  apply  to  the 
solutions  obtained  from  the  formulae  43, 44^  or  46,  whioh, 
as  in  the  similar  cases  of  plane  trigonometry^  admit  a 
choice  between  the  angle  of  the  table  andits  supplement : 
indeed;  for  a  reason  that  will  hereafter  be  noticed^  the 
analogy  is  so  perfect^  that  we  may  apply^  in  both  caseS; 
the  same  method  of  investigation,  and^  therefore^  remove 
the  ambiguity  to  which  allusion  is  made^  by  having  re-  . 
course  to  those  properties  of  three  divergent  iines^  that 
are  found  in  every  problem  concerning  the  latter. 


PROPERTIES  COMMOK  TO  EVERY  CASE  OF  THREE  DIVER- 
GENT LINES. 

1.  The  sum  of  any  two  of  the  plane  angles  is  greater 
than  the  third. 

The  demonstration  of  this  property  has  been  given  in 
art.  140,  and  there  follows  from  it^  as.  in  art.  135^  that 
any  side 

^         2 
and^ 

a  +  b  +  c 

^        4 

2.  The  sum  of  the  three  plane  angles  is  less  than  unity. 
For,  by  producing  the  lines  that  contain  the  anglei  a 

and  bf  we  form  a  secomd  solid  angle^  which  is  contained 
by  the  angles  |  —  a,  |  —  A,  and  c ;  and  as  any  two  of 
these  are  greater  than  the  thirds  we  have^ 
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Chap.  I.    Detailed  analyeui  of  the  relations  of  dixeetion ;  and  of  the  re* 
lationa  pecoliar  to  thieoi  to  four,  and  to  a  greater  number  of  points. 

Art.  157.    Properties  common  to  erery  case  of  three  divergent  lines, 

(a  +  6)  +  (f  —  a)  +  (i— 6)>a+6  +  c, 

that  is, 

1  >  a  +  6  +  c. 

3.  The  sum  of  the  three  solid  angles  is  greater  than  |, 
and  less  than  |. 

Each  solid  angle  is  less  than  two  right  angles,  and 
therefore  the  sum  of  the  three  angles  is  less  than  six 
right  angles^  or  than  |.  , 

And  since  the  measure  of  each  solid  angle  is  equal  to  |, 
minus  the  corresponding  plane  angle  of  the  subcontrary 
solid,  it  will  follow  that  in  every  case  of  three  divergent 
lines^  the  sum  of  the  three  solid  angles  has  for  its  mea- 
sure ^f  minus  the  sum  of  the  three  plane  angles  of  the 
subcontrary  solid.  But  this  last  sum  is  less  than  unity^ 
and,  consequently,  by  subtracting  it  from  |^  the  remain- 
der will  be  greater  than  i  • 

4.  The  sum  of  any  two  solid  angles  is  greater  than 
the  supplement  of  the  third  angle. 

For  since  it  appears  in  the  demonstration  of  the  se- 
cond 6f  the  properties  here  enumerated,  that 

(i  —  «)  +  (4  —  6)  >  c 

we  shall  have  in  the  subcontrary  solid^ 

A'  +  B'>i— C 

The  greater  solid  angle  is  opposite  the  greater  plane 
angle ;  and  the.  con  verse. 

5.  These  results  may  be  established^  as  in  art.  135, 
by  means  of  the  equation 

sin,  A  _^  sin.  a 
sin.  B  ""  sin.  b 

but  the  reasoning  is  somewhat  more  complex^  and  may 
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be  greatly  simplified  by  having  recourse  to  the  equa- 
tion^ art.  153^ 

tan.  ^  (A  -  B)  =  ^!°-  *  .^^      g  ^ot  i  C. 
^  ^      sin.  J  (a  +  6) 

For  attending  to  the  limits  of  the  semi-angles  which 
enter  this  formula,  we  observe^  that  since  i  {a  +  b)  is 
less  than  |,  its  sine  must  be  positive ;  and  ^nce  the  re- 
maining semi-angles  are  less  than  i  their  sines^  tangents 
and  co-tangents  can  only  become  negative  by  the  angle 
itself  having  a  negative  value :  moreover^  the  sides  of  an 
equation  have  the  same  algebraic  sign^  and  hence^  if  a  is 
greater  or  less  than  b,  the  angle  A  must  also  be  greater 
or  less  than  B,  and  the  converse. 

6.  If  the  sum  of  any  two  solid  angles  is  equal  to^ 
greater,  or  less  than  |,  the  sum  of  the  opposite  angles 
must  also  be  equal  to^  greater,  or  less  than  \  ;  and  con- 
versely. Or,  as  it  is  sometimes  expressed,  The  sum  of 
any  two  sides  must  be  of  the  same  kind,  with  respect  to. 
180,  as  the  sum  of  the  opposite  angles* 

This  result  follows  immediately  from  the  equation  44, 
a^t.  153, 

tan.j(A  +  B)=^^^';;^-Scot.*C 
^  '      cos.  J  {a  +  o) 

For  as  cot.  i  C  and  cos.  i  {a-^b)  are  necessarily  posi- 
tive, the  signs  of  tan.  ^  (A  +  B)  and  cos.  i  {a  +  b)  must 
change  together ;  or,  in  other  words,  if  A  +  B  is  greater 
than  i,  the  plane  angle  a  +  b  must  also  be  greater  than  4, 
and  when  A  -f  B  is  less  than  i,  the  sum  of  the  two  plane 
angles  must  be  so  likewise  ;  the  remainder  of  the  propo- 
sition is  a  necessary  result  from  that  which  has  been 
demonstrated. 
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Chap.  I.    Detailed 'analTtb  of  the  relations  of  direction;  and  of  tho  ro- 
lationa  peculiar  to  three,  to  fouri  and  to  a  gMtter  number  of  points. 

Art.  158.    Fartioolar  relations  of  three  divergent  lines. 


PlRTICTJLAB  BBLATIOKS  OF  THREE  DIVfEGSKT  LINES. 

158 — 1.  Three  divergent  lioes,*  whose  mutual  incli- 
nations «re  eiqual,  have  ^liso  the  mutual  inelinations  of 
their  planei^  ei|ual }  aiid  the  ooRverse, 

For  itcy  b  and  e  are  equal,  it  follows  from  the  equa- 
tions   ■* 

isin.  A     sin.  a    sin.  A      sin.  a 
.'  s!n.  B      sin.  b    sin.  0      sin.  c 

;  that  A,  B  and  C  ar^  also  equal ;  and  the  ix)nverse. 
f        2.  If. two  of  (he  plane  angles  are  equal,  the  opposite 
solid  angles  are  also  equal. 
This  follows  from  the  Same  equations. 

» 

159.  The  use  which,  in  9jrt.  157,  it  is  proposed  to 
make  af  the  properties  commpn  to  all  cases  of  three  di- 
vergent lines,  ean  often  be  replaced  by  and^er  process. 
A  judicious  use  of  the  signs  attached  to  the  trigonometri* 
cal  ratios,  will  remove  the  ambiguity  ia  every  instance 
Except  tliat  where  the  answer  is  obtained  thrpugh  the 
'  medium  of  its  sine.  Assuming,  for  eumple^  that  in  a 
j9robleai  solved  by  the  formula,  art.  154, 

cos.  a     cos.  «' 

COS*  b  "^  COS.  «... 

« 

'  the^angles  s'  and  s  were^  less,  and  the  angle  b  gre&ttr 
tbi^  90;  the  cosines  of  the  former  would,  in  this  case, 
be  positive,  and  the  *cosine  of  the  iatfer  negative)  and 
attaching  to  each  ratio  its  appropriate  sign 
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fiaetllL    RebtMMMoftlirMdiT«r|«iitli]iMi. 
Art'  159.    AsMgomm  caiM. 

+ 


COS.  0      COS.  « 

the  known  laws  of  equations  will  require  that  cos.  a 
should  bft  negative^  and  theangle  a,  consequently^  greajter 
than  90. 

In  employing  this  rule,  however^  we  must  not  forget 
the  various  ^gnifications  that  may  be  attached  to  a  nega- 
tive ratio. 

A  negative  tangent  may  denpte  either  a  Negative 
angle,  or  an  angle  that  exceeds  90^  and  we  must  judge 
from  the  nature  of  the  problem  which  of  these  interpre- 
tations ought  to  be  adopted. 

In  the  problem^  for  example,  which  is  discussed  ifi 
art.  154^  if  the  angle  A  is  obtuse^  the  tangent  of  %  will 
be  native ;  but  this  result  is  'to  be  underatood^  not  as 
implying  a  value  of  %  -greater  than  90,  but  a  negative 
vahie:  for  as  the  point  E  will,  On  the  hypothesis  adopted^ 
fall  without  A;  the  dir^tidn  of  «  will  be  changed,  afid 
the  formula 

a'-  =  6  —  H 
become  '  ,    . 

A  remarkable  case  of  this  problem  occurs  when  both 
A  and  6,  art*  154,. ara obtuse;  for,  notwithstanding  the 
tangent  of  «  is  then  positive^  the  angle  to  be  taken  h/t  s 
may  be  either  that  found  in  the  tableS|  or  its  supplement: 
in  fact^  the  tangent  of  s  will  then  be  negative  on  two 
accounts^  namely,  as  the  tangent  of  a  negative  angle^  and 
of  an  angle  which  exceeds  90^ ;  the  resulting  value  will 
therefore  be  positive^  and  as  the  theory  of  corrdation, 
sect.  III.,  teaches  us  that  changes  in  the  signs  will  ac- 
2u 
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Ohip.  1.    Detailed  analyiie  of  the  relatkuiB  of  direction ;  and  of  the  ze- 
lations  peculiar  to  three,  to  four,  and  to  a  greater  number  of  points. 

Art.  159.   Ambiguoua  cases. 

company  those  in  the  figure^  we  conclude  that  it  is  per- 
mitted to  assume  s  as  lyin^  in  a  positive  direction,  and 
less  than  90®,  or  as  lying  in  a  negative  direction,  and 
greater  than  90. 

Aft6r  what  has  been  said  respecting  the  choice  be- 
tween the  angle  of  the  tables  and  its  supplement,  we 
need  only  add  that  caste  1  and  2  of  art.  151,  will  often 
allow  of  two  solutions. 

A  result  that  may  be  deduced  from  the  formula 

sin.  A     sin.  a 
sin.  B     sin.  6* 

for  whether  we  use  in  this  expression  A,' or,  180 — ^A, 
the  equality  will  still  obtain ;  and  as  A  or  its  supplement 
may  both  be  greater,  or  both  less,  than  B,  the  condition 
relative  to  the  greater  side  And  angle  may  be  fulfilled  by 
either  of  these  values. 

A  similar  remark  applies  when  180 — a  is  substituted 
for  a;  and,  thus,  in  either  of  the  two  first  cases  enume- 
rated in  the  article  alluded  to,  we  may  fall  upon  a  pro- 
blem that  admits  of  two  solutions;  but  such  a  result,  it 
appears,  will  not  happen  unless  both  the  angle  sought 
and  its  supplement  are  of  the  same  kindy  art.  157,  with 
respect  to  one  of  the  given  angles; — namely,  to  the  given 
solid  angle  when  the  angle  sought  is  solid,  and  to  the 
given  plane  angle  when  the  angle  sought  is  plane. 
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APPENDIX  TO  SECTION  IH. 


EXAMPLES. 

1.  The  solid  angle  S  is  bounded  by  the  three  plane 
angles 

a  =  15%  6  =  TT  12',  c  =  90; 
required  the  solid  angles  A,  B  and  C. 

To  find  C. 

Writing  the  parts  in  order^  and  omitting  the  90,  we 
have 

A,  B,  a,  C,  b,  A, 

where  C  is  adjacent  to  a  and  b. 
Hence  by  Napier's  rules, 

~«        +        +    . 
—  COS.  G  =  cot.  a  .  cot  b 

And 

-  +  + 

log.  cos.  C.  =  log.  cot.  a  +  log.  cot.  b  — 10 

log.  cot  15»       St  10.5719*75 
log.  cot  TT 12'  =    9.3563977 

s  19.9283452 

10 

log.  cos.    32*   1'  =    9.9283432 
C  =  147  59' 
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Appendix  to  Seetioii  III. 
ExtmplM. 

The  negative  sign  which  is  made  in  this  example  to 
precede  the  term  cos.  C  is  a  part,  art  148^  of  the  formu- 
la, and  arises  from  the  use  of  the  subcontrary  angle. 

To  find  A. 

Referring  to  the  preceding  arrangement  of  the  parts^ 
we  see  that  a  is  opposite  both  to  b  and  A^  and^  therefore, 

—  cos.  a  =  rin.  b  x  ( —  cos.  A) 
or 

+  -*- 

X     A       COS.  a 
COS.  A  =  -- — 

sin.  b 

log.  COS.  A  a  log.  cos.  a  +  ar.  co.  log.  sin.  b+  10 

log.  cos.  W      »  2-^849438 

ar.  CO.  log.  sin.  TT  12'  -  10.0109289 

r9958727 

10 

log.  cos.  7«  53' =    9.9958727 

A-rsa 

To  find  B. 

—  cos,  6  =  —  cos.  B  .  sin*  a. 
or 

■*"     -D       COS.  b 

COS.  B  =  -^j- — 
sin.  a 

log.  COS.  B  =  log.  COS.  b  +  ar.  ca  log.  sin.  a  +  10 
log.  COS.  77*  12'  s  ^.3464688 
ar.  CO.  log.  sin.  15        s  10.5870088 

=    r9324726 

10 

log.  coa  31^*  8'  =    9.9324726 
B  =  31^  8' 
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£mnplM. 

2.  Three  divergent  lines  have  the  following 
of  their  parts : 

c  =s  eS^*  5',  A  =  48'>  12'^  C  s  90; 

required  the  remaining  relations. 
The  parts,  arranged  in  order^  are 

A,  6y  a,  B^  Cf  A 

To  find  a, 

sin.  a  =  sin.  A  sin.  e 

log.  nn.  a  s  log.  sin.  A  +  log.  sin.  c  —  10 

log.  sin.  48**  12'         =    9.8724337 
log.  sin.  65"  J'         s    9^.9575697 

10  =10 


log.  sin.  42°  13'  19"  =    9.8300034 
a  =  42°  13'  19" 

The  ride  a  is  known  to  be  aoute  by  the  property  tliat 
the  greater  side  is  opposite  the  greater  angle. . 


To  find  b. 


COS.  A  a  tan.  o  oot.  c 


or 


tan.  b  s  COS.- A  tan.  e 

fog.  0Q8.  48*  12    s  9.8238213 
log.  tan.  65  5^       s  10.3329786 

10    as  10 

log.  tan.  55*  7' 32".  10.1567999 
6  =  55*  7' 32" 


•       I 
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To  find  B. 

+  +        + 

COS.  e  =  cot.  A  cot.  B 

OP 

cot  B  s  COS.  c.  tan  A 

log.  COS.  65''    5'         ^    9.6245911 
log.  tan.  48^  12'         =  10.0486124 

10  =  10 

log.  cot.  64^  46'  14"  =    9.6732085 
B  =  64*  46'  14" 

3.  Thpee  divergent  lines  have  the  following  relations 
of  their  parts^ 

a  =  &r  35',  b  »  104^  16'  20",  C  »  81o  8'  11"; 

required  the  remaining  relations. 

Letting  fall  a  perpendicular  j^  upon  the  angle  6;  call- 
ing the  segments  s  and  s' ;  and  arranging  in  order  the 
parts  of  one  of  the  rectangular  pyramids  so  formed   , 

a,  C,  Sf  py  seg.  of  B,  a; 

we  shall  have 

+  +       + 

COS.  C  =  tan.  s  cot.  a. 


or 


tan.  8  a  cos.  c  tan.  a 

log.  cos.  8V    8'  11"  a    9.1877543 
log.  tan.  67*^  35'  ^    -  10.3845649 

10    -J^O 

log.  tan.  20^  28'  55"  .    9.5723192 

b  .  104°  16'  20" 

s^    20  28  55 
=  «'  =    83   47  25 


PART  III.   ANALYSIS  OP  PARTICULAR  PROBLEMS.   359 

Appendix  to  Section  III. 
£zampleff. 

But 

+  + 

COS.  C  __  COS.  *' 

—        ^ 

COS.  a     COS.  s. 

Log.  COS.  c=  log.  COS.  a  +  log.  cos.  s'  +  ar.  co.  log.  cos.  s 

log.  COS.  67^  35'  00  =    9.5813116 

log.  COS.  83  47  25  =  ^.0340986 

ar.  CO.  log.  COS.  20  28  55  =  10.0283613 

log.  COS.  87  28  35  SB    8.6437715 

c«  87^  28' 35". 

To  find  A. 

The  parts  of  the  second  rectangular  pyramid  are, 

A,  c,  seg.  of  B, />,  y,  A; 

hence, 

+     ^         +         + 
COS.  A  =  tan.  s',  cot.  c 

log.  tan.  83^  47'  25"  »  10.9633457 
log.  cot.  87  28  35    =  ^.6441786 

10    «10 

log.  COS.  66  6'    17    »    9.6075243 
A«66*^6'    17". 

To  find  B. 

sin.  B  _^  sin.  b 
sin.  C  ""  sin.  c 
Log.  sin.  B  —log.  sin.  C  +  log.  sin.  b  +  ar.  co.  log.  sin.  e 
log.  sin.  8P  8' 11"=.  9.9947824 
log.  sin.  75  43  40  «  9.9863844 
ar.  CO.  log.  sin.  87  28  35  »  10.0004214 
log.  sin.  73  26  2  «  9.9815882 
106  33  58 
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where  the  supplement  of  the  angle  of  the  tables  is 
chosen  that  the  greater  side  may  be  opposite  the  greater 
angle. 

4.  Three  divergent  lines  have  the  following  relations 
of  their  parts : 

A -1100 16',        C-56^22',        6-95^36'j 

required  the  remaining  relations. 
The  parts  taken  in  order  are, 

A,  e,  B,  a,  C,  5,  A ; 

and  placing  on  c  two  rectangular  pyramids,  and  denot- 
ing by  S  and  S'  the  segments  into  which  they  divide  c, 
we  have 

cot  S  =>  cos.  b  tan.  A: 

log.  COS.  840  24    _  8.9893737 
log.  tan.  69  44    s  10.4326795 

10    -10 

log.  cot.  75^  ir  48"  =  9.4220532 

S  =.  75^  11'  48" 

C  -  56  22  00 

S  —  C  -  18  49  48"  =  S' 

COS.  B  __  sin.  S' 
cos.  A  "  sin.  S  * 

Log.  COS.  B= log.  COS*  A  +  log.  sin.  S'  +  ar.  co.  log.  sin.  S 

log.  COB.  69^  44' 00"=  9.5395653 
log.  sin.  18  49  48  =  ^.5088815 
ar.  00.  log.  sin.  75  11  48  -  10.0146595 
log.  COS.  83  21  34  =  9.0631063 
B  »  83"  21'  34" 
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sin.  c     rin.  C 
sin.  b  "  sin.  !B 


log.  sin.  84<*  24' 00"  s  9.9979223 

log.  nn.  56  ^00  .  _9.9204360 

ar.  CO.  log.  sin.  83  21  34  .  10.0029235 

log.  rin.  56  32  6  .  9.9212818 

c- 56*32'  6". 

To  find  a 

rin.  g  rin.  A 
rin.  h     rin.  B 

log.  sin.  84°  24'  00"  .    9.9979223 

log.  sin.  69  44  00    -  _9.9722448 

ar.  CO.  log.  rin.  83  21  34    .  10.0029235 

log.  sin.  70    2  16    =    9.9730906 

As  the  angle  A  is  greater  than  B,  the  ride  a  most  be 
greatel*  than  6,  or  than  95 ;  hence, 

ISC  00'  00" 
70    2  16 
a  —  109  57  44 

5.  A  solid  angle  is  bounded  by  the  following  plane 
angles: 

a  -  119*  36',         b  -64«  5',         c  -  79*  56', 

required  the  inclinations  of  their  planes. 


2  V 
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119«  36' 
64  5 
79  56 


2)263  37 


131  48  30 
64    5 
67  43  30.  .  .  i<  — 6 


79  56 

51  52  30  .  .  .  |«  —  e 

«"-iA  =  vJ sin.  6.sla.c \ 

log. sin.  i  As  |{log.sin.  (i*-— 6)+log.8in.  (§»— c)  + 

ar.  CO.  log.  sin.  b  +  ar.  co.  log.  sin.  e  1 4. 10 

log.  sin.  67  43  30  =    9,9663179 

log.  sin.  51  52  30  =  _9.8957902 

ar.  CO.  log.  sin.  64   5    0  s  10.0460323 

ar.  CO.  log.  flin.  79  56   0  ■»  10.0067379 

,1  2  )  1,9148783 

1.9574391 

10 

65"  2' 47"  «    9.9574391 
2 


130  5  34  =  A 

To  find  B. 

an.  B  _  sin,  b 
sin.  A     sin.  a 

log.  sin.  49°  54'  26"  »    9.8836629 

log.  sin.  64  5  0  =  _9.9539677 

ar.  CO.  log.  sin.  60  24  0  -  10.0607329 

log.  sin.  52  18  39  =-  9.8983635 

52°  18'  39"  s  B 


PAET  III.      AlfALTSIS  OF  PARTICULAR  PROBLEMS.       86S 

;  Appendix  to  Section  III. 
Ksainploi. 

To  find  C. 

sin.  C   sin.  e 
sin.  A   sin.  €t 

log.  an.  49"  54'  26"  =  9.8836^9 

log.  sin.  79  56  00  =  _9.99326ai 

ar.  CO.  log.  sin.  60  24  00  =  10.0607329 

60  1  45  ==  9.9376579 

60°  1'  45"  ==  C 

6.  The  inclinations  of  three  planes  which  inclose  a 
sdid  angle,  are 

A  B  131"  35',  B  =  63°  30',  C  =  59°  25', 
required  the  plane  angles. 

131  35 
6330 
59  25 


2)254  30 


127  15  »  i  « 
63  30 
63  45  ^IS  —  B 


59  25 


67  50  =  iS— C 

> 

(  cos.  (i  S -^  B) .  COS.  (i  S— C) 
<^-*"-^{  'sin.Bsin.C 

log.  COS.  i  a «i  jlog.  cos.  (i  S— B)  log.  cos.  (i S— C)  + 

an  CO.  log.  sin.  B  4.  ar.  co.  log.  sin.  0}  + 10 
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log.  COS.  63^  45'    »  9.6457058 

log.  COS.  67  50     -  _9.5766892 

ar.  CO.  log.  rin.  63  30    -=10.0482088 

ar.  CO.  log.  sin.  59  25    =  10.0650523 

2)  1.3356561 

1.6678280 

10 

62»  15'  49i"  =  9.6678280 
2 


124  31  39   -  a 


To  find  b. 


sin.  b      an,  B 


sin.  a      sin. 

H 

log. 

An. 

55» 

28'  21" 

» 

9.9158504 

log. 

sin. 

63 

30  00 

^ 

9.9517912 

ar. 

00, 

log. 

sin. 

48 

25  00 

10.1261035 

80 

17  57 

<= 

9.9937451 

i 

&- 

80» 

17'  57" 

To  find  e. 

rin.  e       rin.  C 
rin.  a      rin.  A 

log.  sin.  65°  28'  21"  -  9.9158504 

.    log.  rin.  59  25  00  -  _9.9349477 

ar.  CO.  log.  rin.  ^  25  00  -  10:1261035 

log.  sin.  71  28  42  -  9.9769016 

71*  28'  42"  «"  e 


i  t 
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EXAMPLES  FOB  FBACTICE. 

1.  Given  b  =  36»  52',  A  =-  24«  17',  C  =  QO^j  re- 
quired the  remaining  parts. 

Am.  a=  15»8'  45",  c  »  39"  26'  40",  B  =  70^47'  28". 

2.  Given  a  =  119»  6',  B  =  44"  37',  0  =  90*;  re- 
quired the  remaining  parts. 

Ans.  6  =-  40*  46',  c  =  111«  36'  46",  A  =  109»58'  24". 

3.  Given  b  =  112»  27',  B  =  lir  30*,  c  =  90;  re- 
qtdred  the  remaining  parts. 

Ans.  a  =55»  47'  39",  or  121»  12*  21", 
A  =  52  32  9  or  127  27  51  , 
C  —  73  41  17    or  106   18  43. 

4.  Given  A  =-  104"'  19',  B  =  153  27',  c  =  90  j  re- 
qiured  the  remaining  parte. 

Ans.a =96°  20f  27",  d  » 152  43  13,  C  =  102  46  47. 

5.  Given  o  =  48"'  7',  c  =  59»  19',  C  =-  87»  15' }  re- 
quired the  other  parts. 

Ans.5  —  43*  18'  36",  A  «  59  50  57,  B«  52  48  58. 

6.  Given  b  =  114"  12',  e  =  56"  19',  B  =  121*  50* ; 
required  the  other  parts. 

Ans.a  =  8r3'52",  C-.50  48  39,  A-»68  28  7. 

7.  Given  B  =   46»  11'  32",  C  =  133"'  23'  50", 
a  a  73"  19' ;  required  the  other  parts. 

Ans.  6  =  62^  27",  c  =  116  47  22,  A  =  51  14. 

8.  Given  A  =  124"  13',  C-  49»  7',  6  =  85"'  53'  27"  ; 
required  the  other  parts. 

Ans.  a  »  115"*  6',  c  =  55  53  21,  B  :»  65  36  58. 
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9.  Given  a  =  66"  00'  10",  ft  —  99"  39'  40",  c  =  38* 
31'  20" ;  required  the  other  parts. 

Ana.  A»25'33'  50",  B  =  152  00  18,  C  =  17  15  4. 

10.  Given  a  =  85"  16',  6  =  49"  56',  e  =  112»  19'  j 
required  the  other  parts. 

Ans.  A=62",  29'  48",  B:=42  55  54,  e^  124  34  40. 

11.  Given  A  =71"  42',  B  =  125"  37',  C 49"  32^ ;  re- 
quired the  other  parts. 

Ans.  a =95"  56'  10",  b  =  121  36  31,  c  »  52  50  44. 

12.  There  is  a  crystal  which  has  one  of  its  obtuse 
solid  an^es  formed  by  three  planes,  mutually  inclined 
at  angles  of  105"  5' ;  required  the  plane  angles. 

Ans*  The  three  plane  angles  are  each  101"  55'. 
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SMt.  lY.    Rfl]iti<nui  of  two  points  reitricted  to  a  given  distaaco  and  a  givon 

plane. 

Alt  160.   Equation  of  the  circle. 


SECTION  IV. 


RELATIONS   OP  TWO  POINTS  RESTRICTED  TO  A  GIYEK 

DISTANCE  AND  A  GIVEN  PLANE. 

Equation  of  the  circle — a  straight  line  cannot  inter- 
sect a  circle  in  more  than  two  points — line  which  is  a 
tangent  to  a  circle — the  product  of  conjugate  secants  is 
independent  of  their  direction — the  are  of  a  circle  inter- 
cepted ly  two  straight  lines  that  diverge  from  the  centre 
measures  their  inclination — the  sine,  cosine^  ^e.  of  an 
angle  may  be  expressed  in  relations  of  the  arc  that  mech 
sures  it — circumference  compared  with  the  radius — the 
inclination  of  two  secants  is  measured  ly  the  difference 
of  the  arcs  intercepted  between  them — when  the  secants 
intersect  in  the  circumference,  their  inclination  is  mea- 
sured by  half  the  arc  intercepted — to  find  the  radius  of 
a  circle  that  shall  pass  through  three  given  points — to 
find  the  radius  of  a  circle  that  shall  be  inscribed  in  a 
given  triangle-^ifferenticds  of  the  trigonometrical 
functions — imaginary  formulse  connecting  the  arc  with 
the  trigonometrical  functions  of  it—formube  of  Demoi- 
vre — formulse  of  Euler — expansions  of  cos.  af  cmd 
sin.  of*. 


368    PART  III.   ANALYSIS  OF  PARTICULAR  PROBLEMS. 

Chap.  I.    Detailed  analyeia  of  the  relations  of  direction ;  and  of  the  re- 
Utiona  peculiar  to  three,  to  four,  and  to  a  greater  nnmber  of  pointi. 

Art.  160.    Equation  of  the  circle. 

160.  With  the  view  of  deviating  less  widely  from  the 
course  usually  pursued  in  the  analysis  of  form  and  mag- 
nitude^ we  shall  anticipate^  in  the  two  following  sections^ 
a  subject  that  belongs  to  another  part  of  the  work^  and 
place  among  the  relations  of  a  definite  number  of  points, 
other  relations  common  to  points  limited,  indeed^  in  their 
position,  but  infinite  in  number. 

<<  To  discover  the  properties  common  to  points  that 
have  a  given  distance  from  a  point  assigned  in  space"  is 
the  inquiry;  the  frequent  recurrence  of  which  renders 
this  course  advisable. 

It  is  usually  divided  into  two  problems ;  and^  Ibr  the 
reasons  already  assigned^  we  shall  not  depart  from  this 
arrangement,  but  shall;  in  the  present  section^  proceed 
to  consider  the  limited  case  presented  by  the  first  of  these 
divisions;  reserving  the  development  of  the  unrestricted 
problem  to  the  section  which  follows. 

According  to  this  method  of  treating  the  subject;  the 
inquiry  on  which  we  are  about  to  enter  will  have  for  its 
object,  ^^to  determine  the  properties  common  to  points 
lying  in  a  given  planc;  and  at  an  assigned  distance  firom 
a  point  in  that  plane.'^ 

A  slight  consideration  of  the  analysis  required  by  this 
question  will  convince  us,  that  it  is  sufficient  to  examine 
the  relations  of  only  two  points;  onc;  A;  assigned  in  space; 
and  the  other,  B;  limited  by  the  condition  of  a  given 
distance. 

This  circumstance  greatly  simplifies  the  problem^  and 
enables  us  to  translate  it  with  facility  into  the  language 
of  algebra. 

ThuS;  denoting  the  given  distance  according  to  the 
notation  of  page  109,  by  the  letter  a^  and  regarding  this 
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line  as  the  hypothenuse  of  a  right  angled  trii^ngle,  one  of 
whose  sides  is  a,  we,  have,  at  once^  the  equation 

X 

— =  COS*  02:  •  •  «  •  •  a 
a 

which  is  common  to  all  the  points  whose  positions  and 
relations  are  required. 

These  positions  and  relations  are  involved  in  the  equa- 
tion a,  and  may  be  developed  from  it. 

To  develope  the  first,  we  have  merely  to  cause  the 
direction  of  x  to  coincide  with  some  known  line  in  the 
plane^  and  to  give  x^  successively,  every  value  from  -f  a 
to  —  a. 

Pursuing  this  course,  we  find  the  points  to  be  infinite 
in  number,  and  to  form,  by  their  union,  the  curve  de- 
scribed in  the  first  part  of  the  work  as  the  circle. 

The  point  A  is  called  the  centre  of  the        Fi£^. 
circle  ;  the  constant  distance,  a,  its  radiuSy 
and  the  curve  itself  is  also  known  as  the 
circumference  J  or  periphery. 

A  rectilinear  figure,  that  has  all  its  an- 
gles in  the  circumference  of  a  circle,  is  said  to  be  inscribed 
in  it,  and  the  circle  is  said,  conversely,  to  be  circum- 
scribed about  the  figure.  When  the  sides  of  the  latter 
are  equal,  it  ^  termed  a  regular  figure ;  Parti.,  Appen- 
dix I. 

The  equation  a  is  not  the  only  one  whereby  the  posi- 
tions of  the  points  that  constitute  a  circle  can  be  ex- 
pressed ;  many  others  may  readily  be  deduced. 

Thus,  denoting  by  y  the  side  opposite  to  A,  fig.  209, 
we  have^ 

x'  +  y'^a' /3 

And^  again ;  assuming  three  points,  A,  B  and  C,  and 
2  w 
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Art  160.    Equation  of  the  circle.    Art.  161.    Aatraightline  cannot  interMct 

a  circle  in  more  than  two  points. 

supposing  B  to  take  every  position  which  is  consistent 
with  its  retaining  a  given  distance  from  C,  we  have^  for 
an  equation  of  the  circle  that  has  the  radius  b  and 
centre  C, 

a*  =1  ft*  +  a'*  —  2  Jo'  COS.  6a' y 

And^  by  a  similar  analysis^  we  shall  also  have^ 

a'  —  2  oo'  COS.  aa'  —  6*  +  a'*  «=  0 i 

After  these  remarks^  we  shall  proceed  to  treat  of  the 
relations  of  the  circle^  under  the  form  of  distinct  propo- 
sitions. 

161.  Prop.  1.  A  straight  line  cannot  intersect  a  cir- 
cle in  more  than  two  points. 

For  the  values  of  a  will  be  given  by  the  two  roots  of 
the  equation  h. 

162.  Prop.  2.  If  a  point  A  is  taken  without  a  circle^ 
and  lines  diverge  from  the  point  in  the  direction  of  the 
curve,  and  these  lines  are  arranged  in  two  divisions, 
namely,  those  that  fall  without  the  curve,  and  those 
which  meet  it ;  the  line  separating  these  divisions  will 
meet  the  curve  in  only  one  point,  and  will  be  at  right 
angles  to  the  radius  which  passes  through  the  latter. 

The  roots  of  the  equation  h  will  cease  to  be  possible, 
when  a'*  sin.'  aa!  >  6*;  which  gives  for  the  limit,  sin. 

aa'=z    , ;  or,  {ab)  =  }.     Also,  for  this  value  of  (oi)  the 

values  of  a  become  equal,  and  the  line  meets  the  curve 
in  one  point  only. 

The  line  we  have  described  is  said  to  be  tangent  to 
the  circle  at  the  point  where  it  meets  the  latter. 
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Art  162.    Line  which  is  a  tangent  to  a  cirele. 

When  the  line  a  cuts  the  circle^  it  is  called  a  se- 
cantp^  and  the  two  values  of.  «  are  called  conjugate 
secants. 

163.  Prop.  3.  The  product  of  conjugate  secants  is 
independent  of  their  direction.  

For,  the  values  of  a  are,  a'  cos.  aa'  +  \/b* — a'*  sin.*  oo', 
and  of  COS.  aa'  —  x/  b*  —  a'*  sin.*  aa' ;  and,  multiplying 
them  together,  their  product,  a" — ft*,  is  independent  of 
the  angle  {aa'). 

As  a  corollary  from  this  proposition  it  follows,  that,  if 
a  and  fi  are  two  conjugate  secants,  drawn  from  any  point 
A,  and  a'  and  /?'  two  other  conjugate  secants,  drawn 
from  the  same  point,  then,  a  /?  »  a'  |3' ;  which  equation, 
when  a'  is  equal  to  |3',  or  the  secant  a'  becomes  a  tan- 
gent, reduces  to  a  /3  ==•  a'*. 

The  equations  whence  the  preceding  results  were  de- 
duced, are  independent  of  the  position  of  the  point  A, 
and  will  equally  apply  whether  that  point  falls  within  or 
without  the  circle. 

In  the  former  case,  b  is  greater  than  a',  and  one  of  the 
values  of  a  becoming  negative,  their  difference  will  be  a 
sum. 

This  dilFjerence  is  a  straight  line,  terminated  each  way 
by  the  circumference. 

A  line  so  terminated  is  called  a  chord. 

From  what  is  here  said,  it  follows,  that  when  A  falls 
within  the  circle,  the  conjugate  secants  become  parts  of 
chords ;  and  hence,  if  two  chords  pass  through  the  same 

*  This  line  must  not  be  confounded  with  the  ratio  of  the  same  nam% 
page  127. 
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point  withiVi  a  circle,  and  are  divided  by  it  into  the 
parts  a  and  ^^  a'  and  fi^y  we  shall  still  have  a^  »»  a'^'. 

164,  Prop.  4.  The  arc  of  a  circle  intercepted  by  two 
straight  lines  that  diverge  from  the  centre,  measures 
their  inclination. 

For  if  the  angle  at  A^  added  to  itself 
any  number  of  times,  art.  42^  will  pro- 
duce  a  space  equal  to  the  whole  plane 
space  about  A;  the  arc  BC  will^  by  the 
same  number  of  additions^  produce  the 
whole  circumference.  Or^  if  the  angle  at  A^  added  to 
itself  any  number  of  times^  will  produce,  art.  7,  a  space 
equal  to  any  given  number  of  times  the  whole  plane 
space  about  A^  the  arc  BC,  repeated  the  same  number  of 
timeS;  will  produce  the  same  multiple  of  the  whole  cir- 
cumference. From  which  it  appears^  that  the  ratio  of  A 
to  the  whole  space  about  A^  is  the  same  as  the  ratio  of 
BC  to  the  whole  circumference. 

This  measure  is  one  of  great  convenience,  and  was 
formerly  the  only  one  used.  We  shall  frequently  adopt 
it;  as  an  artifice  of  calculation  ;  but^  in  doing  so^  we  must 
be  careful,  as  in  former  cases^  art  38  and  42,  not  to  con- 
found the  measure  with  the  quantity  measured.  An  arc 
and  an  angle  have  little  analogy  beyond  this  common 
ratio  which  they  bear  to  their  natural  units ;  and^  if  we 
occasionally  make  one  become  the  sign  of  the  other^  we 
must  yet  remember,  that  error  will  arise  when  things  so 
essentially  different  are  confounded.  Our  elementary 
writers  have  been  remiss  on  this  pointy  and  have  iailed 
to  warn  the  reader  of  an  error  that  lies  immediately  in 
his  path. 
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Art  164. J  The  arc  of  a  circle  intercepted  by  two  straight  lines  that  divei^ 

from  the  centre  measures  their  inclination. 

This  want  of  due  notice  is  essentially  felt  in  those 
branches  o^  analysis  where  angles  are  measured  by  the 
ratio  which  the  corresponding  arcs  of  a  circle  bear  to  its 
radius. 

The  latter  becomes^  in  this  case>.  the  unit  of  lines;  and 
the  circumference,  as  we  shall  presently  sbow^  is  mea- 
sured by  twice  the  endless  decimal^  3.14159,  &Ci  already 
met  with  in  the  construction  of  the  trigonometrical  tables^ 
and  which  analysts  havc;  for  brevity,  denoted  by  the 
symbol  «•. 

Now  the  whole  circumference  being  represented  by 
2  «•,  an  arc  that  is  its  mth  part  will  be  justly  represent- 

ed  by — ;  but  for  this  number  to  represent  the  corre- 
m 

spending  angle^  the  unit  of  the  latter  species  of  quantity 
must  be  measured  by  the  unit  of  arcs,  or  by  an  arc  that 
is  equal  tothe  radius;  or,  in  other  words,  by  the  3.14159th 
part  of  the  whole  of  plane  space. 

The  measures  of  arcs  and  of  angles  are  thus  shown  to  be 
governed  by  laws  that  are  analogous,  without  being  iden- 
tical ;  the  laws  applying^  in  one  case^  to  a  finite  line^  the 
natural  unit  of  which  is  the  radius^  and  in  the  other^  to 
an  infinite  surface^  the  natural  unit  of  which  is  the  whole 
of  plane  space. 

165.  Prop.  5.  Regarding  the  radius  of  a  circle  as  the 
unit  of  lines^  the  sine^  cosine^  &c.  of  an  angle  may  be 
expressed  by  relations  of  the  arc  that  measures  it. 


974        PART  III.       ANALYSIS  OF  PARTICULAR  PROBLEKS. 


Chap  I.     Detailed  analysis  of  the  relatione  of  direction ;  and  of  the  re- 
lations pecallar  to  three,  to  four,  and  to  a  greater  number  of  points. 

Art.  1G5.    The  sine,  cosine,  &c.  of  an  angle  may  be  ezprcMed  in  relationi  of 

the  arc  that  measures  it. 


Letting  fall  from  C^  one  extremity  of  the 
arc^  a  perpendicular^  CB^  upon  the  radius 
which  passes  through  the  other  extremity, 
we  have^ 

AB       .^  . 

a    COS.  A^ 


Fig.  209. 


AC 
BC 
AC 


AB 


»  BC  H=  sin.  A. 


And  erecting  at  B',  one  extremity  of  the  arc,  a  per- 
pendicular to  the  radius  there,  and  continuing  this  per- 
pendicular until  it  meets  a  line  which  is  obtained  by 
producing  the  radius  that  passes  through  the  other  ex* 
tremity,  we  have, 

BC  AC 

_—  =  BC  ■»  tan.  A,  -^g;  =  AC  =  sec.  A. 

The  lines,  AB,  BC,  B'C,  A'C,  which  are  thus  shown 
to  be,  respectively,  the  cosine,  sine,  tangent  and  secant 
of  the  angle  A,  are  also  called  the  cosine,  sine,  tangent 
and  secant  of  the  arc  B'C,  which  measures  that  angle. 

Finally,  drawing  AB'''  at  right  angles  to  AB,  we  shall 
have  B'"C  =  J  «^  —  B'C,  and  the  lines  AB",  B"C,  B"C' 
and  AC',  which  are,  respectively,  the  cosine,  sine,  tan- 
gent and  secant  B'"C,  are  also  the  sine,  cosine,  cotangent 
and  cosecant  of  B'C. 

The  fourth  part  of  a  circumference  is  called  a  quad- 
ranty  and  the  arc,  B"'C,  by  which  an  arc,  BC,  diffcrt 
from  a  quadrant,  is  called  the  complement  of  the  latter. 

166.  Prop.  6.  The  circumference  of  a  circle  which 
has  the  diameter  unity,  is  equal  to  3.14159,  &c. 
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Sect.  IV.    Relations  of  two  points  restricled  to  a^^yen  distance  and  a  given 

plane. 

Art.  166.    Circumference  compared  with  the  radius. 

To  demonstrate  this  proposition,  take  two    Fig.^io. 
equal  arcs  B'A  and  BA",  on  opposite  sides 
of  B'.    The  sines  BA  and  BA"  will  fall  in, 
one  straight  line^  since  the  angles  at  B  are^ 
right  angles. 

Now  if  AB'  is  properly  assumed^  AA"  will  be  an 
aliquot  part  of  the  circumference;  and  by  continued 
juxtapositions  of  AOA"  a  regular  inscribed  rectilinear 
figure  would  be  formed,  having  as  many  sides  as  there 
are  arcs  AA"  in  the  whole  circumference. 

Assuming  AB'  very  small,  the  number  of  sides  which 
the  figure  contains  will  be  proportionally  great ;  and  by 
continually  decreasing  AB',  we  may  obtain  an  inscribed 
figure  of  so  great  a  number  of  sides,  that,  however  large 
the  scale  whereon  it  was  drawn,  the  senses  could  not  dis- 
tinguish it  from  the  circle. 

But  again,  a  side  AA"  of  the  polygon  is  equal  to  twice 
AB,  or  to  twice  the  sine  of  AB',  and  if  AB'  is  the  mth 
part  of  the  circumference,  the  whole  periphery  of  the 

polygon  will  be  m  sin.  —.  And,  art.  121,  when  m  in- 
creases, the  sine  divided  by  the  arc  continually  ap- 
proaches to  a  constant  limit  as  its  greatest  value :  where- 
fore, denoting  by  the  symbol  j^  a  superior  limit,  or  a 
number  to  which  the  greater  value  of  another  number 
continually  approaches,  without  finally  leaving  between 
them  a  finite  difference,  we  have. 


sm. 


m 


^  c.  or  m  sin.  —  ^2  c^. 


^  m 


m 

But  when  m  is  great,  the  periphery  of  the  figure  con- 
founds itself  with  the  circumference  of  the  circle,  and  is 
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Chap.  I.    DeViiled  analysis  of  the  relations  of  direction  >  and  of  the  re- 
lations peculiar  to  three,  to  fonr,  and  to  a  greater  number  of  points. 
Art.  166.    Circomference  compared  with  the  radius. 

not  to  be  distinguished  from  it  by  the  senses,  however 
large  the  scale  whereon  the  polygon  is  drawn.  In  other 
words,  the  difference  between  the  two  figures  may  be 
rendered  so  small  that  no  given  multiplication  would 
render  it  appreciable.  This  circumference  is  therefore 
the  limit  of  the  periphery,  and  we  have, 

2  sr »  2  e  S-. 
or, 

But  c  was  shown  in  art,  121,  to  be  6.28318,  &c. ;  and 
hence  c  will  have  the  values  unity,  or  6.28318,  according 
as  the  radius,  or  the  circumference,  denote  the  unit  of 
lines;  these  units,  then,  must  themselves  have  the  same 
ratios ;  or  the  diameter  must  be  to  the  circumference  as 
1  to  3.14159,  &c. 

167.  The  inclination  of  two  secants  will  be  measured 
by  half  the  difference  of  the  arcs  intercepted  between 
them. 

From  the  theory  of  triangles  we  have,         ng.m. 

{ba!)^{aa')  +  {ab)i 

and  -^^\ 

(a  b)  «  (a c)  =  (aa')  +  (c  a') ;  \ 

Whence,  by  substituting  the  value  of  aby 

(aa')t«|(6a')  — i(ca'), 

A  similar  result  might  be  obtained  for  a  secant  that  fell 
below  of,  and  adding  the  equation  thence  obtained  to  that 
already  deduced,  we  have  the  result  desired. 

The  equations  which  we  have  here  deduced,  will,  by 
the  theory  of  correlations,  be  true  for  every  position  of 
A;  and  consequently,  are  equally  true,  whether  A  falls 
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I    Sect.  IV.    Relations  of  two  points  restricted  to  a  given  distance  and  a  given 

plane. 

Art.  170.    To  find  the  radius  of  a  circle  that  shall  bo  inscribed  in  a  given 

triangle. 

At  the  points  of  contact  the  sides  will  be  at  right 
angles  to  the  radii.  Whence;  denoting  the  triangle  by- 
ABC,  the  centre  of  the  circle  sought  by  D,  its  radius 
by  7'y  and  the  points  of  contact  by  E,  F  and  G,  we  have, 
analysing  by  the  closed  figure  AED6, 

r  =  aF  cos.  a"  (P  +  r  cos.  d'd 

=  a^  sin.  aa'  —  r  cos.  aa^; 


or, 


or, 


a' 


-\ 


^^^  ^  r  (1  +  cos,  aa') 
sin.  aa^        ' 


1  +  cos.  aa'       1  +  COS.  ba'  i . 


sin.  aa 


+ 


Sin 


50S.  da'  i 


or« 


r  = 


a'  sin.  aa!  sin.  ba' 
sin.oa'+sin.  ba'+sin.ba 

aa'  sin.  aa' 


a  +  b  +  a'^ 

and  substituting  for  sin.  aa'  its  value  obtained  in  the  last 
problem,  we  have 

_  2  V'^  {s  —  a)  js  —  b)  {s  —  aT) 

a  +  b  +  a' 

171.  In  the  remainder  of  the  present  section  we  shall 
regard  the  reader  as  acquainted  with  the  differential 
calculus,  and  proceed  to  develope  the  most  useful  results 
that  arise  from  its  application  to  circular  arcs  and  to 
angles. 

The  first  problem  of  this  kind  that  presents  itself,  re- 
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Stot.  y .    RalatioiM  of  two  pointf  mtriota^  to  a  gtTen  distanoo. 
Alt.  170.   fi^tttiMi  of  tba  apliwrf. 


SECTION  V. 


RELATIONS   OF  TWO  POINTS  RESTRICTED  TO  A   GIVEN 

DISTANCE. 


Equation  of  the  sphere — the  section  of  a  sphere  by  a 
plane  is  a  circle — the  tangent  plane  to  any  point  of  a 
spherical  surface  is  at  right  angles  to  the  radius  which 
passes  through  that  point — if  through  any  point  secants 
are  drawn  to  the  sphere^  their  properties  will  be  f  he  same 
as  those  of  the  secants  of  the  circle — solid  angles  at  the 
centre  of  the  sphere  are  measured  by  the  portion  of  the 
spherical  surface  intercepted  by  than — the  solid  angle 
formed  by  two  secant  planes  is  measured  by  the  differ* 
ence  of  the  spherical  surfaces  which  tliey  intercept — the 
shortest  distance  between  two  points  on  a  sphere  is  the 
arc  of  a  great  circle  intercepted  between  them — the  ex- 
tremities  of  the  perpendicular  drawn  from  the  centre  of 
a  sphere  to  a  circle  of  the  latter  are  every  where  equally 
distant  from  the  circle — the  angles  and  sides  of  a  spheri- 
cal polygon  have  the  same  relations  as  the  parts  of  the 
solid  angle  which  the  polygon  subtends  at  the  centre — 
relations  common  to  all  spherical  triangles — relations 
of  particular  spherical  triangles— formubs  for  determine 
2t 
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Chap.  I.    Detailed  analjsie  of  the  relations  of  direction ;  and  of  the  re- 
lationa  pecnliar  to  three,  to  four,  and  to  a  greater  number  of  points. 
Art  176.    Equation  of  the  sphere. 

ing  the  parts  of  a  spherical  triangle  when  one  of  those 
parts  is  90-~^lar  spherical  triangle— farmubs  for  de- 
termining the  parts  of  any  spherical  triangle — measure 
of  the  surface  of  a  spherical  triangle — spherical  trigo- 
nometry includes  plane  trigonometry  as  a  partteubar 
case — equality  by  symmetry. 


176.  The  general  case  of  the  problem  enunciated  in 
art.  160^  relating  to  a  point  in  space,  will  be  most  easily 
resolved  by  means  of  the  type  of  solid  figures.  One  of 
the  lines^  r,  in  that  type^  is  distinguished  from  the  rest 
as  being  opposite  to  a  right  angle  in  each  of  the  faces  to 
which  it  belongs.  This  side  we  shall  hereafter  refer  to 
as  the  «  subtend.'^  Kg.2i3. 

The  sides  x,  yandzare equally  remark- 
able from  their  directions^  which  are  mutu- 
ally rectangular.  As  the  form  of  the  solid 
is  completely  determined  by  the  ratios  of 
these  four  lines^  we  should  be  led,  in  ac- 
cordance with  the  method  pursued  in  art.  50,  to  desig- 
nate them  by  peculiar  names ;  but  that  such  a  course  is 
not  essential  to  the  analysis  we  use^  has  been  shown  in 
Part  11.^  Chap.  L,  Sec.  IV. ;  and  it  ipay  not  be  amiss  to 
observe^  that  were  the  ratios  of  the  solid  type  named^ 
we  could  not,  in  establishing  their  nomenclature,  adhere 
to  the  method  adopted  with  regard  to  the  type  of  plane 
figures^  since  in  the  former,  the  ratios  are  not  functions^ 
of  the  solid  angle  A  alone,  but  functions  involving  two 
of  the  seven  angles  about  that  point ;  or,  in  other  words, 

*  Any  number  that  depends  on  and  Taries  with  another  is  called  a  fonctioa 
•fit 
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Sect.  V.    RaUtioiui  of  two  points  rostrictad  to  a  giTon  dbttaca. 
Art.  176.    Equation  of  the  aphere. 

functions  involving  two  of  the  seven  things  here  men- 
tioned^  namely ^  the  solid  angle  at  A,  the  three  solid 
angles  formed  by  the  planes  that  meet  et  A^  and,lfinally, 
the  three  plane  angles  at  that  point  Hence,  denoting 
by  S  the  solid  angle  at  A,  and  by  8  the  solid  angle  ( A^A')| 
we  might  name  the  ratios  as  follows : 

f  «  Ist  ratio  (S,  *),  ^  =  2d  ratio  (S,*),  i  =  3d  raUo  (S,«) 

But  as  such  a  notation  has  not  been  adopted^  we  must 
adhere  to  the  analysis  employed  in  the  former  part  of 
the  work. 

According  to  that  analysis  we  have^  representing  the 
angles  {ac^*)  and  (A,A')  by  0  and  ^, 

^  mi  sin.  0  COS.  d>y 

r 

which  belongs  to  all  the  points  that  are  at  the  required 
distance  from  A, 

The  analysis  by  rectangular  co-ordinates  will  also 
deduce  an  equation  for  the  surface  wherein  all  the  points 
sought  are  contained :  for  since  the  distance  between  the 
given  point  A,  and  the  point  B^  which  is  sought^  is 
expressed^  art.  99^  by 

r  -  {(X  -  a)«  +  (y  -^)'  +  {z-y)*} 

we  have  merely  to  consider  r  as  a  constant^  in  order  to 
deduce  from  this  expression  the  position  of  all  the  points 
that  shall  have  the  assigned  distance  from  A.  To  which 
we  might  add^  that  every  equation  belonging  to  the  cir- 
cle^ belongs  equally  to  the  sphere ;  since^  making  ^  con- 
stant,  the  points  of  the  surface  that  lie  in  the  plane  A^ 
will^  by  the  definition  a  sphere^  be  at  the  distance  r  from 
Ay  and  consequently  form  a  circle,  having  the  samt 
centre  and  radius  as  the  sphere  itself. 
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Chap.  I.    DflteiM  iuilytu  of  the  nfatiomi  of  dinotion ;  and  of  the  le- 
lationa  peculiar  to  three,  to  Gmtf  and  to  a  greater  namber  of  poii^. 

Art.  176.    Equation  of  the  sphere. 

From  these  equations  we  might  deduce  the  form  of  the 
surface  wherein  all  the  points  lie  that  possess  the  pro- 
perty sought ;  but^  in  facti  that  surface  is  more  readily 
understood  without  the  assistance  of  the  equations ;  for 
as  the  angles  6  and  ^  may  be  taken  at  pleasure,  the  line 
r  may  be  directed  towards  any  point  in  space ;  and  as  r 
is  constant,  no  sufficient  reason  can  be  assigned  why  the 
former  the  surface  should  differ  in  one  part  from  its  form 
in  another. 

The  surface  sought,  which  is  the  sphere  of  Part  I.,  will 
thus  be  a  closed  surface,  having  all  its  parts  alike. 

The  given  point  A  is  termed  the  centre  of  the  sphere, 
and  the  line  r  its  rcUlius. 

The  greatest  and  least  values  of  a;,  y  and  z,  will  each, 
by  the  preceding  equations,  be  -f  r  and  —  r :  and  the 
length  of  a  line  which  passes  through  the  centre  and  is 
terminated  at  either  extremity  by  tlie  surface^  will  be 
2  r :  this  line  is  termed  a  diameter. 

A  solid^  bounded  by  plane  surfaces,  Part  I.,  App.  I., 
is  said  to  be  ijiscribed  in  a  sphere,  when  all  the  angles 
of  the  solid  lie  in  the  surface  of  the  sphere. 

After  these  general  remarks,  we  shall  treat  the  pro- 
perties of  the  figure  under  the  form  of  distinct  proposi- 
tions. 

177.  Prop.  1 .    The  section  of  a  sphere  by  a  plane  is 
a  circle. 
As  the  equation  of  the  sphere 

was  obtained  by  r^arding  the  co-ordinate  planes  as  rec- 
tangular, and  without  otherwise  assigning  their  positions^ 
we  may  cause  one  of  these  planes,  that  of  the  xy^s,  for 
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8eot  V.    HeUtidiis  of  two  poinU  reitricted  to  a  givon  dktanco. 
.Art  177.    The  Motion  of  a  aphere  by  a  plane  ia  a  ctrele. 

example^  to  coincfde  with  the  plane  whose  iutersection 
is  soitght  i  and  thus  resolve  the  question  by  seeking  the 
intersection  of  the  plane  of  the  xy^s-  with  the  surface  of 
the  sphere. 

But  the  intersection  of  two  surfaces^  consisting  of 
points  common  to  both^  is  found  by  uniting  their  equa- 
tions ;  and  since  for  all  points  in  the  plane  of  the  xy^Sy 
and  for  those  points  only^  z  is  zero^  we  may  regard  Z:sO 
as  the  equation  of  the  plane ;  and  determine  the  inter- 
section required  by' substituting  this  value  of  z  in  the 
equation  of  the  sphere* 

Effecting  the  substitution^  we  obtain 

which  is  the  equation  of  a  circle  having  a  and  j9  for.the 

co-ordinates  of  the  centre,  and  V  r*  —  y*  for  the  radius. 

When  y  =  0  the  plane  passes  through  the  centre  of 
the  sphere,  and  the  radius  of  the  circle  is  r ;  such  a  sec- 
tion is  called  a  great  circle  of  the  sphere. 

If  from  the  centre  of  the  sphere  a  perpendicular  is 
drawn  to  the  plane  of  the  ory^s,  and  any  point  in  the 
section  is  united  with  the  foot  of  this  perpendicular,  and 
also  with  the  centre  of  the  sphere ;  a  right  angled  tri- 
angle is  formed,  having  the  radius  of  the  sphere  for  its 
hypothenuse,  and  the  perpendicular  on  the  plane  for  one 
of  its  sides ;  and  as  the  remaining  side  will  then  be  of 
the  same  magnitude  wherever  the  point  in  the  intersec- 
tion is  taken,  the  perpendicular  must  pass  through  the 
centre  of  the  circle  which  is  the  intersection  of  the 
plane  and  sphere. 

178.  Prop.  2.     The  tangent  plane  to  any  point  of  a 
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Chap.  I.    Detailed  analyeia  of  the  rehttioiu  of  direetion ;  and  of  the  re- 
lationa  pecaliarto  three,  to  fooTi  and  to  a  greater  number  of  pointi. 

Art  178.    The  tangent  plane  to  a  spherical  eorfkee  is  at  right  angles  to  the 
radios.    Art  179.    Secants  to  the  sphere  and  the  circle  hare  the 
same  properties.    Art  180.    Solid  angles  at  the  centre  mea- 
sured by  the  spherical  snrface  they  intercept 

spherical  surface  is  at  right  angles  to  the  radius  which 
passes  through  that  point. 

Assuming  in  the  preceding  proposition  9^  «  r,  the 
intersection  of  the  plane  and  sphere  becomes  merely 
a  point ;  and  through  this  pointy  by  what  is  there  sud, 
the  radius^  which  is  at  right  angles  to  the  plane,  will 
pass.  But  arranging  the  planes  that  can  be  drawn 
through  the  origin  into  two  classes,  according  as  they 
do  or  do  not  meet  the  sphere ;  the  plane  we  have  de- 
scribed will  be  a  limit  separating  these  classes ;  and 
hence^  by  analogy  with  the  corresponding  case  in  art. 
162^  will  be  termed  the  tangent  plane. 

From  what  has  been  said;  it  b  evident  that  the  tan- 
gent plane  meets  the  surface  only  in  a  point. 

179.  Prop.  3.  If  through  any  point  secants  are  drawn 
to  the  sphere,  their  properties  will  be  the  same  with 
those  of  the  secants  to  a  circle. 

The  section  formed  by  the  plane  wherein  the  secants 
lie  having  been  proven  a  circle,  the  proposition  may  be 
regarded  as  demonstrated. 

180.  Prop.  4.  Solid  angles  at  the  centre  of  the 
sphere  are  measured  by  the  portion  of  the  spherical  sur- 
face which  they  intercept. 

The  reasoning  is  the  same  as  that  used  in  art.  164. 

181.  Prop.  5.  The  solid  angle  formed  by  two  secant 
planes  is  measured  by  the  difference  of  the  spherical 
surfisices  which  they  intercept. 
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Saet  y.    lUlaftions  of  two  points  rottrieted  to  a  given  distance. 

Art  181.   The  solid  angle  formed  by  two  secant  planes  is  measured  by  the 
difierenee  of  the  s^ierical  snrftoes  which  they  intercept 

The  demonstradon  is  the  same  as  that  used  in  art. 
167. 

182.  Prop.  6.  The  shortest  distance  between  two 
points  on  a  sphere,  is  the  arc  of  a  great  circle  intercepted 
between  them. 

Assume  any  fumber  of  points,  A,  B^  C^  D,  .  .  .  .  N, 
to  lie  in  some  continuous  line  upon  the  surface  of  the 
sphere.  Through  the  points  A  and  B,  and  the  cen- 
tre of  the  sphere,  imagine  a  plane  to  be  passed ;  and 
this  done^  imagine  similar  planes  to  be  passed  through  B 
and  C^  C  and  D,  &c. ;  until  planes  have  been  made  to 
pass  through  the  centre,  and  each  pair  of  contiguous 
points.  We  shall  by  this  process  obtain  the  following 
results. 

Firsts  There  will  be  formed  on  the  surface  of  the 
sphere  a  closed  polygon^  whose  sides  are  the  arcs  of  great 
circles,  a^  by  c,  &c. 

Secondly,  There  will  be  formed  at  the  centre  of  the 
sphere  as  many  plane  angles,  measured  by  these  arcs^ 
and  enclosing  a  solid  angle  that  has  its  vertex  at  the 
centre. 

But  it  is  a  corollary  from  art.  140^  that  any  one  of 
these  angles  is  less  than  the  sum  of  the  rest ;  and  the  arcs 
measuring  the  angles^  a  like  result  is  to  be  concluded  of 
the  arcs  also. 

Now  combining  what  is  here  said^  it  will  follow  as  a 
first  deduction^  that  in  proceeding  along  the  surface  of 
the  sphere,  from  A  to  N^  the  route  by  the  arc  of  a  great 
circle  uniting  A  with  N,  is  shorter  than  the  route  by 
the  arcs  of  great  circles  which  pass  through  B  and  C^  0 
and  D,  and  the  other  intermediate  points. 


8M       £AX!f  ni.      AHAI.T9XS  OF  TARTIQULAM  PROBL9K0. 

Chap.  L    D«taiM  analjtis  of  the  r«latioiM  of  direetion ;  and  of  the  ra- 
Utioos  poouliar  to  three,  to  four,  and  to  a  greater  namber  of  points. 

Art  18SS.    The  ehorteet  dietanee  between  two  pointe  on  a  aphere  ia  the  are  of 

a  great  cirele  intoroepted  between  them. 

But  it  will  also  follow^  that^  as  the  points  are  multi- 
plied^ the  length  of  the  route  increases. 

For  let  us  interpose  between  C  and  D  an  additional 
point  D',  that  does  not  lie  in  the  great  circle  joining  G 
and  D.  The  route  from  C  to  D,  by  way  of  the  arcs  that 
pass  through  D'  will,  by  what  has  already  been  said^  be 
longer  than  the  route  by  way  of  the  arc  uniting  C  and  D ; 
and  since  the  remaining  distances  are  not  altered^  the 
introduction  of  the  additional  point  must  evidently  have 
increased  the  length  of  the  route. 

Now  by  whatever  path  on  the  surface  of  the  sphere 
we  pass  from  A  to  N^  not  only  may  the  points  B,  C,  D, 
&c.  be  supposed  to  lie  in  that  path^  but  an  increase  in 
their  number  must  also  cause  an  increase  in  the  d^ree 
of  coincidence  between  the  broken  line  formed  of  arcs 
uniting  the  points^  and  the  line  which  is  the  assumed 
path  wherein  they  lie. 

By  increasing  the  number  of  points^  therefore,  we  both 
cause  the  broken  line  to  approach  the  assumed  path,  and 
at  the  same  time  eause  an  increase  in  the  length  of  the 
route. 

This  process  may  be  continued  until  the  broken  line 
and  the  assumed  path  do  not  differ  by  any  assignable 
quantity;  or,  in  other  words^  until  they  agree  so  nearly^ 
that,  neither  could  the  senses  perceive  any  difference 
between  them^  nor  could  such  difference  be  perceived 
by  the  senses  were  they  improved  to  any  assignable  de- 
gree  of  perfection. 

The  excess  of  the  route  by  the  broken  line  above  the 
route  by  the  great  circle^  is  thus  shown  to  be  a  finite 
quantity^  and  the  difference  of  the  routes  by  the  broken 
line  and  the  assumed  path  not  being  a  finite  quantity^  the 
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Seet  y.    lUlationi  of  two  polnti  notrietod  to  ftgifoii  dktaiMO. 

Art.  18S.    T%6  oxtromltios  of  the  porpondiealar  drawn  flom  the  eentre  of  ft 
ophoro  to  ft  eMo  of  the  Iftttor  ftre  eveiywheneqaaUy 

dktiiit  from  the 


roate  by  the  latter  must  exceed  the  route  by  the  arc  of 
the  great  circle ;  and  the  length  of  this  arc  must  be  less 
than  the  length  of  any  other  line  that  can  be  drawn  on 
the  surface  of  the  sphere  between  the  points  A  and  N 
that  lie  on  that  surface.^ 

The  distance  of  two  points  on  the  aurftice  of  a  sphere 
is  measured  by  the  arc  of  the  great  circle  that  lies  be- 
tween them. 

183.  Prop.  7.  Drawing  from  the  centre  a  perpen- 
dicular to  the  plane  of  a  circle  of  the  sphere^  and  pro- 
ducing this  perpendicular  either  way  to  the  surb^e^  the 
circle  will  be  everywhere  equally  distant  trum  the  ex- 
tremities of  the  perpendicular. 

The  ratio  between  the  radius  of  the  sphere  and  the 
radius  of  the  circle  is  the  sine  of  the  arc  intercepted 
between  an  extremity  of  the  diameter  and  any  point 
in  the  circle  ;  and  hence^  wherever  this  point  is  chosen^ 
the  arc  in  question  will  be  the  same. 

These  equidistant  points  are  called  palea  of  the  circle^ 
and  the  poles  of  a  circle  are^  therefore^  the  extremities 
of  the  diameter  which  is  perpendicular  to  its  plane. 

184.  When  a  solid  angle  is  placed  at  the  centre  of  a 
sphere^  the  plane  angles  that  bound  it  intersect  the  aur- 
&ce  in  so  many  arcs  of  great  circles,  which,  taken  toge- 
ther, form  a  spherical  polygon. 

The  arcs  are  the  sides  of  this  polygon,  but  its  angles, 
inasmuch  as  they  are  fMrmed  upon  a  curved  surftce,  wiH 

*8eeB0toa 
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Chap.  I.    Detailed  analysu  of  the  reUtions  of  direction ;  and  of  the  no* 

lations  peeoliar  to  three,  to  four,  and  to  a  greater  number  of  points. 
Art.  184.    The  anglea  and  aides  of  a  spherical  polygon  have  the  same  rela- 
tions as  the  parts  of  the  solid  angles  subtended  at  the  centre. 

be  different  from  any  that  have  hitherto  occupied  oar 
attention.  Before,  therefore,  we  proceed  further  in  this 
inquiry,  it  will  be  necessary  to  investigate  the  nature  of 
such  angles^  and  the  standard  whereby  they  are  mea- 
sured :  a  moment's  attention,  however,  will  suffice  for 
this  purpose,  and  enable  us  to  discover  the  natural  unit 
of  such  quantities,  and  the  relations  they  have  to  angles 
of  a  class  already  conadered. 

For  our  ideaof  An  angle  being  the  space  Rg^a*- 
included  between  its  sides^  we  may  take 
the  spherical  area  ABCD  as  the  angle  at 
A ;  and  with  this  definition  the  natural 
unit  of  spherical  angles  will  be  the  whde 
surface  of  the  sphere ;  a  unit  which  va- 
ries with  the  magnitude  of  the  latter. 

A  convenient  measure  of  another  class  may  also  be 
obtained  ;  for  since  the  area  ABCD  measures  the  solid 
angle  included  between  the  planes  ADCE  and  ABCE,  the 
solid  may  be  taken  as  the  measure  of  the  spherical  angle, 
and  either  of  these  quantities  will  then  be  denoted  by  the 
same  number.  With  such  a  measure,  the  solid  angle  and 
the  spherical  polygon  will  have  all  their  corresponding 
parts  denoted  by  the  same  numbers :  the  inclinations,  for 
example,  of  the  planes  that  form  the  solid  angle,  will  be 
denoted  by  the  same  numbers  as  the  angles  of  the  spheri- 
cal polygon,  and  the  plane  angles  of  the  former  will  be 
denoted  by  the  same  numbers  as  the  sides  of  the  latter. 
And  as  the  algebraic  expressions  for  these  two  varieties  of 
form  will  thus  be  identical,  the  rules  and  formula  that 
we  have  deduced  in  Sec.  III.  of  the  present  Part,  for 
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Seet.  y.    Relations  of  two  point*  restricted  to  »  given  disttnce. 

Art  185.    Relations  common  to  all  spherical  triangles.    Art.  186.     Rela- 
tions of  particnlar  spherical  triangles.    Art  187.    Formnln  for  the 
parts  of  a  spherical  triangle  when  one  part  is  90. 

the  relations  of  a  solid  angle^  will  equally  apply  to  the 
relations  of  its  corresponding  spherical  polygon.  Whence 
the  following  propositions  : 


RELATIONS  COMMON  TO  ALL  SPHERICAL  TRIANGLES. 

185—1.  The  sum  of  any  two  sides  of  a. spherical  tri- 
angle is  greater  than  the  third  side ;  art.  157 — 1. 

2.  The  sum  of  the  three  sides  is  less  than  unity ;  art. 
157—2. 

3.  The  sum  of  the  three  spherical  angles  is  greater 
than  J,  and  less  than  |;  art.  157—3. 

4.  The  sum  of  any  two  of  the  spherical  angles  is 
greater  than  the  supplement  of  the  third  angle;  art. 
157—4. 

5.  The  sum  of  any  two  sides  mu3t  be  of  the  same  kind^ 
with  respect  to  180^  as  the  sum  of  the  opporite  angles ; 
art  157—5. 


PARTICULAR  RELATIONS  OF  SPHERICAL  TRIANGLES. 

186 — 1.  An  equilateral  spherical  triangle  is  also  equi- 
angular; art.  158—1. 

2.  An  isosceles  spherical  triangle  has  the  angles  op« 
porite  to  the  equal  sides  equal ,  and  the  converse ;  art 
158—2. 

187.  FormultB  for  determining  the  parts  of  a  spherical 
triangle^  when  one  of  those  parts  is  90.— -(&e  art. 
149.) 


9M        PAKT  III«      AHALTtlS  OP  PARTICULAR  ^ROBLBIIS. 

Chap.  I.    IMttl«d  tadyiU  of  tlw  rektiont  of  direetawi;  and  of  tho  r«- 

IttioM  peooliAT  to  threoi  to  four,  and  to  a  greater  nnmbar  of  points. 
Art.  186.    Polar  tfriierieal  trianglei.    Art.  189.   Formal*  for  dotermUiinc  the 

pai^tf  of  any  ipherical  triangle. 

188.  Polar  spherical  triangles. 

If  a,  b  and  e  are  the  sides^  and  A|  B  and  C  the  oppo- 
ilite  angles  of  a  spherical  triangle^  a  second  triangle  exists, 
such,  that 

a  «  1 80  —  A',  ft  «  1 80  —  B' ,  c  =  180  —  C 
A  =  180  —  a' ,  B=  180—6' ,  C=  180  —  c' 

where  the  notation  is  so  chosen,  that  a  side  (f,  of  the  se- 
cond triangle^  is  opposite  to  the  angle  A,  of  the  same 
name^  in  the  first;  art.  148. 

Any  one  of  the  angular  points  of  either  of  these  trian- 
gles^ is  the  pole  of  the  opposite  side  of  the  other  triangle; 
on  which  account  the  triangles  are  said  to  be  polar  to 
each  other. 

189.  Fomul»  for  determining  the  parts  of  any  sphe- 
rical triangle. 

These  formulas  have  already  been  deduced  in  the 
Third  Section ;  and  in  order  to  render  them^  as  they  are 
there  given,  applicable  to  spherical  triangles,  we  have 
merely  to  regiurd  the  small  letters  as  denoting  the  sides, 
and  the  great  letters  of  the  same  name  as  denoting  the 
opposite  angles  of  the  triangle. 

190.  The  portions  of  the  spherical  surface  intercepted 
by  a  solid  angle  at  the  centre  being  the  same  part  of  the 
whole  surface  as  the  solid  angle  is  of  the  whole  of  space^ 
the  area  of  a  spherical  triangle,  when  the  surface  of  the 
sphere  is  unity,  will  be  obtained  by  the  same  rule  as  the 
solid  angle  to  which  it  is  opposite.    Hence,  if  S  is  the 


PART  III.  ahaltsis  or  partioului  problems.  89T 

fleet  V.    Relatient  of  two  pomti  xoftrieted  to  «  girea  dteCuice. 

Art.  19D.    Metsnre  of  the  earface  of  a  fpherical  triangle.    Art.  191.    flpheri- 

eal  trigonometry  molodee  plane  trigonometry  at  a  particular  case. 

sarfaoe,  and  A^  B,  C  are  the  angles  of  the  triangle^  we 
bave^  art*  67, 

S^tilA  +  B  +  Cj-f- 

191.  Before  leaving  this  subject^  it  will  not  be  im- 
proper to  notice  that  spherical  trigonometry  includes 
plane  trigonometry  as  a  particular  case»  The  triangles 
measured  by  the  surveyor^  on  a  level  fields  although 
traced  by  the  assistance  of  straight  lines,  are,  in  fact^ 
spherical  triangles ;  and  from  this  instance  alone  it  will 
be  seen,  that  if  the  radius  of  the  sphere  increases  to  in* 
finity^  whilst  the  size  of  the  figure  remains  the  same,  the 
latter  degenerates  into  a  plane  triangle. 

The  formuIsB  of  spherical  trigonometry  must^  there- 
fore, necessarily  have  a  great  analogy  to  those  of  plane ; 
and  when  the  radius  of  the  sphere  is  made  infinite,  and 
the  usual  rules  for  combining  infinitely  small  quantities 
are  observed^  the  relations  of  the  former  species  of  quan- 
tity must  become  identical  with  those  used  in  the  latter. 
The  reduction  is  effected  by  considering  the  sine  and 
tangent  as  agreeing,  when  very  small,  with  the  arc; 
whilst  the  cosine  and  secant^  the  common  limit  of  which, 
we  recollect^  is  unity,  are  represented  by  unity  minus 
the  square  of  an  infinitely  small  quantity. 

192.  In  concluding  this  section  we  may  also  notice  a 
relation  of  spherical  polygons,  and  of  solid  figures  in 
general^  that  ought^  perhaps^  to  have  been  more  fully 
developed  whilst  treating  of  the  type  of  solid  figures. 
This  relationship  is  termed  by  Legendre,  who  seems 
first  to  have  noticed  it^  an  equality  hy  symmetry;  and 
will  be  readily  understood  by  referring  to  the  idea  which 
we  have  attached  to  the  term  equality:  that  term,  it  will 
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Chap.  I.    Detailed  aoalysia  of  the  relatione  of  direction ;  and  of  the  ie« 
latioos  peculiar  to  three,  to  four,  and  to  a  greater  numlMr  of  points. 

Art.  192.    Equality  by  eTinmetxy. 

be  recollected^  implies  such  an  identity  between  the 
parts  of  two  figures^  and  the  disposition  of  those  parts, 
that  one  of  the  figures  could^  by  superposition^  be  made 
to  cover  the  other^  or  to  occupy,  in  every  respect^  the 
space  which  the  latter  occupies.  When  two  plane 
figures  are  equals  this  capacity  of  being  superposed 
always  exists^  and  is^  in  fact,  the  only  idea  we  form  of 
this  equality :  but  when  the  figures  are  solid,  or  are  de- 
scribed upon  a  surface  that  is  not  plane^  an  identity  be- 
tween all  the  parts  does  not  imply  a  capacity  of  super- 
position; since  the  parts  may  be  so  disposed,  that  in 
whatever  way  we  turn  the  figures,  their  equal  lines  and 
angles  may  still  be  differently  arranged. 

A  clear  idea  of  this  fact  may  be  obtained  from  con- 
ndering  the  two  plane  triangles,  ABC,  ^'  ^^^' 

BCD,  whose  corresponding  sides  and 
angles  are  equal.  These  triangles  may 
be  superposed ;  but  it  will  be  observed 

that  in  turning  the  triangle  BDC  about 

BC,  with  the  view  of  superposing  it  ^-        ^  ^ 

upon  ABC,  we  cause,  if  the  triangles  are  material,  the 
posterior  sur&ce  of  BCD  to  change  its  position^  and  to 
turn  towards  the  direction  previously  faced  by  the  an- 
terior surface.  Now  this  operation  is  not  possible  when 
the  figures  are  two  rectangular  pyramids^  ABEC^  BED  A, 
having  their  corresponding  parts  equal.  The  faces  of  the 
twosolids  may  be  applied  successive-  ^ff  •  ^^^ 

ly,  but  the  direction  in  which  the 
solid  BEDA  must  be  turned^  to  ap- 
ply the  face  ADE  to  ACE,  is  not  tiie  C 
same  as  the  direction  wherein  it  must 
be  turned  to  apply  the  ends  BDA, 

BCA ;  and  the  superposition  is,  therefore,  impossible. 
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Sect  y .    Relatioiui  of  two  points  restrietod  to  a  ^Ton  durtanoe. 
Art  ld2.    E(|iiality  by  Bymmetiy. 

This  circumstance  requires  particular  attention  in  syn- 
thetic geometry 9  where  the  neglect  of  it  has  frequently 
vitiated  the  demonstrations,  but  the  division  of  equality 
into  an  absolute  equality,  and  an  equality  by  symmetry, 
although  the  distinction  should  never  be  lost  sight  of^ 
will  not  affect  the  investigation  of  Part  11.,  Sec.  lY. 


400        PAET  III.      ANAUSIS  OF  PARTICOLAB  PBOBUlfi. 

Cbi^.  I.    Detailed  aaalyvfl  of  the  Yebtione  ef  diieetSoB ;  asd  ef  tlw  le- 

lations  poonliar  to  three,  to  four,  tnd  to  a  greater  nninber  of  pointa. 

Art.  193b    The  position  of  a  point  on  the  surface  of  a  sphere  is  referred  to  the 

centre,  to  a  great  circle,  and  to  a  point  arbitrarily  chosen  in  the  latter. 


SECTION  VL 


8T8TKMS  OF  PRIMORDIAL  BLEMENTS  THAT  HAVE  REFER- 
ENCE TO  THE  SPHERE  ;  ADDITIONAL  THEOREICS  FOR 
TRANSFORMING  CO-ORDINATES. 


The  portion  of  a  point  on  the  wrfaee  of  a  sphere  is 
referred  to  the  centre^  to  a  great  circle,  and  to  a  point 
arbitrarily  chosen  in  the  latter-^'^f  primary  and  second- 
ary circles — distance  of  two  points  in  terms  of  their 
spherical  co-ordinates — relative  directions  of  points  ex- 
pressed in  terms  of  their  spherical  co-ordinates — trans- 
formation of  spherical  co-ordinates — transformation  of 
polar  systems — equations  of  transformation  used  by 
Euler* 


193.  The  theory  of  liaes  that  diverge  from  a  commoa 
centre  is  of  such  great  importancey  that  although  two  sec- 
tions have  already  been  devoted  to  it^  we  shall  resume 
the  subject^  and  trace  its  application  to  the  theory  of 
primordial  elements^  and  thence  to  the  important  prob- 
lems which  occupy  the  attention  of  the  geographer  and 
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Sect.  VI.    Systems  of  primordial  elements  that  have  reference  to  the  sphere  ; 

additional  theorems  for  transforming  co-ordinates. 

Artr  194.    Of  primary  and  secondary  circles. 

four  casesalluded  to,         ^'«-  ^'^-  ^'«-  ^^^- 

is  the  subtense  OP  ; 
but  theangles  where- 
by the  position  of  this 
subtense  is  assigned, 
are  the  angles  {x  t) 
and  (tr),  or,  in  fig.  219,  the  arcs  AB  and  BP. 

After  thus  fully  explaining  the  method  of  assigning  the 
position  of  a  point  on  the  surface  of  a  sphere,  or,  if  the 
radius  of  the  latter  may  be  assumed  at  pleasure,  the  po- 
sition of  a  point  in  space ;  it  remains  to  derive  the  for- 
muls&  which  express  the  distances  of  points,  and  the 
angles  formed  by  their  directions,  and  those  other  for- 
mulae by  which  a  transposition  of  systems  is  efTected. 

195.  The  first  of  these  problems  may  be  resolved  by 
means  of  the  differences  and  the  complements  of  the  co- 
ordinates ;  for  assuming  A  and  B  as  the  Fig^220. 
given  points,  0  as  the  origin,  P  as  the 
pole  of  the  primary,  and 

Oa  ==  a?,  Ob  r=  afy 
oA  =  y,  6B  =  y', 
as  the  circular  co-ordinates;  we  shall 
have,  PA  =  J  — y,  PB=  i  — y,  and 
the  angle  APB  =zaf  —  a: ;  whence,  denoting  the  distance 
sought^  AB  by  d,  there  results 

cos.  d  =z  sin.  y  sin.  y'  +  cos.  y  cos.  y'  cos.  {a/  — a?). 

As,  however,  this  formula  is  not  adapted  to  logarithms, 
its  place  is  conveniently  supplied  by  either  of  the  two 
known  methods  of  solving  a  spherical  triangle  from  the 
sides  and  the  included  angle  as  data. 

The  great  circle  acting,  with  regard  to  spherical  sur- 
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Sect.  VI.    Syfltemfl  of  primordid  olements  that  have  reference  to  the  sphere  \ 
ftdditional  tlieorems  for  trandforming  co-ordinates. 

Art.  11>7.    Transformation  of  spherical  co-ordinates. 

for  the  particular  case  wherein  the  origin  is  the  inter- 
section of  the  original  and  the  transformed  primordial 
circles,  it  is  to  that  case  alone  that  we  shall  confine  our 
investigation. 

Assuming,  then,  A  to  be  the  given  point,  P  and  P' 
the  poles  of  the  primordial  circles,  and  m  the  secondary 
passing  through  both  these  poles,  we  have, 

P  P'  =  (ar  a?'),*  (my)  =  (i  +  a?) ;  and  from  A  P  P' 

sin.  y'  =  COS.  xx'  sin.  y-^  sin.  xx'  cos.  y  sin.  x, 

/  sin.  V 

cos.  x'  =  cos.  X  -^ — ^ 

sin.  y 
The  last  of  these  two  formulae  gives  a?'  in  terms  of  y', 
but  y  having  been  previously  determined,  the  transfor- 
mation is  sufficient  for  the  purposes  to  which  it  is  usu- 
ally applied  :    it  should  be  remarked,         ^*ff-  221. 
however,  that  in  practice  y'  is  not  com-          ^^—^ 
monly  determined  from  the  value  here 
given,  but  is  obtained  by  solving  the  tri- 
angle APP'  according  to  either  of  the 
methods  already  deduced,  and  which  ad- 
mit the  ready  application  of  logarithms. 

198.  With  these  remarks  we  might  terminate  our  in- 
quiry into  the  method  of  measuring  angles  by  the  arcs 
they  subtend  on  the  surface  of  a  sphere ;  but  as  some  of 
the  most  eminent  modern  analysts  have  used  this  method 
for  another  purpose,  and  endeavoured  to  avoid,  by  its 
assistance^  the  eliminations  incident  to  the  formulae  of 
transformation  given  in  page  223,  we  have  thought  it 
best  to  reserve  to  the  present  occasion  all  that  we  have 
to  say  concerning  the  transformation  of  polar  systems. 

*  This  is  the  angle  between  the  two  primary  circles. 
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Sect.  VI.    Systems  of  primordial  elements  that  have  reference  to  the  sphere  ; 
additional  theorems  for  transforming  co-ordinates. 

Art  199.    Equations  of  transformation  used  by  Eulor. 

These  three  lines,  the  axe  of  the  ^'g-  222. 

x^Sy  the  axe  of  the  x'  's,  and  the  inter- 
sections of  the  planes,  diverge  from 
the  origin,  and  form  there  angles 
whose  relations  are  given  by  preced- 
ing formulsB. 

Denoting  the  angle  i  x'  by  i^,  the  angle  ix  by^,  and, 
finally,  denoting  by  0  the  inclination  of  the  planes,  the 
intersection  of  which  is  iy  we  have 

COS.  xx'  =  COS.  i^/  cos.  ^  4.  sin.  1//  sin.  ^  cos.  0. 

And  since  (iy')  =  (J  +  io:')  =  J  +  ^^  the  cosine 
of  xy'  will  be  obtained  by  merely  substituting,  in  the 
preceding  expression,  \  +  ^  for^- 

The  cosine  of  yy'  will  be  found  from  cos.  xxf  by  sub- 
stituting J  +  '4/  for  ^y  and  J  +  ^  for  ^ ;  whilst  for 
cosine  x' y  we  merely  make  the  last  of  these  two 
changes. 

The  angles  which  z'  forms  with  a?,  y  and  z,  have  yet  to 
be  found,  but  the  investigation  is  readily  effected  :  one  of 
the  angles  is,  indeed,  immediately  perceived ;  for  as 
lines  perpendicular  to  planes  are  inclined  at  the  same 
angles  (art.  145),*  we  have, 

zz'  =  0. 

To  discover  the  value  of  [z  ocf)  we  may  observe,  that, 
since  the  plane  which  passes  through  z  and  z'  is  perpen- 
dicular to  {,  its  inclination  with  the  plane  zx  will  be 
measured  by  ^  +  ^^  and  as  we  thus  know  the  plane  an- 
gles {zx)  S3  iy  {zz')  =  0,  and  the  inclination  of  their 
planes,  which  is  equal  to  |  +  ^,  the  third  plane  angle 

*  The  proposition  referred  to  in  art.  145  will  be  demonstrated  in  the  next 
Section. 
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SeoL  VII.    RekfimM  of  anj  number  of  divergent  iinee. 
Art.  SNN>.    Relatione  of  dlTergent  Iinee  agree  with  thoee  of  epheiiori  polygons 


SECTION  VII. 


RELATIONS  OF  ANY  NUMBER  OF  DIVERGENT  LINES* 

Rdations  of  divergent  lines  agree  with  those  of  sphe- 
rical polygons — eqtmiions  relative  to  the  inclinations  of 
divergent  lines  obtained  from  the  sides  of  closed  figures^ 
by  eqtmiing  with  zero  the  common  denominator  found, 
in  the  values  of  the  latter-^n  a  plane ^  lines  equally  mi 
dined  to  other  lines  form  the  scone  angle  as  the  latter — 
applies  cdso  to  planes  which  have  a  common  intersection 
— perpendiculars  to  the  sides  of  a  closed  figure,  or  to 
planes  that  include  a  solid  angle,  hone  for  their  inetina- 
tions  the  supplements  of  the  internal  angles  of  the  lat- 
ter— sum  of  the  interior  angles  of  a  polygon — other  re- 
lotions  of  divergent  lines— data  required  to  determine 
the  relations  of  divergent  lines. 

200.  By  what  we  have  seen  in  Section  Y.,  the  rela- 
tions of  any  number  of  divergent  lines  redace  themselves 
to  relations  of  the  sides  and  angles  of  a  spherical  poly- 
gon ;  and  as  the  method  of  resolving  such  polygons  by 
dividing  them  into  spherical  triangles  is  sufficiently  ob- 
3b 
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Chtp.  I.    Detailed  uialyeie  of  Uve  relatione- of  difoction;  rind  of  the  re- 
latione peooliar  to  tfaree^  to  foor,  and  to  a  greater  rnunbof  of  |K>inta. 

Art  200.    Relatione  of  divergent  lines  agree  with  thoae  of  epherical  polygons. 

Art.  201.    Eqaations  relatiTO  to  the  inclinations  of  divergent  lines 

obtained  from  the  sides  of  closed  figures. 

vious^  it  will  be  unnecessary  to  say  more  concerning  the 
relations  of  divergent  lines  than  will  suffice  to  render  the 
analysis  of  them  direct  and  convenient. 

201.  The  method  used  in  art.  139^  to  obtain  an  equa- 
tion of  condition  between  three  divergent  lines  that  lie 
in  one  plane,  will  apply  to  any  number  of  divergent 
lines ;  and  will^  when  the  number  exceeds  three^  apply 
equally^  whether  the  lines  do  or  do  not  lie  in  one  plane, 
since  in  such  cases  it  is  always  possible  to  form  a  closed 
figure  having  its  sides  parallel  to  the  given  directions. 

And  the  inclinations  of  the  planes  that  pass  through 
the  divergent  lines  will  also  be  subject  to  equations  of  a 
similar  kind,  and  that  may  be  obtained  by  the  propor- 
tion used  in  the  latter  part  of  art.  145.  According  to 
which,  if  a',  a"  and  a"'  are  divergent  lines,  BuAp'fp",p'" 
are  perpendiculars  to  the  planes  passing  tbroagh  these 
lines,  planes  that  we  may  denote  by  a!af',  dd"^  d*d"j 
the  inclinations  of  these  planes  will  be  the  same  as  the 
inclinations  of  their  perpendiculars. 

In  using  this  proposition,  however,  we  must  remark, 
that  if  the  angles  formed  by  the  planes  are  estimated  as 
the  internal  angles  of  the  spherical  polygon  above  alluded 
to,  the  supplements  of  the  angles  formed  by  the  perpen- 
diculars^ and  not  the  angles  themselves,  will  be  equal  to 
the  inclinations  of  the  planes. 

202.  This  useful  theorem  has  not  not  yet  been  demon- 
strated ;  it  was  referred  to  in  art.  145  as  a  subsequent  pro- 
position^ and,  in  fact,  forms  part  of  the  theory  we  are 
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8eot.  VII.    Aelatioofl  oC«nj  number  of  dimgent  linee.    • 

Art  8QS»    In  a  pla&ey  ham  eqniUy  inoUiied  to  otbi^r.UnM  fosn  tbm  sime 

anffloM  the  latter* 

DOW  discusttng;^  and  can  in  no  division  of  our  subject  ]lie 
treated  more  conveniently  than  in  the  present. 

To  consider  the  subject  with  the  detail  that  it  deserves, 
let  us  commence  with  the  simple  case  of  two  diverjgent 
lines^  m  and  «',  that  form  equal  angles  ^  Fig.  223.  ^ 
d)  with  given  divergent  lines  a  and  a'« 
By  the  enunciation  we  have 

(am)  s  e,  {am')  =  {aa'  +  e)^ 

and  subtracting  the  first  of  these  equa- 
tions from  the  second^  there  arises  the 
result, 

{mm')  z=z  {aaf); 

and  as  equations  of  the  same  kind  will  be  true  for  any  other 
lines  similarly  situated,  we  may  enunciate  the  proposition 
as  follows :  ^^  If  in  a  plane  there  are  two  systems  of  right 
lines^  a,  a'^  af\  m^  m'j  m",  &c.  so  related  that  any  line 
a'  •••"  being  taken  in  the  first  system,  a  line  fw"  •••  *  can 
be  found  in  the  second^  such^  that  (a''  **'*  m"  ***")  shall  be 
a  constant  angle  6 ;  then  will  the  inclinations  of  the  lines 
in  the  first  system  be  equal  to  the  inclinations  of  the 
corresponding  lines  in  the  second* 
The  most  useful  cases  are  when  $  is  equal  to  O^  or  to  ^. 

203.  If  the  first  system  of  lines  do  not  lie  in  one  plane^ 
the  condition  which  connects  the  second  system  with  the 
first  will  be  insufficient  to  define  the  lines  of  that  sy£H 
tem ;  and  the  proposition  under  the  form  above  given 
will  be  inapplicable.  The  modification  that  it  requires 
is  readily  deduced^  but  the  limits  prescribed  to  the  pre- 
sent work  will  not  admit  of  extensive  details,  and  the 
case  wherein  the  first  system  is  composed  of  planes^  and 
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Chap.  L    Detailed  aciitlysis  of  the  relations  of  direction ;  and  of  the  re- 
latione-  pecnMar  to  three,  to  fonr,  and  to  a  greater  number  of  points. 

Art  203.    Applies  also  to  planes  which  haTe  a  common  intersection. 

the  second  of  lines  perpendicular  to  them,  is  a  problem 
of  greater  interest. 

'  This  problem;  also^  subdivides  itself  into  two  cases, 
kcoording  as  thb  planes  have  or  have  not,  a  common  in- 
tersection. In  the  first  case^  the  system  of  perpendicu- 
lars lies  in  a  plane  at  right  angles  to  the  common  inter- 
section, and  as  the  lines,  the  inclinations  of  which  measure 
the  inclinations  of  the  planes,  are  also  perpendicular  to 
the  common  intersection^  the  problem  is  reduced  to  that 
already  considered^  or,  in  oth^r  words,  to  the  relations 
between  a  system  of  lines  that  lie  in  one  plane^  and  their 
perpendiculars. 

204.  When  the  planes  have  not  a  common  intersec- 
tion, the  principle  on  which  their  inclinations  are  mea- 
sured must  be  particularly  described,  and  the  theo- 
rem will  vary  with  the  different  methods  used  for  this 
purpose. 

The  rule  for  determining  the  sequence  of  planes  adopt- 
ed in  art.  44,^  regards  them  as  estimated  in  the  same  order 
as  the  sides  of  a  closed  figure,  and  hence  the  theorem  we 
have  in  view  will  be  best  illustrated  by  considering 
the  relations  of  a  system  of  lines  forming  known  an- 
gles with  the  sides  of  a  closed  figure. 

Assuming  ABCD,  fig.  224,  for  this  Fig.  224. 
last,  and  drawing  from  any  point  A, 
lines  AB,  AC^  AD,  AA',  respectively, 
parallel  to  the  sides  that  terminate  in  the 
points  B,  C,  D  and  A',  we  readily  per- 
ceive that  the  angles  of  figure  225,  esti- 
mated according  to  the  rules  usually  employed,  for  an- 

*  See  ^,  203,  art  145,  and  note  7. 
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Sect.  VII.    Ralfttiont  of  uiy  number  of  divergent  lines. 

Art  904.    PerpendtienlaTB  to  the  tides  of  &  closed  figure,  or  to  planes  tfiat 

inolade  a  solid  angle,  have  for  their  inclinations  the  supplements 

of  the  internal  angles  of  the  latter- 

gles  about  a  point,  are  the  supplements 
of  the  angles  of  figure  224,  estimated 
according  to  the  usual  rule  for  closed     ^^ 
figures. 

The  latter  rule,  in  fact,  art.  Ill, 
teaches  us  to  estimate  the  angles  as  formed  by  sides 
passed  over  in  the  same  directions  as  the  sides  of  the 
closed  figure,  whilst,  according  to  the  former  rule,  the 
direction  of  one  of  the  sides  of  each  angle  is  inverted. 

To  render  this  truth  more  evident,  let  us  select  fram 
fig.  224,  any  two  sides  AB,  BC ;  and  from  fig.  225,  the 
lines  which  are  respectively  parallel  to  these  sides.  The 
inclination  in  the  former  case  will  be  measured  by  BC  c, 
fig.  224,  and  in  the  latter  by  BAG,  fig.  225 ;  and  as  the 
sides  of  BC  c  have  the  same  directions  as  the  sides  of  the 
polygon,  whilst  a  side  of  BAG  has  its  direction  inverted, 
the  angles,  according  to  the  reasoning  used  in  art.  Ill, 
must  be  supplementary  to  each  other. 

The  remainder  of  the  proposition  will  evidently  fol- 
low from  what  has  already  been  said :  for  a  system  of 
lines  related  to  the  sides  of  the  polygon  by  the  condition 
that  each  line  shall  make  a  constant  angle  with  the  cor- 
responding side  of  that  figure,  will  be  related  by  the 
same  condition  to  the  system  of  parallels,  fig.  225,  and 
by  art.  202,  will  have  its  sides  inclined  at  the  same  an* 
gles  as  the  corresponding  sides  of  these  parallels,  or  at 
angles  supplementary  to  the  inclinations  of  the  sides  of 
the  closed  figure. 

The  rule  thus  obtained  will  guard  us  against  the  mis* 
takes  that  we  might  otherwise  have  committed  in  esti- 
mating the  directions  of  lines  perpendicular,  or  parallel 
to  other  given  lines.    The  inclination  of  the  perpendi- 
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Chap.  I.  >  Detailed  .aaelyeie  of  the  relatieiif  of  ditection ;  and  of  the  re- 
lations peculiar  to  thiee,  to  four,  and  to  a  greater  rnunber  of  pointa. 

Art.  904.    Perpendienlaxa  to  the  sides  of  a  closed  figore,  or  to  phnsi  that 

inolade  a  solid  angle,  Jiave  for  tbeir  inclinations  the  supplements 

of  the  internal  angles  of  the  latter. 

culars  drawn  from  0,  for  example,         ^^^^' 

seems  to  differ  from  the  iaclination  of 

the  perpendiculars  drawn  from  0'^  fig. 

226 ;  but  if-  we  previously  draw  from 

0  and  from  0'^  fig.  227^  lines  parallel  to         Fig.  827. 

AB  and  AG;  the,  angle  formed  by  the 

perpendiculars  will  be  found  the  same 

at  either  of  these  points. 

The  role  willstill  hold; when,  in  place 
of  a  closed  figure  and  the  lines  perpendiculars  to  its  sides, 
we  have  given  a  system  of  planes  enclosing  a  scdid  angle, 
and  a  system  of  lines  perpendicular  to  these  planes ;  or^  in 
other  words;  with  such  data^  the  inclinations  of  the  planes 
estimated  by  art.  44  will  be  supplementary  to  the  indi- 
nations  of  the  perpendiculars ;  for  as  this  proposition  has 
been  proved  for  all  planes  that  have  a  common  intersec- 
tion, it  must  be  true  of  each  pair  of  planes  separately^ 
and,  therefore;  for  the  whole  system. 

Were  the  point  whence  the  perpendiculars  are  drawn 
always  situated  within  the  solid  angle,  and  were  the  latter 
also  of  the  kind  nsually  implied  by  that  term;  the  ample 
proof  deduced  in  art.  145  from  considering  figure  201, 
would  supersede  the  details  here  g^ven ;  but  as  the  point 
0'  might  have  fallen  either  within  or  without  the  figure^ 
and  as  the  solid  angle  at  0  admits  the  extreme  and  ambiga* 
ous  cases  observed  in  treating  closed  figures;  art  40,  it 
became  necessary  to  establish  a  rule  of  greater  generality; 
and  which  should  estimate  the  angles  formed  by  perpen- 
diculars and  parallels  upon  the  principles  used  in  esd- 
mating  the  angles  of  other  divergent  lines. 
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Seet  VU.    RdatioiM  of  any  number  of  diTorgont  lines. 
Art.  d05.    Sam  of  the  interior  angles  of  a  polygon. 

205.  The  theorem  which  asserts  the  inclinatioiis  of 
lines  diverging  from  a  pointy  and  in  the  directions  of  the 
sides  of  a  closed  figure^  to  be  the  supplements  of  the 
internal  angles  of  that  figure^^  may.  also  be  usefully  em- 
ployed in  establishing  other  propositions.  Assuming, 
for  example,  the  internal  angles  of  a  figure  of  n  sides  to 
be  B,  B',  6"y  &c. ;  the  corresponding  angles  of  the  diver- 
gent lines  will  be  i  —  e,  i  —  e',  *  J  —  e",  &c.  And  as 
the  sum  of  the  angles  of  this  system  makes  up  the  whole 
space  about  the  point  whence  the  lines  diverge^  we  have 

In  — (d  +  e'  +  e"&c.)  =  i, 

or, 

e  +  e'  +  e"&c.  =  jn— i, 

a  result  usually  expressed  as  the  following  propositio^ : 
'^The  interior  angles  of  any  closed  plane  figure  are  to- 
gether equal  to  twice  as  many  right  angles  as  the  figure 
has  sides,  minus  four  right  angles.'' 

206.  And  as  a  second  application  of  the  principle  in 
question,  or,  which  amounts  to  the  same,  of  the  depend- 
ence between  the  relations  of  divergent  lines,  and  of 
closed  figures,  let  us  assume  the  point  whence  the  lines 
diverge,  as  the  centre  of  a  circle  the  radius  of  which  is 
unity,  and  unite  the  points  wherein  the  circumference 
of  this  circle  cuts  the  divergent  lines.  A  polygon  will 
thus  be  formed  the  sides  of  which  have  the  following 
simple  relations  to  the  divergent  lines. 

The  latter  will  form  as  many  i^sceles  triangles  as  the 
polygon  has  ades. 

Calling  d  the  angle  at  the  vertex,  and  ^  an  angle  at 
the  base  of  one  of  these  triangles,  we  shall  have 
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Chap.  I.    Detailed  analymi  of  the  relatioiu  of  directi6A ;  anil  of  the  re- 
lations peculiar  to  three,  to  four,  and  to  a  greater  number  of  points. 

Art.  206.    Other  relations  of  diyergent  lines. 

or, 

^  =  J  —  i  0. 

And  hence,  putting  i^^f  ^'S  "^"t  ^c.  for  the  interior  angles 
of  the  figure,  there  results, 

&c &c. 

* 

And  putting  s,  s'y  3",  &c.  for  the  sides,  we  have,  also^ 

9  =  2  sin.  i  dy 

«'=:2sin.  id, 

&c.  .  .  &c. 

Now  in  any  plane  closed  figure^  if  lines  are  drawn 
parallel  to  the  sides,  the  inclination  of  these  divergent 
lines,  by  art.  204,  will  be  the  supplements  of  the  interior 
angles ;  and  hence^  if  we  assume  a  line         ^*  SS8. 
m,  inclined  to  the  first  of  these  lines  at 
the  angle  e,  and  reckon,  as  above^  the 
interior  angles  of  the  figure  to  be  i^,  o^', 
4'%  &c.,  the  inclinations  of  the  several 
divergent  lines,  and  consequently  of  the 
sides  of  the  figure,  to  m,  will  be 

f^f+i—+,e  +  l—(+  +  +'),e  +  |— (+++'  +  +")— &c. 

whence,  substituting  the  values  of  s,  s',  «",  &c.^  (m  s)^ 
(m  s')y  (m^'),  &C.  in  the  third  form  of  theorem  9,  art 
112,  we  have 

0  =  sin,  i  e  cos.  [e]  +  sin.  i  Q'  cos.  {s  +  i  {d  +0')}  + 
sin.  i  e"  COS.  {€+{d+2d'  +  d''\+  sin.  i $"' cos.  {c  + 
(e+2e'+2d"  +  r')}  +  &c oc 

where  e  may  be  any  angle  whatever,  and  Oy  &y  &<x  any 
angles  whose  sum  is  equal  to.  unity. 
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^  Sect  VII.    Relations  of  any  number  of  divergent  lines. 

Art.  207.     Data  required  to  determino  the  relations  of  divergent  lines. 

the  first  class  wherein  the  data  exceed  three  ;  any  one 
of  the  second  wherein  the  data  exceed  five;  nor  any  one 
of  the  last  class  wherein  the  data  exceed  seven.  Whence 
the  given  things  are  such  as  sufiice  to  determine  the 
figure. 
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Sect.  VIII.    Relations  of  any  number  of  points. 

Art.  208.    Number  of  distances  of  plane  angles,  of  planes,  and  of  solid  angles 

involved  in  the  relations  of  points. 

their  relations         ^ -Mistances,  — ,{  c^[\  o     — 

,             ,       n.(n  —  1)  (n  —  2)      ,  ,     *,     „ 

plane  angles,   — ^^ T^^k planes,    and,  finally, 

n.{n-l){n-2){n.{n-l){7i-2)-6\ 
JV2^f^ ^"^'*'^^- 

tions  of  planes  ;  beside  those  other  solid  angles  that  are 
obtained  by  comparing  the  planes  three  or  more  at  a 
time. 

209,  The  angles  included  in  the  analysis  of  any  Bum- 
ber  of  points,  involving  the  same  relations  as  the  angles 
formed  by  divergent  lines,  are  subject  to  conditions  not 
dependent  on  the  magnitude,  and  in  some  cases,  not  upon 
the  ratios  of  the  lines  whereby  the  points  are  connected. 

The  first  of  these  results,  amounting  merely  to  the 
independence  of  form  and  magnitude,  will  not  require 
illustration ;  but  as  an  example  of  the  second,  we  may 
refer  to  the  proposition  which  asserts  the  interior  angles 
of  a  plane  figure  to  be  equivalent  to  twice  as  many  right 
angles  as  the  figure  has  sides,  minus  two,  art.  205. 

And  as  conditions  exist  involving  merely  the  directions 
of  the  points,  so  also  we  have  conditions  that  apply 
merely  to  their  distances.  But  this  is  not  the  case  with 
the  distances  that  form  a  closed  figure ;  the  sides  of  the 
latter  are  subject  to  no  conditions  wherein  the  angles 
have  not  a  part,  or,  in  other  words,  we  cannot,  whilst 
the  angles  are  indeterminate,  form  an  equation  merely 
from  the  ^'sides''  of  a  closed  figure.  In  a  triangle,  for 
example,  if  the  angles  are  restricted  to  particular  values, 
an  equation  may  exist  that  appears  only  to  involve  the 
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Sect  VIII.    RelationB  of  any  number  of  points. 
Art.  211.     Nnmber  and  natnrt  of  the  data  that  aaei^  the  relations  of  n  points, 

which  amounts  to  the  same,  the  primordial  elements  may 
be  assumed  as  agreeing  with  parts  of  the  figure  investi- 
gated. 

Proceeding  on  these  principles,  we  may  reason  as  fol- 
lows :  3  n  —  9  equations  will  suffice  to  render  the  co- 
ordinates of  all  the  points  dependent  on  those  of  three 
arbitrarily  chosen^  on  the  co-ordinates,  for  example,  of 
A,  of  B  and  of  C.  But  these  last  may  be  any  co-ordi- 
nates that  permit  the  mutual  relations  of  A^  B  and  C  ; 
and  since  the  relations  of  these  points  are  determined 
when  three  of  them  are  known^  the  co-ordinates  of  A, 
B  and  C  will  be  restricted  by  a  like  number  of  equa- 
tions; which,  added  to  the  3n*-9  above  mentioned^ 
will  give  3  (n — 2) ;  and  as  these  equations  are  indepen- 
dent, they  will  require  a  like  number  of  data  to  assign 
the  relations  of  the  points. 

The  method  of  distinguishing  the  data  that  are  super- 
fluous from  those  which  suffice  for  the  solution  of  the 
problem^  agrees  with  that  of  art.  207  :  the  analysis  must 
be  conducted  by  figures  of  three^  of  four^  of  five,  and  of 
a  greater  number  of  sides ;  and  if  on  examining  these  an 
excess  of  data  is  not  found  in  any  of  them^  we  may  con- 
clude the  parts  assigned  to  be  independent^  and  such  as 
suffice  to  determine  the  remaining  relations. 

212.  The  great  extent  of  the  subject^  and  the  details 
necessary  to  each  problem^  will  not  allow  us  to  illustrate  by 
many  examples  the  theory  discussed  in  the  present  sec- 
tion ;  we  may  render^  howeveri  the  process  sufficiently 
clear  by  selecting  a  few  problems  requiring  all^  or  most 
of  the  rules  laid  down. 

Let  it  be  required^  for  example,  to  analyse  the  rela- 
tions of  four  points,  with  the  view  of  determining  the 
3d 
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Chap.  I.    Detailed  analyaia  of  the  relations  of  direction;  and  of  the  re- 
latione peculiar  to  three,  to  four,  and  to  a  greater  number  of  points. 
Art.  212.    Examples  in  the  relations  of  four  points. 

inclinatiOBS  of  those  liaes  that  are  opposed^  or  which  do 

not  meet. 

As  n  ia  this  case  is  4,  the  data  must  he  six  in  number, 
and  must  be  such  that,  analysing  the  points  by  triangles, 
no  one  of  the  latter  shall  cont^dn  more  than  three  of  the 

given  relations. 

Denoting  the  points  by  A,  B,  C  and  D,  the  distances, 
according  to  the  notation  of  page  109,  will  be  a,  6,  c  and 
a";  and  the  rules  of  art.  114  will  give,  for  the  first 
closed  figure  of  four  sides  ABCD,  the  equations 
a=z  b  cos.  ab  +  c  cos.  ac   +  a"  cos.  €U^' 
bsz  c  COS.  be  +  a"  COS.  ba"  +  a  cos.  ba 
c  =  a'' cos.  «a"  +  a  cos.  ca   +  b  cos.  cb 
a"=  a  COS.  a"a  +  b  cos.  af'b  +  c  cos.  a"c ; 
And  multiplying  each  of  these  equations  by  its  left 
hand  number,  adding  the  second  and  fourth,  and,  finally, 
subtracting  the  first  of  the  sums  from  the  second,  we 
obtain 
a»  +  e*  —  6^  —  a"*  ss2ac  cos.  ac  —  2a"A  cos.  af'b. 
Now  the  combinations  2  and  3,  art  114—2,  page 
263,*  give  the  following  arrangements  of  the  sides  of  the 
quadrilaterals  used  in  this  analysis : 

a  b  c  a!' 


a! 


a!* 


a  V  c  a! 

And  substituting  for  a,  6,  c,  &c.  in  the  last  equation 
the  values  here  given,  and  observing  to  change  the  signs 
of  the  cosines  for  those  letters  that  have  minus  written 
above  them,  we  deduce  two  other  equations,  which,  to- 

*  Ck)mbination  3  of  the  article  referred  to  is,  by  an  inadvertency,  metely 
the  preceding  combination  written  backward :  it  should  be  as  given  aboT«. 
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Sect  VIU.    Rektions  of  any  number  of  points. 
Art  212.    Examples  in  the  relations  of  four  points. 

gether  with  the  equation  already  deduced^  form  the 
system 

a*  +  c'  —  6»  —  d'^  =  2ac  cos.  m  —  2a"i  cos.  d'h 
**  +  a"»—  a'*  —  V^  «  —20^6' cos.  dV — 2a"6  cos.  a"6 
*'•  +  a'"  —  a*  —  e    «     2ac  cos.  ac   —  2a'6'  cos.  db 

And  from  these  again^  by  changing  the  signs  of  a  sin- 
gle equation^  and  adding  the  three  together,  we  success- 
ively deduce 

a'*  —  6»  +  6"  —  a"» 


cos*  ac 


— cos.a"& 


— C08.a'6' 


2ac 
a«  —  A'»  +  c» 


2a'6' 

formulsB  that  express  the  inclination  of  those  sides  of 
a  quadrilateral  that  are  opposed^  and  which^  unless  the 
parts  lie  in  a  plane,  do  not  meet. 

The  want  of  homogeneity  apparent  in  the  left  hand 
members  of  these  equations  results  from  the  angles  being 
estimated  according  to  the  rule  used  for  a  single  closed 
figure  of  four  sides ;  whereas  the  three  pair  of  sides  that 
are  opposed,  should  be  regarded  as  belonging  respect- 
ively to  each  of  the  three  quadrilaterals  used  in  the 
analysis.     With  this  restriction^  the  equations  become 

a'»  —  6«  +  y »—  a"> 


coaw-            ^^ 

^  a"&y  -  6"  +  ^  ■ 

—  O" 

^'  '^  *               2a"6 

C08.  dV^ rrrn 

-o« 

By  adding  them  together  we  obtain  an  equation  of 
condition  remarkable  for  the  simplicity  of  its  form ;  and 
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Chap.  I.    DeUiled  analysia  of  the  relatioM  of  ^nation;  and  of  the  re- 

lationB  peouliar  to  three,  to  four,  and  to  a  greater  numbev  of  points. 

Art.  212.    Examples  in  the  relations  of  four  points. 

from  its  containing  only  the  relations  of  those  sides  that 
do  not  meet^  the  equation  is 

ac  COS.  ac  +  d'b  cos.  a"6  +  a'V  cos.  a'6'  =3  0. 

As  a  second  example  of  the  analysis  of  four  points,  let 
it  be  required  to  determine  the  shortest  distance  between 
the  opposite  sides,  the  inclination  of  Tig.m. 

which  has  just  been  found.  ^/CvV 

The  shortest  distance  from  a  point       ^^^^^^O 
to  a  straight  line  is,  evidently,  the    ^^^:::^'\^^ 
perpendicular  let  fall  upon  the  lat-  ^^^"^^ 

terj  since,  by  art.  50 — 1,  the  hypothe- 
nuse  of  a  right  angled  triangle  b  longer  than  either  of 
the  sides. 

The  shortest  distance  between  two  straight  lines  will, 
therefore,  be  perpendicular  to  both. 

For,  taking  AB  and  CD  as  the  lines,  and  F£  as  the 
shortest  distance  between  them ;  if  FE  were  not  at  right 
angles  to  CD,  we  might  find  a  perpendicular  F  n  less 
than  FE ;  and,  in  the  same  manner,  if  EF  were  not  per- 
pendicular to  AB,  we  might  find  a  perpendicular  £m 
less  than  EF ;  and  as  both  these  suppositions  are  incon- 
sistent with  the  hypothesis,  we  conclude  EF  to  be  at 
right  angles  to  each  of  the  lines. 

The  relations  of  the  points  will,  therefore,  admit  of 
being  resolved  into  four  quadrilaterals,  each  containing 
two  right  anglea     The  quadrilateral  ADEFA  will  suf- 
fice, however,  for  the  analysis  we  propose.     We  obtain 
from  it  the  equations 
e   =  a"  COS.  a"e 
cT  =  o^  COS.  a!'cr  +  d  cos.  dct^ 
0!'  sz  d  008.  daf'  +  e   cos.  ea"  +  (f  cos,  rfV 
d   s  rf'  008.  ai'd  +  a"  cos.  d'd 
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I 
Seet  Vlil.    ReUtioiM  of  any  number  of  poinlg. 

Art.  812.    Examples  in  the  relations  of  four  points. 

And  since  cT  and  d  have  the  same  directions  ns  a  and 
e,  these  equations  change  into 

e   =s  a"  cos.  a!'e 

(T  =  d'  cos.  a!'a  +  d  cos.  ca 

a"  =:  d   cos.  ca  ^+  e    cos.  ea"  +  rf'  cos.  ac^' 

d  :ss  cT  cos.  ac    +  a"  cos.  a"c. 

The  distance  a!'  and  the  angles  af'a^  al'c  and  oe^  are 
data  sufficient  to  determine  the  lines  AB,  DC^  and  con- 
sequently to  assign  the  shortest  distance  between  them. 
JEliminating  from  the  second  and  fourth  of  the  equa- 
tions those  quantities  not  found  in  the  data  here  men- 
tioned^ we  obtain 

a"  (cos.  a"a  +  cos.  c/'e  cos.  ae) 

CT  ■■        5 "i ^ — 

Sin.  oc* 

a!'  (cos,  al'e  +  cos,  d'a  cos,  ac) 

sm.  ac* 

Substituting  which  in  the  third  equation,  and  writing 
for  cos.  ea^'  its  value  obtained  from  the  firsts  we  have 

«  ■■  ^^  ^^ ^\^  —  COS.  ac"  —  cos.  al'a^  —  cos.  a!'c^  — 
sin.  (tc^  (^ 


2  COS.  ac  cos. 


a" a  COS.  a"c  i  : 


an  expression  that  gives  the  value  of  the  least  distance 
sought.  The  position  of  this  distance  is  assigned  by  the 
expresaons  for  cT  and  d 

When  the  lines  meet^  the  shortest  distance  between 
them  is  evidently  zero  \  but^  if  a"  is  not  chosen  at  the 
point  of  intersection^  this  can  only  happen  by  the  quan- 
tity under  the  radical  sign  becoming  zero ;  die  equation 

0=1  —  COS.  oc"  —  cos.  a!'c^  —  cos.  al't^  — 

2  cos.  ac  COS.  al'a  cos.  a!'c 
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Chap.  I.    Detailed  analyaia  of  the  fehtioiis  of  diieetkm ;  and  of  the  le- 
ktiona  peculiar  to  three,  to  foar,  and  to  a  freater  number  of  points. 

Art.  31%    Ezamplea  in  the  relatione  of  foor  points. 

is,  therefore,  a  condition  fulfilled  by  every  pair  of  lines 
capable  of  intersection.  It  is  expressed  in  terms  of  the 
inclination  of  these  lines^  and  of  the  angles  which  they 
make  with  a  third  line  restricted  to  intersect  them  both  : 
such  conditions  would  restrict  the  lines  to  a  plane,  and, 
accordingly^  the  equation  in  question  is  one  of  the  equa- 
tions of  condition  fulfilled  by  lines  that  lie  in  a  plane ; 
art.  139. 


PART  IV. 


INDBTGRMINATE  ANALYSIS. 


PRELIMINARY  REFLECTIONS. 

The  principle  that  led  to  the  ideas  of  the  circle  and  the 
sphere  admits  of  a  more  extensive  application.  The 
hypothesis  may  be  generalized.  We  may  assume  more 
than  one  point  as  assigned  in  space^  and  innumerable 
points  as  connected  with  them  by  given  relations.  Lastly, 
we  may  investigate  the  nature  of  a  surface  wherein  all 
the  latter  points  are  found. 

Proceeding  in  this  way  we  shall  be  conducted  to  a 
peculiar  science,  teaching  to  arrange  lines  and  surfaces, 
not  by  their  apparent  forms,  but  the  connection  which 
points  they  contain  have  with  other  points  that  are  given. 


INQUIRIES  SUGGESTED  BY  THESE  REFLECTIONS. 

Given  any  number  of  primordial  elements  to  find  the 
points  that  have  assigned  relations  with  them. 


3e 


•  I 


CHAPTER  I. 


OF  LINGS  AND  SURFACES. 


SECTION  I. 


OF  THE  STRAIGHT  LINE. 

A  straight  line  may  be  regarded  as  formed  by  an  in- 
finite number  of  points  that  have  the  same  direction — 
equation  of  the  straight  line — equation  of  a  straight 
line  restricted  to  lie  in  a  given  plane — equations  of  lines 
that  are  parallel — when  restricted  to  He  in  a  given  plane 
— equations  of  lines  that  are  perpendicular — when  restrict- 
ed to  lie  in  a  given  plane — equation  of  aline  that  passes 
through  a  given  point — equation  of  a  line  that  passes 
through  two  given  poinU'^distanee  between  a  given 
point  and  line--^when  restricted  to  lie  in  a  given  plane. 

213.  The  analysis  we  have  used  has  taught  us  to  re- 
gard the  divisions  of  geometry  as  merely  cases  of  a  single 
problem:  but  whilst  this  view  of  the  subject  gives  unity 
to  our  methods  of  research^  it  does  not  dispense  with  the 
necessity  of  discussing  them  under  separate  heads. 

Even  the  principle  of  unity  may  be  abused. 

The  question  and  its  relations  may  be  placed  before 
our  view  in  all  their  generality^  but  the  imperfect  powers 
of  the  human  mind  are  incapable  of  grasping  the  details 
of  an  extenidve  problem^  and  require  to  be  aided  by  the 
principles  of  division  and  arrangement. 
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Chap.  I.    Of  UnBB  and  sarfiuses. 

Art  213.    A  straight  line  is  compoMd  of  an  infinite  nnmber  of  points  that 

haye  the  same  direction. 

Ouided  by  these  obvious  laws^  we  have  treated  under 
many  distinct  divisions  the  great  problem  of  the  relations 
of  space. 

We  have  considered  in  detail  the  relations  of  a  finite 
number  of  points^  and  deduced  them  from  the  principles 
of  closed  figures  and  primordial  elements. 

The  relations  of  an  infinite  number  of  points  will  next 
engage  our  attention ;  and  in  studying  their  laws,  we 
^hall  briefly  employ  the  second  of  the  two  great  instru- 
ments of  inquiry  to  which  we  have  alluded. 

These  instruments,  it  should  be  borne  in  mind,  are  not 
really  distinct^  since  the  principle  of  primordial  elements 
IS  tacitiy  included  in  the  theory  of  closed  figures ;  and,  on 
the  other  side,  the  theory  of  closed  figures  acts  a  con- 
spicuous part  in  the  method  of  research  wherein  prim- 
ordial elements  are  directly  employed.  The  occasioos 
when  either  species  of  analysis  should  be  adopted  were 
explained  in  the  second  section ;  and  as  the  number  of 
points  was  the  chief  circumstance  that  determined  this 
selection,  it  will  be  readily  seen^  on  referring  to  the  arti- 
cle in  question,  that  in  cases  where  the  number  of  points 
is  without  limit,  the  method  of  primordial  elements  not 
only  presents  many  advantages,  but  is,  indeed,  the  only 
method  of  inquiry  that  can  be  pursued. 

The  problems  concerning  the  circle  and  the  sphere, 
discussed  in  the  4th  and  5th  Sections  of  the  preceding 
Part,  will  have  afforded  us  the  first  elementary  notions  con- 
cerning the  subject,  and  it  now  only  remains  to  general- 
ize the  analysis  there  used,  and  to  examine,  by  the 
instruments  employed  in  the  preceding  investigations^ 
the  properties  common  to  all  those  points  that  have 
known  relations  to  others  given  in  space. 
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Art.  913.    A  •traight  line  is  eompoflod  of  an  infinite  number  of  jrainU  that 

have  the  same  direction. 

The  straight  line  is  an  assemblage  of  such  points ;  and 
as  this  line  is  also  one  of  the  simplest  examples  of  the 
kind  that  can  be  chosen^  we  shall  commence  the  subject 
by  examining  anew  the  propertied  of  the  straight  line ; 
regarding  it  as  an  assemblage  of  all  the  points  that  have 
one  common  direction. 

214,  This  last  view  of  the  subject  will  assist  iis  in  ap- 
plying the  method  of  primordial  elements. 

For  since  direction  is  merely  a  relation  of  two  points^ 
the  positions  of  points  that  have  the  same  directions  can 
only  be  determined  by  examining  them  by  pairs. 

But  assuming  0^  one  of  the  points  ^*  ^^' 
in  question^  as  an  ori^n^  we  may  re- 
gard the  remaining  point  A,  as  the 
summit  of  a  rectangular  pyramid,  which 
is  placed  on  the  plane  of  the  xy\  and 
has  one  of  its  acute  angles  coincident  with  0. 

We  shall  then  have^  art.  100^  for  the  co-ordinates  of 
any  point  in  the  line^ 

a?  =  r  COS.  rx 
y  ^r  COS.  ry 
z  sir  COS.  rz  j 

And  as  these  equations  are  not  fulfilled  by  the  co-ordi- 
nates of  any  point  that  is  not  situated  in  the  line^  we  may 
consider  them,  when  taken  conjointly,  as  the  equations 
of  the  latter.  They  contain,  however,  a  quantity  r^ 
fordgn  to  the  co-ordinates^  and  that  must  be  removed 
before  the  equations  shall  contain  merely  or,  y  and  Zf  as 
variable  quantities. 

Eliminating  r^  the  equations  of  a  straight  line  that 
passes  through  the  origin  will  be^ 


i 
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Chap.  I.    Of  lines  and  surfaces. 
Art.  214U    Equation  of  the  straight  line. 

""     =0 


COS.  TX       C08.r«r 


(«) 


=  0. 


co8.ry       cos.r2r 

Shifting  the  origin  to  a  pointy  the  distance  of  which 
from  0  is  expressed  by  the  co-ordinates  —  a,  —  /3  and 
— y ;  and  denoting  by  od^  %f  andz'  the  co-ordinates  of  A, 
as  reckoned  from  this  new  origin^  the  formula  of  art.  98 

give 

or  =  ar'  —  a 
y  =  y'  — /? 
z  =  z'  —  y ; 

and  substituting  these  values  in  the  equations  a,  we 
deduce 

^  — «      ^'  — y_Q 

COS.  rod        cos.rz' 


COS.  fy'        COS.  rz' 

which  are  the  equations  of  any  line  in  space. 
Putting  the  equations  h  under  the  form 

1  cos.  rz'       ^  vcos.  rx^        cos.  rzj 

«'=:£?L!y:  z'+  (-1— y-\ 

cos-rz'  Vcos.fy'        ccs.rz'J 

and  assuming 

cos.  ra?'  cos.  rt/       . 

COS.  rz'         cos.  rz^ 
ay 


^9  ^^  ^./  —;:::: — 1>-*'? 


cos.ra/      cos.rr'        '  cos.  ry'       cos.   z' 
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the  equations  to  a  straight  line  become 

of  ^az'  +  a! 

y'  ^hz'  +  V ^ 

where  a,  a!y  b  and  b'  may  have  any  value  whatever. 

To  establish  the  truth  of  this  last  remark^  we  may  put 
the  equation  20,  art.  100^  under  the  form, 

cos.  rx*  +  COS.  ty*  +  cos.  ra?*  «  1 , 

by  making  r  coincide  with  r' ;  and  this  again  may  be 
written, 

/COS.  rx\*      /COS.  ry\* 


or, 


a*  +  5*  «  tan.  rz* 

where  tan.  rz  is  absolutely  at  our  disposal :  and  as  this 
equation  is  the  only  condition  to  which  a  and  b  are  sub- 
ject, we  may  assign  those  quantities  at  pleasure,  a  tangent 
being  susceptible  of  any  value  from  zero  to  infinity. 

The  arbitrary  nature  of  of  and  6'  is  established  by  a 
still  easier  process. 

For,  assuming  z  to  be  zero,  we  perceive  that  a'  and  b' 
are  values  of  x^  and  y' ;  values  corresponding  to  the  in- 
tersection of  the  line  in  question  with  the  plane  of 
the  xy^B. 

215.  If  y  is  zero,  the  line  in  question  is  contained  in 
the  plane  of  the  xz%  and  its  equations  are,  simply, 

a:'  =  oz'  +  a',  J 

The  last  of  these  equations  is  usually  omitted  as  unne- 
cessary, y  not  occurring  in  such  cases. 

When  the  line  also  passes  through  the  origin,  its  equa- 
tion becomes 

x'  ««  az'f 
3f 
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where^ 

an  equation  that  agrees  with  the  assumption^ 

cos,  rx' 
a  = 

cos.  rz' 
and'  teaches  us  that  a  is  the  cotangent  of  the  angle  formed 
by  the  lines  r  and  of. 

From  the  equations  of  a  single  line  we  shall  now  pass 
to  the  problems  that  concern  many. 

216.  The  equations  of  a  line  being 

X  zsmz  ^  p' 

•     •      •     •     Cy 

y  =:nz  +q' 
we  may  take  as  the  equations  of  a  line  parallel  to  it^ 

X  =  m'z  +  p' 

y  :=zn!z  +  q\ 
where  m',  n',  p'  and  q'  are  undetermined  co-efficients, 
whose  values  must  be  found  from  the  conditions  of  the 
problem. 

But  since  it  has  been  already  shown  that  jft  and  q^p 
and  q'  are  quantities  depending  on  the  position  of  a  single 
point  in  each  line,  it  will  follow  that  m,  n,  m'  and  n!  are, 
alone,  sufficient  to  determine  the  directions  of  the  latter, 
and,  consequently,  that  an  agreement  in  the  directions 
of  the  lines  is  insured  by  the  equations  m  =  m'  and  n=ri. 

Whence,  the  equations  of  the  line  sought  are 

X  z=,inz  +  j&' 

y  =  war  +  y' 
the  quantities  j&'  and  q'  remaining  indeterminate. 
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217.  When  the  lines,  are  restricted  to  lie  in  a  plane, 
the  sets  of  equations  e  and/  become^  simply^ 

X  =  mz  +p  •  •  •  •  g* 
X  =:  mz  +p'  •  .  •  •  A. 

f 

218.  The  theory  of  parallel  lines  is  thus  made  to  de- 
pend upon  the  identity  of  certain  co-efficients  in  their 
equations ;  and  as  these  co-efficients  determine  the  direc*- 
tions  of  the  Knes^  it  must  follow  that  every  relation  of 
direction  is  capable  of  being  reduced  to  Bjk  equation  be- 
tween the  co-efficients  in  question.  Let  it  be  proposed, 
for  example,  to  investigate  the  equations  of  a  line  that 
shall  be  perpendicular  to  a  given  line. 

Denoting  the  lines  by  r  and  r',  the  theorem  of  art.  100 
assures  us  that 

cos.  ly  =  COS.  XT  cos.  or'  +cos.yr  cos.yr'  +  cos.  zr  cos.  zr'j 

and  when  the  lines  are  perpendicular,  cos.  rr^  ^  Oy 
whence 

J      cos,  XT      cos.xr'      cos.  yr      cos.  yf 
COS.  zr  *  COS.  2rr'      cos.  zr      cos.zr' '    - 

• 

or  adopting  the  notation  used  in  the  expressions  e  and/, 

mm'  +  nn'  -f  1  =  o t 

the  equation  of  condition  that  exists  between  the  co-effi- 
cients found  in  the  equations  of  the  lines  in  question. 

As  there  are  here  two  indeterminate  quantities  m' and 
n'y  and  but  one  equation  to  be  fulfilled,  innumerable 
values  of  these  co- efficients  will  satisfy  the  given  con- 
dition; or,  in  other  words,  ^^  to  a  given  line,  and  from 
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Chap.  I.    Of  liaeB  and  nirllioes. 

Art.  218.    E(jViliflBS  of  Mbm  that  aro  porpendieiilar.    Ait  Sld>    When  re- 
stricted to  lie  in  a  given  plane. 

the  same  point  ia  it;  innumerable  perpendiculars  maybe 
drawn. '^ 

This  result  is^  in  fact,  merely  a  preeeding  proportion 
appearing  under  a  different  aspect^  since  it  was  shown 
in  the  second  part  of  our  analysis^  that;  when  a  line  is 
at  right  angles  to  a  plane,  every  line  drawn  in  the  latter 
mil  be  at  right  angles  to  the  perpendicular. 

219.  Passing  to  the  condition  which  limits  all  the  lines 
to  lie  in  one  plane,  the  problem  we  are  considering  be- 
comes more  definite. 

One  of  the  axes,  the  axe  of  the  y  %  for  example,  may 
be  taken  at  right  angles  to  the  given  plane,  and  we  shall 
then  have 

^  =  '''  ^^  =  '''  (aT)=J-(zr),(aT')«J-{zr') 

£2?:£:,.  £2?:^ +  i„„,  cot.  zr'= }—,m' i. 

cos.zf    cos.zr  cot.2r  m 

And  hence,  if 

X  =  mz  +  p 

is  the  equation  to  the  given  line, 

^-  — ^^+/»' A 

Til 

will  be  the  equation  to  any  straight  line  that  is  at  right 
angles  to  it. 

220.  Among  the  simple  problems  of  the  class  we  are 

considering,  is  that  which  demands  the  equation  of  a 

straight  line  restricted  to  pass  through  a  given  point. 

In  resolving  this  problem  we  reason  in  the  following 
way: 

Since  the  point  is  given,  we  know  its  co-ordinates,  a, 
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^  and  y.  And  again^  to  determine  the  line  sought  is  to 
determine,  in  the  equations 

x=zmz  +p 

the  value  of  the  co-efficients  m,  n,  p  and  q. 

But  since  the  given  point  lies  in  the  line  we  are  seek- 
ing^ its  co-ordinates  must  fulfil  the  equations  of  that  line^ 

or 

a  =  nvy  +  p 

/?=  ny  +  q 

Subtracting  the  third  of  these  equations  from  the  firsts 
and  the  fourtli  from  the  second^  we  deduce  for  the  equa- 
tions of  the  line  in  question, 

a?  —  a  =  m  (z  —  y) 

•  •••••  m  ^ 

y  —  ^  -  n  (z  —  y) 

and  as  the  indeterminate  quantities  m  and  n  are  atill 
found  in  these  equations,  we  conclude  that  innumerable 
lines  may  pass  through  the  same  point. 

221.  If^  however,  a  second  point  is  given^  the  data 
will  be  sufficient  to  assign  m  and  n^  and  every  indeter- 
minate quantity  may,  in  that  case^  be  eliminated  from  the 
equations  of  the  line. 

Assuming  a',  ^'  and  y  for  the  co-ordinates  of  the  se* 
cond  point,  we  deduce^  as  before^ 

of  a  mf  +p, 
P'  =r  nr"+  q : 

and  subtracting  the  first  of  these  equations  from  the  first 
of  ly  and  the  second  from  the  second  of  /^  there  arises^ 

a  —  a'  -I  m  (y  —  y') 
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OP, 

substituting  which^  in  the  equations  m,  the  lattep  be- 
come 

a — a 

•     •    •    •    fir* 

222.  The  two  preceding  propositions  enable  as  to  de- 
termine^ and  express  analytically,  the  distance  between 
a  given  point  and  a  given  straight  line,  the  last  problem 
of  the  kind  that  it  will  be  necessary  for  us  to  discuss. 

The  distance  between  the  point  and  line  will  be  mea- 
sured on  a  second  line,  at  right  angles  to  the  firsts  and 
passing  through  the  given  point. 

But  although  the  direct  method  of  investigation  re- 
solves the  problem  by  means  of  the  two  preceding  it,  a 
diffepent  mode  of  analysis  will  deduce  the  required  re- 
sults with  greater  facility. 

The  term  ^^  direct^'^  however^  must  be  understood  in 
relation  to  the  peculiar  view  we  here  take  of  the  subject, 
since  it  would  be  more  just  to  say  that  two  methods  exist, 
each  equally  direct,  but  proceeding  on  different  princi- 
ples. According  to  the  first,  problems  are  resolved  by 
reducing  them  to  the  following  elements  : 

1.  Straight  lines  that  pass  through  given  points. 

2.  Straight  lines  that  make  given  angles  with  other 
straight  lines. 

3.  The  angle  between  two  given  lines. 

4.  The  distance  between  two  given  points. 
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Equations  or  formuls  for  these  elements  have  already 
been  obtained,  and  the  problems  can,  therefore^  be  solved 
without  any  further  reference  to  a  geometrical  analysb, 
hf  a  process  of  the  following  kind. 
Assuming  the  general  equations 

xs=.mz+p 
y  ^  nz  +  q 
for  those  of  the  given  line ;  aiid    . 

y  r^nz'  +  q' 
for  those  of  the  line  on  which  the  required  distance  is 
measured — 

Assuming,  also^  a^  j3  and  y  for  the  co-ordinates  of  the 
point,  we  deduce  from  the  conditions  which  require  the 
second  of  the  lines  to  be  at  right  angles  tp  the  first,  and 
to  pass  through  the  point  in  question, 

mm'  +  nn'  +  1  z=  o 

X  —  a     ™  m'  (z  —  y) 
y  — /?     =n'  {z  —  y)     ' 

whence,  multiplying  the  second  and  -third  by  m  and  n, 
adding,  and  having  regard  to  the  first,  there  arises, 
m(a?  — a)  +  n(y  — /?)  +  {z—y)  «  o. 

But  the  co-ordinates  of  the  point  wherein  the  two 
lines  intersect  will  equally  fulfil  the  equations  of  both ; 
and  for  this  point  we  shall,  therefore,  have  the  simulta- 
neous equations 

X  .^^tnz^^p 

y  —nx^q. 

Eliminating  and  putting 

u  -  «i  (a  —p)  +  n  (/3  —  ?)  +  y 
«  =t  1  +  in»  +  n% 
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we  have,  for  the  co-ordinates  of  the  point  sought^ 

u 

Z  mm   ^ 
V 

^^mu  +  pv 

V 

y __, 

denoting  these  values  by  x'y  y*  and  a^^  and  substituting 
them  in  the  expression 

r  -  V  {{X'  -  «)•  +  (y'  -  ^f  +  («'  -Yf} 
we  obtain^  after  the  proper  reductions^  an  analjrtical  ex- 
pression for  the  distance  required. 

The  second  method  of  inquiry  proceeds  by  transform- 
ing the  origin  and  co-ordinates^  with  the  view  of  obtain- 
ing symmetrical  results ;  and  by  continuing,  if  necessary, 
the  transposition  with  an  analysis  by  closed  figures. 

Thus^  assuming  as  an  easy  case  of  the  problem,  «,  /9 
and  }^  to  be  zero,  we  have 
ti  a.  ~  {mp  +  nq) 
d  •  v{ar'«  +  y'>  +  z'' 

( ti«  +  2u  {mp  +  nq)  +  (p»  +  g>) 


-\/ 


-V 


\         1  +  m*  +  n*         J 


But  the  problem  may  always  be  reduced  to  this  case 
by  shifting  the  origin  to  the  ^ven  point ;  a  transforma- 
tion effected  by  substituting  for  x,  y  and  z  the  express- 
ions X  —  a,  y  —  ^  and  *  —  y.  Making  these  substitu- 
tionsy  the  equations 
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X  OB  mz  +  p 
y  romnx  +q 


become 


X  iMmmz  +  p  ^  a.  —  my 
y  wm  nz+q  +  P  —  ny 

and  consequently  the  general  solution  will  be 
{p+a'^myy+{g+p—nyy+m{{q+p—nY)+n{p+a—rnr)Y 

223.  When  all  the  points  that  we  are  considering  lie 
in  ,the  same  plane^  the  result  is  more  simple ;  for, 
assuming  this  plane  to  coincide  with  that  of  the  xs^b^  we 
should  have  n  mmo^  fi  mt  o,  q  ^o;  and  the  expression 
for  the  distance  would  become^ 

^     p  +  a-my 


36 
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SECTION  II- 


OF  THE  PLANE. 


Equation  of  the  plane — eqiuxtions  of  paraOd planer-- 
equation  of  a  perpendicular  to  a  phne^-iraces  of  a 
plane^^equations  of  a  straight  line  that  lies  in  a  given 
plane — equations  of  a  line  that  is  parallel  to  a  given 
plane — intersection  of  two  planes— ^projections  ofBnes-^ 
the  traces  of  a  plane  are  at .  right  angles  to  the  profee- 
tions  of  its  perpendicular. 

224.  Straight  lines  and  planes,  inasmuch  as  they  are 
the  instruments  used  in  analysing  other  varieties  of  fonn^ 
necessarily  present  themselves  at  an  early  period  in  most 
of  tlie  arrangements  that  geometry  permits. 

The  equation  of  the  first  of  these  two  simple  figures 
has  already  been  deduced. 

That  of  the  second  is  now  to  occupy  our  attention^ 
and  may  be  attained  by  so  many  routes^  that  nearly  every 
treatise  on  geometry  adopts  a  different  method  of  pro- 
ceeding. The  analysis  that  we  shall  employ  is  also 
peculiar^  and  deduces  its  conclusions  from  principles 
remarkable  for  their  simplicity.      According  to  this 
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view,  we  commence  by  transforming  the  system  of  rect- 
angular co-ordinates,  to  a  system  in  .which  the  given 
plane  shall  coincide  with  one  of*  the  co-ordinate  planes^ 
that  of  the  z'y*  ^s,  for  example ;  and  we  shall  then  have 
the  equation 

as  the  equation  of  this  plane ;  or^  in  other  words^  as  the 
equation  sought. 

But  substituting  for  a^  its  values^  obtained  from  the 
formulae  for  transforming  the  co-ordinates^  art.  101^  there 
arises 

X  COS.  xod  +  y  COS.  yii  +  z  cos.  zx'  +  a'^o  .  .  .  g^ 

which  is  the'  equation  of  a  plane  referred  to  an  origin^ 
and  to  co-ordinates  taken  at  pleasure. 

As  the  line  a/,  or  the  primitive  axe  of  the  x'  %  is  at 
right  angles  to  the  plane,  the  co-efficients^  cos.  xx', 
cos.  yx'  and  cos.  zx'  are  the  cosines  of  the  angles  which 
the  axes  of  the  a^s,  y's  and  z^s  make  with  a  perpendicu- 
lar to  the  plane. 

Multiplying  both  members  of  the  equation  q  by  an 
indeterminate  factor  D^  it  becomes^ 

xD  cos.xa/  +y'Dcos.tfx'  +afDco8.  zx'  +Da—05 

and^  since  ^  is  arbitrary,  and  the  cosines  are  merely  re- 
stricted by  the  single  condition,  art.  214^ 

cos.  a?j?"  +  cos.  yx*  +  cos.  zx'*  «.  1, 
we  may  assume 
D  COS.  OCX'  =■  a,  D  cos.  yx'  ■■  6,  D  cos.  zx'  ■■  c.  Da  ■■  rf, 

where  a^  b,  c  and  d  are  altogether  arbitrary.  With  this 
substitution,  the  equation  to  a  plane  becomes 

ax  +  by-rcz  +  d^o r. 

The  co-efficientB  that  occur  in  the  equation  of  a  plane 
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may,  also,  be  conveniently  expressed  in  terms  of  the  co- 
ordinates of  the  points  wherein  the  plane  meets  the  axes 
of  the  x\  y's  and  zh.  Denoting  the  co-ordinates  of  these 
points  by  a?",  y"  and  ar",  the  form  in  question,  which  is 
not  met  with  in  works  on  this  subject,  may  be  deduced 
as  follows. 

Making  y  and  z  equal  to  zero,  the  equation  q  becomes 

x"  cos.  xx'  +  »  ■"  o ; 

whence, 

a 
COS.  xx'  IB , 

a?" 
and  making,  successively,  x  and  Zj  x  and  y,  equal  zero, 
we  obtain 

cos.  ya?  —  —  — r- 

^  y" 

cos.  zx'  ^       4;  • 

z" 

Whence,  substituting  in  equation  q^  we  have,  for  the 
equation  of  the  plane, 

225.  The  relations  of  many  planes  admit  of  problems 
analogous  to  those  which  occupied  our  attention  in  the 
preceding  section. 

Thus,  let  it  be  required  to  determine  the  equation  of 
a  plane  that  shall  be  parallel  to  another  that  is  given, 

If  the  equation  of  the  latter  is 

X  cos.  a  +  y  cos.  h  +  z  cos.  e  +  a  wmOy 
the  equation  to  the  plane  required  will  be 

X  cos.  a  +  y  cos.  6+  z  cos.  e  -|.  a'  a  o; /, 

for  since  the  same  lines  are  perpendicular  to  both  planes, 
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the  angles  a,  b  and  c,  art  224^  are  the  same  in  each ; 
and  as  this  condition  is  sufficient  to  insure  the  parallel- 
ism of  the  planes,  the  quantity  a'  may  be  assumed  at 
pleasure^  and  is  altogether  independent  of  a. 

Comparing  the  equations  q  and  r,  it  is  easy  to  see  that 
when  the  equation  of  the  given  plane  is  expressed  under 
the  latter  form,  that  of  a  plane  parallel  to  it  is  determined 
by  making  the  co-efficients  bear  a  constant  ratio  to  those 
of  the  given  plane. 

226.  The  next  problem  that  will  occupy  our  atten- 
tion requires  us  to  determine  the  equation  of  a  line  that 
shall  be  perpendicular  to  a  given  plane. 

The  plane  of  the  y'z'  's  being  made  to  correspond  with 
any  plane  whatever,  the  axe  of  the  x'  's  will  be  a  line 
perpendicular  to  the  latter.  The  co*ordinates  of  a  point 
in  this  axe  are^ 

X  ma  X'  COS.  x'x 

y  m^x!  cos.  xfy 
z  ^x^  cos.  x'z ; 

or^  eliminating  x'j 

X  z 


cos.  x*x         cos.  x'z 

•  ....  II 

V                      z 
— Z =  o 

COS.  x*y         COS.  x*z 

which  are  the  equations  to  the  perpendicular  in  question. 
The  line  we  have  here  found  passes  through  the  ori- 
gin^ but  it  is  merely  necessary  to  decrease  the  ordinates 
by  a,  ^  and  7,  in  order  to  render  the  equations  u  appli- 
cable to  any  perpendicular  whatever. 
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227.  The  position  of  a  plane  is  often  determined  by 
that'  of  its  traces^  or,  the  intersections  of  the  plane  in 
question  with  the  co-ordinate  planes. 

To  determine  the  "  trace''  on  any  one  of  the  latter^  the 
plane  of  the  xz  's,  for  example,  we  must  have  regard  to 
the  origin  of  such  lines^  and  must  reason  as  follows.  The 
intersection  of  two  planes  consists  of  points  common  to 
them  both ;  the  equation^  therefore^  of  either  of  these 
planes  ought  to  be  fulfilled  by  the  co-ordinates  of  the 
points  :  and  from  this  condition  we  learn  to  deduce  the 
equations  of  the  trace,  by  regarding  the  equations  of  the 
planes  as  simultaneous. 

The  equation  of  the  plane  of  the  xir  's  is  y  =  o ;  and 
as  the  equation  of  the  oblique  plane  is 

X  COS.  a;'x  +  y  cos.  xfy  +  z  cos.  x^z  =  o, 
we  shall  have,  for  the  equations  of  the  trace, 

X  cos.  xfx  +y  COS.  xfy  +  z  cos.  xfz  ^  o^ 
which,  by  mixing  the  equations,  may  be  put  under  the 
more  convenient  form 

y  =  0 

^  -.COS.  x'z 

X  =  -—  Z y. 

COS.  x'x 

The  equations  of  the  trace  on  the  plane  of  the  yzh 
will,  in  like  manner,  be 

^  cos.  x'z 

y  ::s^^  Z  Xy 

cos.  x'y 
and, 


x  =  — y 


z  ^  o 

cos.  x'y 
COS.  x'x 


.  • 
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228.  If  the  equations  of  a  line  are  put  under  the  form 

a{x  —  a)  +  e  {z  —  y)  ^  0 

and  that  of  a  plane  under  the  form 

the  condition  which  requires  this  line  to  have  all  its 
points  in  common  with  the  plane,  will  also  require  that 
we  should  be  able  to  deduce  from  the  two  first  equations 
an  equation  identical  with  the  third. 

But  since  the  line  lies  in  th^  plane,  we  may  write 

a'  (a  —  a')  +  6'  (/3  _  /3')  +  C'  (y  _  y')  =  O  .  .  .  z 

which  equation  of  condition  assures  us  that  both  the  line 
and  the  plane  pass  through  a  common  point. 

But  a',  P'  and  /  may  represent  the  co-ordinates  of  any 
point  in  the  plane. 

And  hence^  when  the  equation  z  is  fulfilled^  we  may 
write^  instead  of  the  given  equation  ef  the  plane,  the 
following : 

a'  (a?  —  a)  +  6'  (y  _  /3)  +  &  (z  —  7)=:0. 

Now  multiplying  the  equations  of  the  line  by  the  inde- 
terminate quantities  m  and  n^  adding  them^  and  compar- 
ing the  CO- efficients  with  those  belonging  to  the  equation 
last  deduced,  we  find  the  identity  sought  to  require  the 
conditions 

am  ^  a'^bn  i:a  b'y  e  {m  +  n)  m:^&  i 
and  as  these  are  fulfilled  whenever 

a'      6'      & 

a      0      e 

the  results  z  and  a  establish  the  relations  that  exist  be- 
tween the  co-efficients  of  the  equations  of  a  line,  and  those 
of  the  equations  of  the  plane  wherein  it  lies. 


466         PART  lY.   INDETERMINATE  ANALYSIS. 

Chap.  I.    Of  linei  and  mirfaqM. 
Art  229.    Eqnationa  of  a  line  that  ia  parallel  to  a  giTen  plane. 

229.  The  quantities  involved  in  a  have  reference  only 
to  direction ;  and  hence  that  equation^  considered  by 
itself^  expresses  the  conditions  existing  among  the  co- 
efficients when  the  line  is  merely  parallel  to  the  plane. 

These  results  may  be  employed  to  determine  the 
equation  of  a  plane  that  shall  be  parallel  to  one  of  the 

axes. 

Assuming,  for  example^  the  axe  to  be  that  of  the  y's, 
we  shall  have  x  =  o,  2r  =  o,  and  y  indeterminate,  condi- 
tions that  are  deduced  from  the  equations  of  the  line  by 
making  a  and  c  indeterminate^  and  b  and  ay  P  and  y  eqaid 
to  zero. 

But  as  a  and  c  may  be  varied,  even  when  fixed  values 

are  assigned  to  a'^  h'  and  e'^  it  follows  that  —  and  1 

a'  c 

change  their  values  without  any  corresponding  change 

taking  place  in  V  and  h ;  a  result  that  cannot  be  recon- 

b^ 
ciled  with  the  equation  a,  unless  the  fraction  t-  is  capable  of 

an,  infinity  of  values,  or^  in  other  words^  unless  it  has  the 

indeterminate  form  ^. 

The  co-efficient  V  is  thus  shown  to  have  the  value 
zero^  and  the  equation  of  the  plane  becomes, 

a'  (x  —  «')  +  C  (z  —  r)  -  ^ ^ 

a  result  that  proves  itself^  since  the  equation  of  the  plane 
must  evidently  be  independent  of  the  co-ordinate  to 
which  the  plane  itself  is  parallel. 

230.  The  intersection  of  two  planes  consisting  of  points 
that  lie  in  both,  will  be  obtained  by  uniting  their  equa- 
tions. 

This  proposition  gives  occasion  to  a  remark  that  will 
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be  useful  in  the  demonstration  of  the  proposition  next 
following ;  it  may  be  thus  expressed :  The  equation  of 
any  plane  parallel  totheisrx  's  isy  «  constant  $  and  uniting 
this  equation  with  the  last  deduced^  the  latter  still  re- 
mains 

at  (x  —  .a')  +  c'  (iZf  —  y')  »  o, 

whence  we  may  regard  this  result  as  belonging  to  the 
intersection  of  two  planes,  namely,  of  a  plane  parallel  to 
the  xj/  ^s  and  a  plane  parallel  to  the  axe  of  the  y  's. 

231.  The  orthographic  projection^  or,  as  it  is  here 
more  simply  termed^  ^^  the  projection  of  a  line  on  a 
plane^'^  is^  art.  95^  the  intersection  of  the  latter  with  a 
second  plane^  at  right  angles  to  the  first,  and  passing 
through  the  line. 

Assuming  the  equations  of  the  line  to  be  the  same  as 
in  art.  228,  the  equations  of  the  projections  on  the  three 
co-ordinate  planes  will,  by  the  preceding  article^  be  re- 
spectively, 

o'(x— a')  +  d  {z  —  Y)  »o 

a' (a:- a') +  6' (y -/?')- ^• 
But  from  the  remark  in  art.  228,  a,  /?  and  y  may  be  sub- 
stituted for  a',  ^'  and  y  ;  and,  moreover,  in  establishing 
the  identity  of  the  equations  of  the  line  with  the  plane 
represented  by  the  first  of  the  above  equations,  art.  228, 
we  shall  have 

n  ^o\ 

whence,  the  equation  a  will  be  satisfied,  if  a  »  a',  and 
e  ss  c' :  and  in  a  similar  manner  we  discover  that  h  »  h\ 
from  which,  the  three  preceding  equations  appear  iden- 
tical with  those  of  the  line  itself  \  and  we  conclude,  that 
3h 
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when  the  equations  of  a  line  are  so  arranged  that  in  each 
an  ordinate  is  wanting,  any  one  of  the  equations  repre- 
sents a  projection  of  the  line  on  one  of  the  co-ordinate 
planes ;  on  the  plane,  namely,  which  is  at  right  angles 
to  the  ordinate  wanting. 

232.  The  equations  u  of  a  perpendicular  to  a  plane 
are, 


cos.  X'X  COS.  x'z 


cos.  x'y  COS.  x'z 

the  first  of  which  belongs  to  the  projection  on  the  plane 
of  the  xz^s  and  the  second  to  the  projection  on  the  plane 
of  the  yz  's :  comparing  these  with  the  equations  of  the 
traces,  art.  227,  and  with  the  equations  of  lines  that  are 
perpendicular^  art.  219,  we  discover  ^*  the  traces  of  a 
plane  to  be  at  right  angles  to  the  projections  of  its  per- 
pendicular." 


PRELIMINARY  REFLECTIONS  TO  SECTIONS  IIL 

AND  IV. 

In  investigating  the  relations  of  a  definite  number  of 
points^  the  number  is,  itself^  a  character,  in  terms  of 
which  the  analysis  can  be  arranged.  But  as  this  prin- 
ciple of  classification  manifestly  fails  when  the  number 
of  points  is  infinite^  we  have  yet  to  supply  that  de- 
ficiency. 

Now  the  analysis  of  an  infinite  number  of  points  pro- 
ceeding by  the  equations  they  give  rise  to,  we  may  adopt 
a  principle  of  classification  extensively  used  in  algebra^ 
and  arrange  the  several  steps  of  the  process  by  the  de- 
grees of  the  resulting  equations. 


INQUIBT  SUGGESTED  BT  THESE  REFLECTIONS. 

To  discover  the  curve^  or  surface^  formed  by  all  those 
points  the  relations  of  which  to  known  elements  shall  be 
expressed  in  an  equation  of  the  second  degree. 


SECTION  III. 


OF  PLANB  LINES  OF  THE  SECOND  ORDER. 

Points  which  lie  in  a  plane  are  assigned  by  reference 
to  two  primordial  elements — of  the  parabola — of  the 
ellipse — of  the  hyperbola — connection  of  the  equations 
discussed  in  this  section — the  curves  discussed  in  this 
section  referred  to  oblique  co-ordinates — conjugate  dia- 
meters— equation  of  the  hyperbola  referred  to  its  asymp- 
totes— polar  equations  of  the  curves  discussed  in  this 
section — every  equation  of  the  second  degree  between  two 
variables  will  be  fulfilled  by  the  co-ordinates  of  one  or 
other  of  the  curves  discussed  in  this  section. 

m 

233.  Lines,  we  have  seen^  are  Imned  of  an  infinity 
of  point%  whose  relations  to  known  primordial  elements 
are  restricted  by  invariable  conditions. 

The  circle^  a  line  examined  in  detail  in  the  Fourth 
Section  of  Part  IIL,  is  the  locus  of  all  points  that,  l3ring 
in  a  plane,  have  a  constant  distance  from  a  given  point 
in  space 

The  most  general  equation  of  a  circle^  art.  99^  is 

(x_a)'  +  (y —/?)•  =  /  ......a; 

but  anra&cping  the  primordial  elements  in  such  a  mawier 
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that  the  origin  shall  fall  at  the  given  point,  this  equation 
reduces  to 

x^+y^^y^ /? 

whence  all  the  properties  have  already  been  developed. 

But  the  relation  which  has  led  to  this  simple  and  im- 
portant curve  is  only  a  particular  case  of  the  problem 
enunciated  at  the  commencement  of  the  present  Chapter. 

It  is  there  proposed  to  express  the  positions  of  the 
points  that  have  assigned  relations  to  any  number  of 
primordial  elements. 

But  as  the  inquiry  taken  in  this  wide  sense  extends 
beyond  the  limits  of  a  section,  further  subdivisions  be- 
come necessary ;  and  the  Preliminary  Remarks  affixed 
to  the  Chapter  we  are  now  engaged  upon^  teach  us  to 
seek  them  in  the  relations  existing  among  the  points 
assigned  in  space^  and  those  whose  position  is  the  object 
of  our  analysis. 

The  degree  of  the  equation  whereby  these  relations 
are  expressed^  although  not  an  unexceptionable  principle 
of  dasmfication^  is  one  that  custom  has  sanctioned^  and 
which  possesses  many  advantages. 

The  case  when  this  equation  is  of  the  first  degree  has 
already  occupied  our  attention,  and  we  shall,  therefore, 
proceed  in  the  present  section  to  investigate  the  positions 
of  points  whose  connection  with  the  assigned  primordial 
elements  can  be  expressed  by  a  quadratic  equation. 

These  points,  it  will  be  observed  from  the  heading  of 
the  section,  are  regarded  as  lying  in  one  plane,  and, 
consequently,  their  position  will  be  completely  assigned 
by  referring  them  to  two  primordial  elements. 

If  the  co-ordinates  that  constitute  this  reference  are 
given,  either  explicitly  or  implicitly,  the  question  re- 
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mordial elements. 

gards  a  single  point  in  space^  whose  position  is  then 
assigned. 

But  if  in  place  of  the  co-ordinates  themselves  we  have 
a  relation  between  them^  the  points  are  only  partially 
assigned,  and  may  be  infinite  in  number. 

234.  Thus  assuming  as  primordial  elements  a  line  and 
a  point ;  and  as  co-ordinates  the  distances  from  these 
elements ;  we  may  propose  to  investigate  the  positions  of 
all  the  points  for  which  the  two  co-ordinates  are  equal. 

Let  us  denote  the  line  by  m,  the  indefinite  point  by 
P,  and  the  point  that  serves  as  a  primordial  element  by 
the  letter  A. 

The  distance  from  A  to  P  is,  art.  99/ 

and  the  distance  from  P  to  the  line  is^  art.  223^ 

p  +  x  —  my  , 

whence  we  have  for  the  equation  to  the  locus  of  the 
point  sought^ 

V  1  -f  m*  +  n* 

But  the  principle  of  symmetry  will  guide  us  to  an 
equation  of  a  simpler  form^  and  teach  us  to  choose  the 
primordial  elements  in  a  manner  that  shall  cause  all  the 
given  parts  of  the  same  kind  to  enter  alike. 

Thus,  since  no  reason  can  be  assigned  why  the  axe  of 
the  xh  should  pass  ^<  above'^  rather  than  ^^  below^'  the 
point  A,  let  us  draw  it  through  that  point :  and  since 
there  is  no  reason  why  this  axe  should  make  with  m  an 
acute  angle  on  one  side  rather  than  on  the  other,  let  us 
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draw  the  axe  so  as  to  make  the  &hgles  equal  on  either 
side^  that  is,  so  as  to  be  perpendicular  to  m.  Again, 
since  the  nature  of  the  proposition  does  not  require  the 
position  of  the  origin  to  be  influenced  to  a  greater  ex- 
tent by  one  rather  than  by  the  other  of  the  given  elements, 
let  it  be  assumed  intermediate  between  them. 
With  these  conventions  we  have, 

the  distance  of  P  from  A  =  ^{(^  —  »)'  +  y*l 
the  distance  of  P  from  M=zX  +0^ 

which  give  for  the  equation  ot  the  curve 

—  x  +  arsvU^  — a)*+y"}5 
or,  squaring  and  cancelling  like  quantities, 

y*  =  4  ax S 

The  curve  expressed  by  this  equation  is  called  a 
parabola^  and  its  properties  may  be  investigated,  as  in 
the  cases  of  the  straight  line  and  the  circle,  from  the 
equation  itself. 

The  analysis  will  stand  as  follows: 

Making  XmmOyV/e  have  y  =  o ;  whence,  the  curve  passes 
through  the  origin.  And  since  for  any  positive  value  of 
Xy  from  zero  to  infinity,  the  value  of  y  is  positive ;  and 
since,  also,  the  value  of  y  increases  with  that  of  x,  the 
curve,  we  conclude,  has,  on  the  positive  side,  two  equal 
and  infinite  branches  that  continually  recede  from  the 
axe  of  the  x's. 

When  X  is  negative,  y  is  imaginary ;  no      ^s-  *^ 
part,  therefore,  of  the  curve  lies  on  the  ne- 
gative side  of  the  origin. 

These  results  are  alone  sufficient  to  afford 
some  idea  of  the  curve  investigated ;  but  it 
will  not  be  difficult  to  obtain  others  that  as- 
sist in  defining  its  character. 
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The  equation 

to  pursue  this  subject,  being  the  general  equation  of  a 
straight  line,  may,  by  due  values  assigned  to  the  co-effi- 
cients, be  made  to  represent  a  line  that  has  any  assigned 
position  with  respect  to  the  curve  ;  and,  consequently, 
to  represent  a  line  that  shall  pass  through  a  given  point 
in  the  parabola  and  agree  as  nearly  with  the  curve  at 
that  point,  as  a  straight  line  can  do. 

But  on  comparing  the  equation  of  this  line  with  the 
equation  of  the  parabola,  we  observe  the  increase  of  y  to 
follow  different  laws :  the  y  of  the  straight  line  is  found, 
for  equal  increments  of  x,  to  increase  more  rapidly  than 
the  y  of  the  curve.  And  we  conclude,  that,  as  x  in- 
creases, the  parabola  bends  away  from  the  line  in  ques- 
tion and  approaches  the  axe  of  the  xh ;  or,  in  other  words, 
the  curve,  in  every  part  of  its  course,  continues  concave 
to  that  axe. 

Assuming  a:  =  a,  we  have 

y*  =  4  a* 
or, 

2y  =  4  a. 

Representing  this  double  ordinate  by  the  letter  j&,  the 
equation  to  the  parabola  becomes 

y^  =3  px B 

The  great  attention  formerly  bestowed  on  this  and  the 
remainder  of  the  curves  described  in  the  present  Sec- 
tion, has  caused  every  line  drawn  in  or  about  them,  and 
all  the  elements  to  which  they  refer,  to  receive  some 
peculiar  name.  More  extended  views  of  geometry  have, 
in  a  great  measure,  rendered  this  phraseology  obsolete, 
3i 
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« 

A  choice  of  the  primordial  elements,  proceeding  on 
the  principle  used  in  the  last  problem  would  lead,  how- 
ever, to  an  expression  that  admits  of  a, more  ready  de- 
velopment. 

According  to  that  principle,  the  situation  of  the  pri- 
mordial elements  must  be  symmetrical  with  respect  to 
the  elements  that  serve  as  data. 

To  obtain  this  symmetry,  one  of  the  axes,  the  axe  of 
the  ar^s,  for  example,  should  pass  through  the  two  given 
points ;  the  remaining  axe  should  be  intermediate  between 
the  latter,  and  have,  at  the  same  time,  a  direction  at 
right  angles  to  the  axe  first  mentioned. 

With  these  conditions,  a  =  —  a',  and  /3  and  /3'  are 
zero  ;  whence  the  equation  of  the  curve  sought  becomes, 

« 
and  by  carrying  the  first  of  the  radical  expressions  to  the 

right  hand  member,  squaring  and  reducing,  there  results, 
y^=«JI^(a^-a:«) yj 

an  equation  that  belongs  to  either  of  the  two  problems 
whose  solutions  we  have  embraced  in  this  analysis. 

Recollecting,  however,  that  in  the  first  problem  2a  is 
the  sum  of  two  sides  of  a  triangle  whose  third  side  is  2a; 
and  that  in  the  second  2a  is  the  diiference  of  those  sides; 
we  shall  readily  perceive  that  a*  —  a*  is  positive  in  the 
former  case,  and  negative  in  the  latter.  And  the  equa- 
tion above  deduced,  to  be  free  from  imaginary  express- 
ions, must,  in  the  two  cases  alluded  to,  assume  distinct 
forms,  being  written, 

a^ 
when  a  represents  the  sum  of  the  sides,  and 


n 
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These  branches,  we  are  further  assured,  altering  their 
course  with  as  much  regularity  as  the  corresponding 
branches  of  a  circle,  present  no  sinuosities ;  for,  were  it 
otherwise,  the  value  of  y  would  decrease  irregularly  with 
the  increase  of  a: ;  a  supposition  inconsistent  with  the 
equation  we  have  deduced. 

The  curve  here  investigated  is  called  the  ellipse ;  the 
points  A  and  B  are  termed  the  foci ;  and  the  lines  HI 
and  KL  the  major  and  the  minor  axis. 

236.  The  equation 

a 
when  analysed  by  a  similar  process,  will  lead  to  results 
somewhat  different,  and  present  us  with  a  curve  that  has 
been  termed  the  hyperbola. 

The  imaginary  values  of  y  correspond,  in  this  case,  to 
values  of  a?  less  than  a,  and  are  not  found  when  x  has 
values  between  a  and  infinity.  The  quantities  x  and  y, 
in  this,  as  in  the  preceding  case,  enter  the  equation  by 
their  second  powers  only,  and  thus  Fig.  235. 

indicate  the  existence  of  equal  branches 
on  either  side  of  the  origin.  Combin- 
ing these  results,  we  perceive  the  by-  >  V  ^> 
perbola  to  consist  of  four  equal  and 
infinite  branches,  that  are  turned  in 
opposite  directions,  and  continually  recede  from  the  axe 
of  X  h. 

When  ^  is  very  great,  the  equation 

approaches  to  the  equation 

^       a^ 
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served,  is  equal  to  2a;  and  the  minor  to  26 ;  for  since  I 
is  a  point  in  the  curve,  AI  —  IB  is  equal  to  2a  ;  and  as 
the  curves  on  either  side  of  the  centre  are  symmetrical, 
IB  and  AH  are  equal,  and  AI  —  IB  is  the  same  as  HI ; 
or,  in  other  words,  the  major  axis  HI  is  equal  to  2a. 
Again,  substituting  in  the  equation 

b 
a 

01  OP  a,  for  a?,  we  have  y  =  I  r :  but  the  value  of  y  re- 
sulting from  the  substitution  in  question  is  b,  whence, 
the  minor  axis  r  I  is  equal  to  2b, 

237.  The  object  of  the  present  Section,  we  recollect, 
was  to  investigate  curves  capable  of  being  represented 
by  equations  of  the  second  degree.  The  four  curves 
that  we  have  analysed,  the  circle,  the  parabola,  the 
ellipse  and  the  hyperbola,  possess  this  property ;  but  it 
becomes  a  question  whether  the  equations  we  have  used 
to  represent  the  curves  discussed  in  this  Section,  might 
not  be  deduced  from  each  other ;  and  whether,  under 
all  the  forms  they  admit,  these  equations  still  represent 
the  same  curves. 

The  equation 

f  =  ^;  (o»  -  X') 

will  be  very  proper  for  this  inquiry,  since  we  have  seen, 
that,  according  as  b^  is  positive  or  negative,  it  repre- 
sents either  an  ellipse  or  an  hyperbola. 

Now,  substituting  for  x^  x  —  a,  or,  what  amounts  to 
the  same,  shifting  the  origin  by  the  distance  a ;  the  equa- 
tion becomes 
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and  as  y  cannot^  ia  this  case,  be  real,  unless  x  is  zero, 
the  curve  becomes  a  point,  whose  co-ordinates  are 

y  =  0,  0?  «  0. 

This  last  result  proceeds  upon  the  supposition  of  7^ 
being  positive ;  but  if,  on  the  contrary,  it  has  a  negative 
value,  the  equation  assumes  the  form 

f  =  ;i V, 

or, 

(y— aar)(y  +  Xa:)  =  0, 

or, 

y  —  ;up  =  0 

y  +  Xa?  =  0, 
and  indicates,  as  we  have  before  observed,  two  straight 
lines. 

If  6'  and  c^  are  both  negative,  the  equation  may  be 
written 

and  as  for  every  real  value  of  a?,  y  is  here  imaginary,  the 
equation  has  no  geometrical  representation ;  or,  to  use 
the  language  of  the  analyst,  the  equation  belongs  to  an 
imaginary  curve. 

Thus,  examined  under  every  form  which  it  is  capable 
of  assuming,  the  equation 

is  found  to  present,  in  a  geometrical  point  of  view,  the 
foJlawiog  cases ; 

It  designates,  1*  A  closed  curve,  which  is  either  a 
circle  or  an  ellipse. 

2«  A  curve,  the  hyperbola,  composed  of  two  pair  of 
3k 
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opposite  branches^  each  pair  enclonng  a  space  oq  all  bat 
one  side. 

3.  A  curve,  the  parabola,  intermediate  in  its  proper- 
ties between  the  ellipse  and  hyperbola ;  that  encloses  a 
space  on  all  sides  but  one^  but  that  does  not  possess  two 
pair  of  branches. 

4.  A  straight  line^  or  a  pair  of  straight  lines. 

5.  A  point. 

6.  Ah  imaginary  curve. 

238.  We*  will  now  seek  the  systems  of  oblique  co- 
ordinates^ relative  to  which  the  curves  we  have  investi- 
gated preserve  an  equation  of  the  same  form  as  when 
analysed  in  relation  to  their  axes.  For  this  purpose,  we 
will  employ  the  formulae  of  transformation 

x^s^al  COS.  xod  +  y'  cos.  rfxy 
y  ^  of  sin.  xxf  +  y'  sin.  y'or; 

By  substituting  these  values  of  x  and  y  in  the  equation 
or, 


©■  -  (!)'-' 


it  becomes, 

(a*sin.y'a:+6*cos."y'a:)  y'"+(o' sin.'ar'a?  +  6"cos.*ar'a:)a:'*+ 
2  {(fmi.xfx  sin.y'a?  +  V  cos.a:'a?  cos.y'a?)  a/y' — a*6"  =0. 

But  for  this  equation  to  be  of  the  same  form  as  the  equa- 
tion relative  to  the  axes,  it  is  necessary  that  it  should 
uot  contain  the  term  which  is  multiplied  into  xfy ;  or, 
in  other  words,  we  must  so  choose  the  angles  {afx)  and 
{y'x)y  that,  when  substituted  in  the  preceding  equation, 

*  Part  of  the  three  following  articles  is  from  Biot*s  Analytical  Geometix. 
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these  values  shall  cause  the  co*efficient  of  x!%f  to  become 
zero ;  which  gives  the  equation 

a'  sin.  OCX*  sin.  xfx  +  6*  cos.  a?'a?  cos.  y'o:  ca  0. 

This  condition  between  the  angles  (a?'A?)  and  (y'or),  is 
not  sufficient  to  determine  the  latter^  but  merely  suffices 
to  render  one  of  them  known  when  the  other  is  given ; 
and  as  one  of  the  angles  may  thus  be  chosen  at  pleasure^ 
it  follows  that  an  infinity  of  oblique  axes  may  be  found 
that  have  the  property  in  question ;  and  since  the  equa- 
tion we  have  deduced  gives 

tan.  x*x  =  —  ^cot.y'a?, 

cr 

the  systems  will  be  real. 

Making  successively  y*  =  Oy  and  x'  =  Oy  we  have  the 
distances  from  the  origin  of  the  co-ordinates  to  the  points 
in  which  the  curve  cuts  the  axes. 

And  if  we  represent  these  distances  by  d  and  Vj  the 
first  being  reckoned  on  the  axe  of  the  x  %  and  the  second 
on  ths^t  of  the  y  '^s,  we  find 


«'•  = 


(f  sin.  •asr'  +  6*  cos.  Va? 


o^sin.  Vo:  +  b*  cos.  •y'a? 
and  the  equation  of  the  curve  becomes, 

or, 

(^)V(l)'- - 

239.  The  form  of  this  equation  being  precisely  that 
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belonging  to  the  curve  referred  to  rectangular  axes,  it 
IToIlows  here,  also,  that  y  will  have  the  same  values  when 
measured  on  either  side  of  the  or's,  and  conversely. 
Now  any  line  that  bisects^  in  this  way,  the  ordinates  of  a 
curve^  is  called  a  diameter }  and  when  the  property  is 
mutually  possessed,  as  in  the  present  case,  by  the  axes 
of  the  x^s  and  the  y  %  these  lines  are  termed  canjugate 
diametters. 

The  lines  2a!  and  2b'  are  the  conjugate  diameters,  to 
which  the  curve  is  referred  when  the  positions  of  its 
points  are  expressed  by  the  equation  x* 

If  we  multiply  together  the  values  of  a'*  and  b'%  and 
have  regard  to  the  equation 

a*  sin.  y'x  sin.  x'x  +  b*  cos.  y'x  cos.  x'x  =  0, 

there  will  result, 

a'6'  = ?* , 

8in.{y'x — x^x) 

where  the  angle  {y'x — x^x)  is  that  formed  by  the  conju- 
gate diameters. 

This  value  of  a  6  being  substituted  in  the  expressions 
for  a'*  and  for  b!%  the  latter  will  give, 

6'»  sin.*  {y'x  —  x'x)  =  a*  sin.*  x'x  +  6'  cos.*  x'x 
a'*  sin.*  (y'x  —  x'x)  »  a*  sin.*  y'x  +  A*  cos.*y'jr. 

These  equations  may  be  put  under  the  form 

6'*  sin.*  {y'x  —  x'x)  «.  a*  sin.* x'x  (sin.*y'a?  +  cos.*  y'x)  + 
6"  COS.  ^x'x  (sin.  *y'a?  +  cos.  ya?) 

a'*  sin.  *(ya?  ~  j.'a?)  -  a*  sin.  Va?  (sin.  *a?'a?  +  cos.  Vx)  + 
6*  COS.  Va?  (sin.  Var  +  cos.  *x'x), 

whence,  adding  and  effecting  the  multiplication  indicated, 
we  have. 
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(a'»  +  A'*)  sin.  '{y'x — x'x) «  (a»  +  6*)  (sin.  Vx  cos.  »y'x + 
COS.  Vo?  sin.  Va?)  +  2a*  sin.  Va?  sin.  V^  +  26*  cos.* 
j:'a?  cos.  Vx, 

where  the  co-efficient  of  a"  +  6"  wants  but  a  term  in 
order  to  be  equal  to  sin.  \y'x  —  x'x) :  adding  this  term, 
the  equation  becomes 

(a"  +  V*)  sin.  *{y'x  —  x'x)  =  (a*  +  &•)  sin.  •(y'a:  —  x'x) 
+  2sin.ar'a?  sin.  y'a?  (a*  sin.ar'a?  sin.  y'a?  +  6"  cos.  a?'a?  cos.y'a?) 
+  2cos.a?'a?  cos.  y'x  (a*  sin.  xx'  sin.  y'a:  +  6*  cos.  x'x  cos.  y'o?) 

The  part  which  is  independent  of  sin.  {y'x  —  x'x)  vanishes 
of  itself,  in  consequence  of  the  condition  existing  between 
(3f'ar)and  (x'x) ;  and  hence, 

a'*  +  6"  -  a*  +  b'. 

The  three  equations 

a*  tan.  x'x  tan.  y'a:  +  6*  =  0 

oi  =  a'ft'  sin.  (y'x  —  x'x)         ^ 

(a»  +  ft')  =  (a'*  +  ft'») 

suffice  to  determine  the  conjugate  diameters  when  the 
axes  are  known. 

240.  Ify  in  place  of  destroying  the  term  which  con- 
tains the  product  of  x'  and  y'  we  seek,  in  the  transformed 
equation,  page  474,  to  eliminate  the  terms  that  contain 
the  squares  of  those  quantities,  we  shall  have  the  equa- 
tions 

(f  sin.  y a?  +  ft*  cos.  *y'x  =s  0 
o*  sin.  Va?  +  ft*  cos.  'xx'  ■■  0, 
which  give 


tan.!/'a:«+  V  —  ~ 


tan.  x'xam  +  yj  z~  t 
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Taking  the  plus  sign  in  the  first  of  these  results^  and  the 
minus  sign  in  the  second^  and  assuming 

b  «  6v~z:ri, 

the  curve  becomes  the  hyperbola,  art.  236^  and  the  new 
axes  are  its  ^^  asymptotes/^  or  vthe  lines,  art.  236,  to 
which  it  continually  approaches.  But  with  these  values 
of  tan.  jf'x^  tan.  x^x  and  6,  the  transformed  equation  re- 
duces to 

^y ^y 

which  is  the  equation  of  the  hyperbola  referred  to  its 
asymptotes. 

241.  The  equation  of  the  ellipse 

has  served  as  a  type  to  which  we  have  referred  the 
equations  of  each  of  the  curves  treated  of  in  this  Section. 

The  ellipse,  the  reader  will  recollect,  is  formed  of  all 
the  points  possessing  a  certain  property ;  the  distance  of 
the  points  is  estimated  from  two  given  foci,  and  for  each 
point  the  sum  of  these  distances  is  a  constant  quantity. 

Now,  calling  one  of  these  distances  y'  we  might  seek 
the  relation  between  y'  and  the  angle  which  it  makes 
with  a  known  line,  the  major  axis,  for  example. 

Such  a  relation,  art.  91 ,  would  form  a  polar  equa- 
tion to  the  ellipse,  the  pole  being,  in  this  case,  the  focus. 

The  polar  equation  will,  therefore,  be  obtained  by 
substituting  in  the  expression 

ay  +  b*x*  s:  a*6* 

the  values 

y  -  y'  sin.  »'«, 

a?  «  y'  cos.  y'x  —  €h 
or,  we  may  obtain  the  polar  equation  of  the  ellipse  by 
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recurring  to  the  proposition  from  whidh  our  knowledge 
of  the  curve  is  derived.  The  two  given  points  A  and  B, 
and  the  point  which  is  sought,  P,  are  the  elements  of 
position  whose  relations  constitute  the  object  of  research. 
Now  putting  2a  for  the  distance  between  A  and  B  ;  y' 
for  ttie  distance  of  P  and  A ;  y"  for  that  of  P  and  B ; 
and^  finally,  2a  for  the  sum  of  y'  and  y",  we  have  from  the 
equations  deduced  for  the  relations  of  three  points, 

y"  sin.  y"  a  —  y'  sin.  y'a  «  0 

y"  COS.  y"  a  +  y'  cos.  y'a  =>  2a 

y"  +2/'  =  2a ; 

and  equating  the  values  of  sin.  'y"a,  obtained  from  the 

first  and  second  of  these  equations,  and  substituting  for  y" 

its  value  obtained  from  the  third,  we  deduce 


a»  — a' 


y'^ ^ "t , 

a  —  a  COS.  y'a 


or,  putting 


a 


y  =«i-ecos.d' 

which  is  the  polar  equation  sought. 

The  angle  $  is  usually  taken  as  the  supplement  of  the 

angle  here  designated  by  that  letter,  and  the  equation  is, 

therefore,  more  frequently  written 

1 e" 

f/  =  a = - a. 

^  1  +  e  COS.  0  ^ 

As  the  quantity  a*  —  a*  is  the  same  that  we  have  de- 
noted, art.  235,  by  6*,  when  the  curve  changes  into  the 
hyperbola,  this  quantity  becomes  negative,  and  the  polar 
equation  of  the  hyperbola  will  be 

y  -  a  ^  ^~^ V, 

1  +  e  cos.  d 
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and^  in  like  mani^er^  since  the  ellipse  changes  into  a 

parabola^  art.  237,  when becomes  2^,  and  *or  c 

becomes  unity^  we  deduce  for  the  polar  equation  of  the 
parabola, 

^      1  +  COS.  e 

242.  These  results  might,  with  propriety,  terminate 
the  analysis  of  the  curves  that  have  formed  the  subject 
of  the  present  Section  ;  but  as  the  principle  of  arrange- 
ment on  which  it  proceeds  classes  together  curves  whose 
equations  are  of  the  second  degree,  it  will  be  proper^ 
before  we  dismiss  this  subject,  to  examine  whether  cJl 
the  curves  that  can  be  so  expressed,  are  included  under 
one  or  other  of  the  preceding  forms. 

242 — 2.  This  inquiry  will  be  facilitated  by  previously 
adapting  the  formulsD  of  art.  101,  to  the  case  wherein 
the  primitive  co-ordinates  are  oblique,  and  the  new  co- 
ordinates rectangular. 

Denoting  the  former  system  by  x  and  y  and  the  latter 
by  x'  and  j/',  we  have,  art.  101, 

a?'  =  a:  cos.  xx'  +  y  COS.  yx\ 

y'  =  X  sin.  xx'  +  y  sin.  yx' ; 
and^  eliminating  y, 

x'  sin.  yx'  —  y'  cos.  yx* 

X  =s  . , 

sm.  yx 
and,  eliminating^, 

t/  COS.  xx'  —  x'  sin.  xx' 
y  =iS : 

sin.  yx 
When  the  axes  of  x  and  x'  coincide,  these  equations 
become  x  =  x'  —  y'  cot.  yx,  y  «  y'  cosec.  yx. 
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242 — 3.  As  the  formulaB  here  obtained  will  enable  us 
to  extend  the  results  deduced  for  the  particular  case 
where  the  primitive  co-ordinates  are  rectangular,  to  the 
general  problem,  in  which  the  co-ordinates  are  inclined 
at  any  angle,  it  will  be  a  convenient  method  of  analysis  to 
commence  with  the  former  system  of  primordial  elements. 

Assuming,  therefore, 

Pi/«  +  Qx^  +  Rxij  +  Sy  +  Tx  +  V  =  0 

as  a  general  quadratic,  expressing  the  relation  between 
two  rectangular  co-ordinates,  we  must  employ  the  for- 
mulsB 

y  =  x'  sin.  xx'  -f  y'  cos.  a^o:'  -f  ^ 
X  =  x'  cos.  XX  —  3/'  sin.  xx^  +  a 

to  get  rid  of  the  terms  which  do  not  enter  in  the  form 
required. 

The  object,  it  will  be  recollected,  is  to  reduce  the 
general  quadratic  to  the  form 

and  as  terms  enter  involving  the  first  powet^  of  x  and  y, 
and  the  product  of  their  first  powers,  it  would  be  neces- 
sary, were  it  intended  to  eliminate  those  terms  at  one 
operation,  to  retain  three  of  the  arbitrary  constants  be- 
longing to  the  equations  of  transformation. 

But  as  two  eliminations  are,  in  this  case,  more  com- 
modious  than  one,  we  shall  merely  retain  such  constants 
as  sufS^ce  to  remove  the  terms  in  a?  and  y» 

To  effect  this,  assume 

y  =  (3/'  +  (3) 

X  =  (a;'  +  a) ; 

the  terms  in  y'  will  be  found,  by  multiplying  the  terms 
3l 
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Multiplying  by  R,  and  substituting  for  R^  its  value  4  PQ, 
this  equation  reduces  to 

RT  — 2QS  =0; 

and  hence  we  conclude^  that,  when  a  and  /?  assume  the 

form  -,    the  equation  is  that  of  a  line. 

The  general  quadratic,  therefore,  either  belongs  to  a 
parabola  or  a  line,  or  it  can  be  reduced  to  the  form 

Fy  +  Q'a;»  =  —  U'  ; 

and  it  only  remains  for  us  to  discuss  the  cases  which  this 
transformed  equation  admits. 

Multiplying  each  side  by  an  indeterminate  factor  X, 
and  comparing  the  result  with  the  equation 

AV  +  B»a:»  =  A»B- 
the  comparison  gives 

P'X  =  A%  Q'X  =  B*  =  —  U'X  =  A»B% 

or, 

which,  denoting  the  numerator  of  XJ\  page   482,  by 
—  4NP,  may  be  written, 

N 


A-  = 


B^  = 


4  P'Q' 
N         Q' 


4  P'Q'-      P' 
Hence,  if  N  is  positive,  A*  will  be  positve  ;  and  B' 
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effect,  is  to  introduce  an  arbitrary  constant,  when  the 
equation  would  belong,  not  to  the  axe  of  the  x's  alone, 
but  to  any  line  parallel  to  that  axe. 

It  results  from  this  investigation  that  every  quadratic 
between  rectangular  co-ordinates,  belongs  to  one  or  other 
of  the  curves  described  in  the  first  part  of  this  Section; 
but  it  remains  yet  to  be  established  that  such  is  also  the 
case  when  the  co-ordinates  are  oblique. 

The  demonstration,  however,  will  immediately  follow 
from  what  has  been  said  ;  for  since  the  formulae  of 
242 — 2  contain  merely  sin.  xy  as  their  denominator,  the 
given  equation,  when  transformed  to  an  equation  be- 
tween rectangular  co-ordinates,  cannot,  since  the  deno- 
minator does  not  admit  the  value  zero,  have  ambiguous 
co-efficients ;  and  the  reasoning  used  in  the  preceding 
investigation  may,  therefore,  be  extended,  without  fear 
of  error,  to  the  equation  so  transformed. 

The  conditions  that  determine  the  class  of  curves  to 
which  the  equation  belongs  will,  also,  be  the  same  in  the 
two  cases  ;  but  this  remark  must  not  be  extended  to  the 
subdivisions  of  those  classes. 

We  may  assume,  to  demonstrate  this  truth,  the  gene- 
ral equation  as  existing  between  oblique,  and  the  trans- 
formed equation  between  rectangular  co-ordinates  ;  dis- 
tinguishing the  co-ordinates  of  the  latter  by  accents,  we 
shall  then  have,  art.  242 — 3, 

P'  aa=  P  cosec.  yx"" —  R  cosec.  yx  cot.  yx  +  Qcot.  ya?" 

Q'  =  Q, 

R'  =  R  cosec.  yx  —  2Q,  cot.  y^  ; 
whence. 
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SECTION  IV. 


OF  SURFACES  OF  THE  SECOND  ORDER. 

Surfaces  arranged  by  the  degrees  of  their  equations — 
equation  of  the  cylinder — sections  of  the  cylinder — equa- 
tion of  the  cone — sections  of  the  cone — surfaces  of  the 
second  degree — ellipsoid — hyperboloid  of  one  sheet — hy- 
perholoid  of  two  sheets— paraboloid. 

243.  The  problems  that  presented  themselves,  when 
treating  of  the  points  that  lie  in  a  plane  we  sought  their 
simplest  combinations,  arc  connected  with  analogous 
problems  relative  to  points  in  space. 

The  sphere,  for  example,  holds  among  the  latter  class 
of  problems  the  place  assigned  in  plane  geometry  to  the 
circle.  And,  by  pursuing  the  course  of  investigation 
which  is  thus  suggested,  we  might  readily  extend  the 
propositions  of  the  preceding  Section,  and  render  them 
applicable  to  points  not  restricted  lo  lie  in  a  plane. 

But  the  principle  of  arrangement  adopted  in  the  Sec- 
tion alluded  to,  had  reference,  not  to  the  number  of  ele- 
ments, but  to  the  degree  of  the  resulting  equation  ;  and 
this  principle  we  shall  still  follow  ;  leaving  ourselves,  in 

3  M 
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being  everywhere  circles  of  the  same  radius,  the  sym- 
metry which  is  observed  in  the  circle  will  extend  to  the 
cylinder ;  and  this  surface,  infinitely  extended  toward 
either  extremity  of  the  axis,  will  be  every  where  at  the 
same  distance  from  that  line. 

The  form  of  an  oblique  section  will  thus  depend  upon 
the  inclination  of  the  trenchant  plane  to  the  axis  of  the 
cylinder,  but  will  be  independent  of  the  angle  it  forms 
with  lines  at  right  angles  to  the  axis. 

Now,  assuming  for  y  the  value 

y  =  y'  COS.  yy\ 

we  cause  the  plane  of  the  x'y'  h  to  assume  any  required 
position  with  regard  to  the  axe  of  the  z  's,  and,  conse- 
quently, to  meet  the  surface  in  a  line  which  may  be  made, 
by  a  proper  assumption  of  (t/t/'),  to  correspond  with  any 
intei*section  whatever.  The  form  of  an  oblique  section 
will,  therefore,  be  investigated  in  the  most  general  way 
by  determining  the  points  wherein  the  plane  of  the  x'y'  h 
meets  the  surface. 

As  such  points  are  common  both  to  the  cylinder  and 
the  plane,  their  positions  will  be  found  by  combining  the 
equations  of  these  surfaces. 

But  the  equation  of  the  plane  is  z'  =  o,  and  as  z'  does 
not  enter  the  equation  of  the  surface,  this  last  equation 
must  equally  belong  to  the  surface  and  to  the  intersec- 
tion whose  form  is  the  object  of  research. 

The  equation  of  the  section  will,  therefore,  be 

x""  +  2/"*  cos.  •yy'  =  r* ; 
which  belongs  to  an  ellipse. 

246.  Let  us  now  analyse  the  equation  of  the  surface 
that  contains  all  the  straight  lines  which  pass  through 


•    t 
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By  assuming 

the  origin  will  be  transported  to  a  point  in  the  axe  of  the 
z  %  distant  by  h  from  the  point  that  was  given.  But 
the  equation  then  becomes 

x'^  +  y'^  =  {z'  +  hy  tan.  ""zm ; 

and  making  z  =  o^  with  the  view  of  obtaining  the  inter- 
section of  the  surface  with  the  plane  of  the  x'y'  %  we 
obtain  for  this  line 

x""  +  3/'=*  =  /i»  tan.  ""zm ^ 

which  indicates  a  circle,  the  radius  of  which  is  h  tan.  zm. 

The  result  here  given  will  be  obtained  whether  h  is  po- 
sitive or  negative ;  and  as  the  radius  of  the  circle  increases 
in  the  same  proportion  as  z,  we  conclude  the  surface  to 
consist  of  two  infinite  branches^  or  curved  sheets^  which 
only  partially  enclose  a  space,  presenting  an  opening 
towards  either  extremity  of  the  given  line. 

The  solid  enclosed  by  this  surface  is  the  common  cone, 
art.  3  and  9 ;  the  given  point  is  the  centre,  which  has  been 
improperly  termed  the  apex ;  and  the  given  line  is  an  axis, 
around  which  either  sheet  of  the  surface  is  symmetrically 
disposed. 

247.  To  determine  the  oblique  section  of  a  cone  with 
a  plane,  is  a  problem  that  may  be  resolved  according  to 
the  method  used  in  determining  the  sections  of  the  sphere. 

For,  by  transforming  the  co-ordinates,  in  the  preced- 
ing equations  of  the  cone,  we  render  their  position  arbi- 
trary, and,  consequently,  such  as  will  enable  us  to  make 
either  of  the  co-ordinate  planes  coincide  with  any  plane 
that  can  be  given. 
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which  transforms  the  equation -or,  of  the  cone,  into  the 
following, 

1/"*  +  a?''*  {cos/^a;' — sin.^a:^^'  tan.  ""zm]  +2x  [acos.xx'  — 
y  sin.  XX*  tan.  ^zm]  +  a'*  —  y''  tan.  ^zm  =  o, 

an  equation  that  can  be  made  to  coincide  with 

by  getting  rid  of  the  term  which  contains  the  first  power 
of  a?'. 

Equating  the  co-efficient  of  this  term  with  zero,  there 
results, 

y^  tan.  "zm  =  a"  cot.  ""xx'  cot.  ""zm d- 

and  making  this  substitution  in  the  known  term  of  the 
equation,  and  observing  that 

cos.  ""xx'  —  sin.  ""xx'  tan.  'zm  =  1  —  sin.  ""xx'  sec.  "zm 
the  equation  in  question  reduces  to 
y'"+a:'^(l — sin.'a:x'sec.»zm)+a*(l— cot.'^^^'cot.  ''zm)^o. 
Now  this  equation  can  only  become  of  the  form 

w^hen,  either  it  is  already  under  that  form,  or  has  de- 
parted from  it  by  the  loss  of  a  common  factor.  Let  us 
suppose  this  factor  X ;  and,  multiplying  by  it,  equate  the 
resulting  co-efficients  with  those  of  the  equation  which  it 
is  intended  to  reduce. 
We  should  then  have 

a»X=  1 
6"X  =  1  —  sin.  ^xx'  sec.  ^zm 
a^b^X  =  a^  (cot.  ^xx'  cot.  ^zm  —  1)  5 

whence,  multiplying  the  two  first  expressions,  and  com- 
paring the  product  with  the  third,  there  results, 

jr^    1  —  sin.  ^xx*  sec.  ^zm  . 
""  a*  cos.  ^xx'  cot.  *zm  —  1 ' 
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To  avoid  this  difficulty^  we  may  substitute  for  these 
ambiguous  expressions  others^  whose  values  will  be  more 
definite.     The  equation  ^  gives 

%  ^^^    2^*«      cot.  'zm     a . 
y*  tan.  ^zm  = ___  a' ; 

'  cot.  Vz 

and  for  the  particular  case  that  we  are  considering, 
which  assumes  x'z  =  \j  we  haVe^  from  the  equations  p, 
2r  =s  y ;  whence,  y  must  be  finite  for  finite  values  of  z ; 

and  as  — *- — --   is  not  finite^  the  identity  that  exists  be- 
cot.  x'z 

tween  the  sides  of  the  preceding  equation  will  require 
that  a  should  be  equal  to  zero. 

Attending  to  these  remarks,  the  values  of  a  and  of  h 
may  each  be  reduced  to 

y  tan.  zm, 
and  the  section  is  a  circle,  having  this  quantity  for  the 
value  of  its  radius. 

To  complete  the  investigation^  let  us  examine  the  con- 

elusions  that  follow  from  assuming  a  x=  &«  and  ^^  '  ^? 

cot.  x'z 

finite.  It  is,  in  the  first  place^  evident^  from  the  equa- 
tion 

cot.  zm 
y  tan.  zm  = .  a^ 

cot.  zx 

that  as  y  is  then  equal  to  zero^  the  trenchant  plane  will 
pass  through  the  given  origin;  or^  in  other  words^  through 
the  given  point :  a  further  examination  separates  this 
case  into  two  subdivisions,  according  as  {xfT^  is  gi*cater 
or  less  than  {zm). 

On  the  first  hypothesis,  the  equation  reduces  to 

y'*  =:  (1  —  sin.  ^xxf  sec.  ^zm)  x  (  —  x'^)  \ 

and  as  y  will  here  be  imaginary  for  every  value  of  x 
3n 


l 
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except  X  sz  o,  the  section  will  be  a  pointy  the  co-ordi- 
nates of  which  are  y  =  0anda7  =  o;  in  other  words^  it 
will  be  the  origin  itself. 

Upon  the  second  hypothesis,  the  equation  assumes  the 
form 

y'*  —  {1  —  sin.  *xx^  sec.  *zm]  of*  =  o, 
or, 

^  y'  —  x'  \/  {I  —  sin.  •:ra/  sec.  *zm)} 
{y  +  ^'  V  (1  —  sin.  •xo/  sec.  *zm)}  =  o, 

and  as  this  equation  may  be  satisfied  by  equating  either 
of  the  factors,  separate! y,  with  zero,  we  have 

y'  —  x'  x/  [l  — sin.  *xx'  sec.  *«m  —  1}  =  o, 
y'  +  x'  x^  {1  —  sin.  ^xxf  sec.  *zm  —  1]  =  <>, 
which  indicate  for  the  section  two  straight  lines  that  pass 
through  the  origin,  and  form  with  the  axis  of  the  cone, 
the  angles 

_ ,  i  cos.  zm 


COS. 


:'  )  (  COS.  xz' ) 


COS.  zoir 

Had  we  assumed  {zx')  s=  {zm)y  the  co-efficient  of  xf% 
in  the  general  equation  of  the  cone,  would  have  become 
zero  ;  and,  as  a  and  y  would  still  have  been  indetermi- 
nate, we  might  have  chosen  them  in  such  a  manner  as 
to  destroy  the  final  term,  or,  to  make 

a*  =  y*  tan.  ^zm  ; 
from  this  equation  we  should  have  derived 

a  =  +  y  tan.  zm. 

Substituting  the  second  of  these  values  in  the  general 
equation  alluded  to,  it  would  become, 

y'*  =  4a  sin.  zm.x\ 
which  belongs  to  a  parabola. 

And  thus  every  section  that  a  plane  can  make  with  a 
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cone,  has  been  proved  to  be  one  or  other  of  the  curves 
discussed  in  the  preceding  Section. 

248.  From  this  method  of  deriving  them^  the  curves 
have  received  their  name  of  ^^  conic  sections  ;'^  but  other 
solids  exists  whose  intersections  with  a  plane  are  also 
limited  to  the  curves  in  question  ;  and,  in  fact,  thisprO' 
perty  is  characteristic  of  all  surfaces  of  the  second  de- 
gree. 

The  general  equation  of  such  surfaces  is^ 

Ax*  +  By*  +  Cz*  +  Hxy  +  Exz  +  Yyz  +  Ga?  + 

Hy  +  U  +  K  -  0  ; 

which,  by  a  change  in  the  primordial  system,  and  pro- 
vided we  allow  the  constants  A'*,  A"*,  A"'*  to  admit  any 
values^  from  —  a  to  +  a,  can  always  be  reduced  to  the 
form 

This  fact  will  be  more  readily  demonstrated  in  an  an- 
other place^  but^  in  tbe  mean  time^  we  may  examine  the 
properties  of  the  solids  that  are  arranged  under  the 
equation. 

The  examination  may  be  performed  either  by  assum- 
ing values  for  two  of  the  co-ordinates^  and  seeking  from 
the  equation  the  corresponding  value  of  the  third;  or, 
by  investigating  the  sections  which  the  surface  makes 
with  a  plane.  These  two  modes  of  analysis  have  already 
been  explained  in  Part  I.,  art.  17^  where  the  forms  of 
surfaces  were  ascertained^  either  by  determining  the 
positions  of  individual  points  in  them^  or  by  seeking  the 
intersections  of  the  surfaces  with  planes. 
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If  we  adopt  the  first  method,  and  assume  y  and  z  to 
have  finite  values^  such  that 


(i^y  ^  G-)" 


<   1, 


the  corresponding  values  of  x,  supposing  k'^^  A"*,  and 
k"^  positive^  will  be  real^  and  less  than  A';  and  by  simi- 
lar reasoning  we  discover  that  x^  y  and  Zy  on  the  hypo- 
thesis assumed^  are  always  real  within  the  limits  a?  s  +  A', 
y  =1  +  A",  and  ^  =  +  A'" ;  a  result  which  indicates  a 
surface  closed  on  all  sides. 

When  either  of  the  co-efficients  is  imaginary^  the 
equation  may  be  put  under  the  form 

where,  reasoning  as  before^  it  is  obvious,  that  whilst 


(f)"  -  (f  )■  <  '' 


the  value  of  z  will  be  imaginary ;  that  z  becomes  real 
beyond  this  limits  and  may  be  increased  to  infinity  by 
suitably  increasing  x  and  y. 
The  limits  of  the  latter  are 


J, = ±  *"  V 1 + (^y. 

The  result^  that  z  is  always  real  whilst  x  and  y  exceed 
certain  limits,  indicates  a  certain  degree  of  continuity  in 
the  surface  ;  and,  if  we  consider  in  connection  with  this 
fact  the  limits  assigned  to  x  and  y,  the  surface  will  be 
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seen  to  possess  an  annular  form^  and  to  have  as  much  con- 
tinuity as  is  consistent  with  that  figure. 

When  two  of  the  co-efficients  are  imaginary^  the  gene- 
ral equation  of  surfaces  of  the  second  order  becomes 


=  1; 


(aO       (fO       (f^)  ■" 

where,  as  y  and  z  are  imaginary  whilst  2?''  is  less  than 
A",  and  real  when  x'^  exceeds  that  limit,  portions  of  the 
surface  must  be  detached^  one  commencing  when  x  ^  +  k, 
and  the  other  when  a:  =«  —  k. 

The  surfaces  represented  by  these  three  cases  of  the 
general  equation  are  usually  treated  as  distinct  subdi- 
visions ;  and  are  termed^  respectively^  the  ellipsoid,  the 
hyperholoid  of  one  sheets  and  the  hyperboloid  of  two 
sheets.  We  shall  now  proceed  to  examine  them  sepa- 
rately, 

249.  Using  for  this  purpose  the  analysis  by  sections^ 
we  observe  that  a  plane  parallel  to  the  plane  of  the  zy  ^Sy 
and  at  a  distance  a  from  the  origin^  will  be  represented 
by  the  equation 

x=  a; 
and^  combining  this  equation  with  the  equation  of  the 
ellipsoid^ 

we  deduce, 

a  result^  that^  compared  with  the  general  equation  of 
lines  of  the  second  degree^ 
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(!)^(y)*='. 

gives  the  values 

k'f      


Whence,  it  appears  that  whilst  a  is  less  than  k'  the  sec- 
tions in  this  direction  are  ellipses. 

The  sections  formed  hy  planes  parallel  to  the  planes 
of  the  zx  's  and  the  xy  \  will  be  found  by  substitutiDg 
fory,  in  the  one  case,  and  for  z  in  the  other,  constant 
values  p  and  ^,  proceeding  with  the  remidnder  of  the 
operation  as  in  the  case  that  we  have  just  solved,  and 
where  a  was  substituted  for  x. 

The  curves  so  deduced  are  also  ellipses ;  and  have, 
for  the  sections  parallel  to  the  plane  of  the  zx  \  the 
axes 

and,  for  the  sections  parallel  to  the  plane  of  the  xy  \ 
the  axes 


Jk' 


«  «  P77  V  *'"•  -  y* 


Jk" 


When  a,  /?  and  y  are  each  zero,  the  planes  in  ques- 
tion pass  through  the  origin,  and  the  axes  become 

a'  =  Jk",  6'  -  Jfe",  c'  -  *',  d' -  Jk",  e'  ^k\f^ Jk". 

The  curves,  in  this  case,  are  called  principal  aectioos. 
And  as  we  have 
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^■"F*  2^T  /"■/'' 

it  is  evident^  that  planes  parallel  to  !!t^ 

theco-ordinate  planes^  and  meeting  the  /\^J 
surface,  form,  by  their  intersection  ^£i-  r 
with  the  latter,  ellipses  that  are  respect-  ^^^^ — ) 
ively  similar  to  the  principal  sections.  The  directions 
of  the  axes  in  a  principal  section  and  its  parallel,  will 
also  coincide ;  and  as  their  centres  lie  in  the  same  pri- 
mordial axe,  the  form  of  the  solid  must  be  symmetrical 
on  every  side,  fig.  239. 

250.  Analysing,  in  like  manner,  the  equation 

(Fy+(^)"-(-F)"-'' 

we  find  for  the  equation  of  its  sections  parallel  to  the 
three  co-ordinate  planes 

(f)"-(F^)'--(r)" 

The  first  of  these  equations  indicates  an  hyperbola^ 
the  semi-axes  of  which  are, 


Jk" 


Jti 


A«  "    v'ik^— a*. 

K 
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The  second  belongs  also  to  an  hyperbola^  and  gives  for 
the  semi-axes^ 


k' 


e^   .2^^*'"-/?* 


.'If 


.     Jfc"  ^  ^ 

But  the  third  equation  indicates  an  ellipse',  with  the 
semi-axes 

*" 


The  form  of  this  surface  can  with  difficulty  be  repre- 
sented graphically,  but  some  notion  of  it  may  be  formed 
by  considering  the  particular   case  Fig.  aw. 

wherein  *'  «  *" ;  the  sections  parallel 
to  the  plane  of  the  xy  ^s  will  then  be 
circles,  and  the  surface  would  be  gene- 
rated by  the  revolution  of  two  opposite 
hyperbolas  about  their  minor  axis  mn. 

When  a  and  /?  are  equal  to  h'  and  k!'j  the  two  first 
equations  become 

the  former  indicating  two  right  lines  inclined  to  the  axe 

Jfc'"  it'" 

of  the  y  %  at  the  angles  tan. ""  *  -^   and  —  tan.  "  ^  ^; 

and  the  latter^  straight  lines  inclined  at  angles  tan.  "^  ^  — . 
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and  —  tan.  "  ^  - —  to  the  axe  of  the  x  's. 

k' 

These  lines  are^  in  fact^  limits,  beyond  which  a  change 

occurs  in  the  form  of  the  section,  the  liyperbolas  within 

the  lines  turning  their  convexities  to  the  plane  of  the 

xy  's,  and^  without  the  lines^  turning  their  concavities. 

251 .  The  third  form  of  surfaces  of  the  second  degree^ 
expressed  by  the  equation 

(i)'-(io"-(f-);-' 

when  examined  by  a  similar  analysis^  gives,  for  sections 
parallel  to  the  co-ordinate  planes^  the  equations 

(f)"-«'--(i.)' 

The  two  latter  indicate  hyperbolas,  the  axes  of  which 
are,  respectively, 

h 


c=  T7rV*"*  +  i8*, 


*"' 


<^=  ■j^^'^"+^> 


kf 


^»-v/ *'"•+/, 


*" 


/-     p77   V*"'*  +  /. 


3o 
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The  first  equation  is  imaginary  when  a  <   1  ;  but, 
when  a  >  1,  the  section  is  an  ellipse,  having  tlie  axes 


a  =z 


Va'—  A:'«, 


A?"' 


Va*—  A'M 


m- 


and  as  the  same  result  follows  whether  a  is  positive  or 
negative^  we  conclude  the  surface  to  consist  of  two  de- 
tached surfaces^  placed  on  opposite  sides  of  the  planes  of 
the  yz  's. 

When  k"  is  equal  to  Ar'",  the  sections  parallel  to  the 
plane  of  the  yz  's,  in  each  of  the  three  oases  that  we  have 
considered,  become  circles^  and  the  sur-  ^'ff-  ^*- 

faces  are  then  said  to  be  ^^  of  revolu- 
tion/'   The  ellipsoid  of  revolution,  or 
the  spheroid,  is  formed  by  the  revolu- 
tion of  an  ellipse  about  one  of  its  axes ; 
if  round  the  major  axe  pq^  the  surface 
is  termed  a  "prolate'^  spheroid,  or  ellipsoid  of  revolu- 
tion :  when  formed  by  a  revolution  about  the  minor  axe, 
the  surface  is  termed  <*  oblate/'     The 
hyperboloid  of  revolution  of  one  sheet 
is  formed  by  the  revolution  of  the  op- 
posite hyperbolas  about  the  minor  axe 
mn  ;  and  the  hyperboloid  of  revolution 
of  one  sheet,  by  the  revolution  of  the 
same  hyperbolas  about  their  major  axe. 


Fig.  242. 


.m 


/TV 


252.  The  three  preceding  cases  include  all  those  forms 
of  surfaces  of  the  second  degree,  wherein  Jcy  It*  and  *'" 
are  finite.     But  one  or  more  of  thesd  axes  may  be  infi- 
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■ 

nite ;  and  the  surface  expressed  by  the  given  equation 
belongs  then  to  a  class  that  are  known  k&  pcarahoUnds. 

Assuming  the  infinite  axes  to  be  V'  and  A'"^  a  process 
similar  to  that  used  in  art.  237^  will  reduce  the  equation 
to  the  form 

which^  analysed  by  sections^  presents  the  following  re- 
sults. 

Making  2r  «  o,  we  obtain  the  section  formed  by  the 
plane  of  the  xy  's ;  and  as  the  equation  then  becomes 

this  section  must  be  a  pointy  and  is,  in  fiict^  the  origin  of 
the  co-ordinates.  On  a  plane  parallel  to  the  xy 's^  and 
at  a  distance  y^  the  equation  becomes 

oy  cy  ^ 

which  indicates  an  ellipse,  having  the  axes 

VUand  411. 

a  '  b 

On  the  planes  of  the  xz  h  and  yz  h  the  sections  are 
parabolas,  and  tiieir  parameters  are^   respectively^  - 

andp. 

The  sections  are  also  parabolas  when,  the  intersecting 
planes  are  parallel  to  the  planes  of  the  xz 's  or  yz 's ;  but 
as  the  equations  then  assume  the  form 

cux^  =zez  —  b^y 
or, 

by^  ^  CM  —  aa% 

the  vertex  of  the  figure  does  not  lie  in  the  plane  of  the 
yx^s. 
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Fig.  243. 


Such  a  surface  is  termed  an  elliptic 
paraboloid^  and  has  the  form  of  a  para- 
bolic cup,  the  sections  of  which,  at  right' 
angles  to  the  axis^  are  ellipses. 

When  b  is  negative,  the  ellipse  of  the 
preceding  case  becomes  an  hyperbola ; 
and  the  parabolic  sections  formed  by  planes  parallel  to 
the  yz  's  are  situated  diflferently  from  the  parabolic  sec- 
tions formed  by  planes  that  are  parallel  to  the  xz  's;  the 
one  set  being  situated  ^^  above"  the  xy  ^s,  and  the  other 
"  below." 

This  surface  is  termed  the  hyperhotic  paraboloid. 

Its  form  is  not  readily  exhibited  by  a  dia-     ^-  ^^ 
gram ;  but  an  accurate  idea  of  it  may  be  ob- 
tained by  regarding  the  surface  as  traced  by 
a  parabola,  restricted  to  move  on  a  curve  of 
the  same  kind. 

The  axes  of  these  parabolas  are  supposed  parallel,  and 
their  planes  at  right  angles ;  and  the  motion  must  be  such 
as  to  preserve  this  arrangement,  and  maintain  the  vertex 
of  a  in  the  periphery  of  b. 

When  a  and  b  are  equal^  the  elliptic  paraboloid  be- 
comes a  solid  of  revolution,  but  a  like  remark  does  not 
apply  to  the  hyperbolic  paraboloid. 


PRELIMINARY    REFLECTIONS  TO  SECTIONS  V., 

VI.,  VII.  AND  VIII. 

The  principle  of  arrangement  that  assigns  the  place  of 
a  curve  by  the  degree  of  its  equation^  applies  only  to  the 
curves  the  equations  of  which  are  algebraic.  But  the 
idea  of  a  curve^  or  of  a  mathematical  line  of  any  kind,  is 
derived,  as  explained  in  Part  I.,  from  the  intersection 
of  two  surfaces  ;  and  thus  every  principle  of  arrangement 
that  applies  to  the  latter  species  of  quantity,  applies  also 
to  curve  lines. 


INQUIRY  SUGGESTED  BT  THESE  REFLECTIONS. 

Of  lines  considered  as  the  intersections  of  surfaces. 
Most  commodious  method  of  arranging  curve  surfaces. 


SECTION  V. 


OF  LINES  CONSIDERED  AS  THE  INTERSECTIONS  OF 

SURFACES. 

Remarks  on  the  arrangement  of  lines  and  surfaces — 
lines  regarded  as  the  intersections  of  surfaces — of  the 
helix — of  the  spiral  described  by  the  sun — of  curves^ 
arranged  as  the  locii  of  points  subjected  to  known  motions. 

253.  Regarding  all  geometrical  investigations  as  having 
for  their  subject  matter  the  relations  of  points  in  space, 
we  have  adopted  a  principle  of  arrangement,  that,  pro- 
ceeding on  the  number  of  the  latter,  classes  lines  and 
surfaces  as  figures  involving  the  positions  of  an  infinite 
number  of  points.  Viewed  in  this  light,  the  analysis  of 
position  and  quantity  app'ears  simple,  methodical  and 
general ;  but  the  vast  extent  of  the  inquiry  renders  this 
method  still  insufiicient,  and  requires  that  we  should 
unite  with  it  principles  of  subdivision.  The  labours  of 
eminent  geometricians  have  been  directed  to  this  object, 
but  the  arbitrary  nature  of  all  subordinate  classifications 
has  prevented  their  agreeing  on  any  uniform  and  com- 
plete system. 

The  degree  of  the  equation,  and  the  facility  with 
which  the  curves  could  be  represented  graphically,  have 
been  employed  as  subordinate  principles  of  arrangement ; 
but  it  is  obvious  that  both  are  incomplete. 
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The  graphical  arrangement  of  lines  is  used  when  we 
divide  them  into  "  plane  curves,^'  and  curves  of  *^ dou- 
ble curvature,'^  or,  in  other  words,  into  curves  every 
point  of  which  lies  in  a  plane,  and  curves  not  so  restrict- 
ed ;  but  this  method,  although  highly  useful,  has  the 
disadvantage  of  restricting,  to  a  greater  extent  than  other 
methods,  the  generality  of  the  conclusions  obtained  re- 
specting lines,  and  of  destroying  the  unity  which  their 
theory  would  otherwise  possess. 

This  remark  will  be  more  obvious  if  we  recur  to  what 
is  said  in  Part  I.,  art.  3,  concerning  the  notion  we  en- 
tertain of  lines :  our  first  ideas  of  form,  it  is  there  shown, 
are  derived  from  an  acquaintance  with  solid  bodies; 
whilst  the  more  abstract  notions  of  surfaces,  and  of  lines 
the  boundaries  of  surfaces,  are  obtained  by  neglecting, 
in  the  complex  idea  of  a  solid,  certain  of  its  parts. 

These  views  will  lead  immediately  to  the  several  con- 
ditions imposed  on  the  co-ordinates  of  a  point,  according  as 
it  is  completely  given,  is  restricted  to  lie  within  a  iine, 
a  surface,  or  a  solid. 

The  parts  of  the  latter  filling  the  portion  of  space  en- 
closed within  its  surface,  the  co-ordinates  of  a  point  in 
the  solid  will  be  merely  subject  to  the  imperfect  con- 
ditions that  have  reference  to  the  limits  within  which 
they  must  be  taken. 

These  limits  are  the  co-ordinates  of  points  in  the  sur- 
ftce  of  the  solid  ;  and  hence,  if  we  arrange  the  varieties 
of  form  according  to  the  order  in  which  the  ideas  of  them 
are  acquired,  the  surface  will  be  the  first  wherein  the 
conditio^  restricting  the  points  will  be  sufficiently  defi- 
nite to  lead  to  an  equation. 

Assuming  for  the  latter 

4>  («>  y,  ^)  =  o, 
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we  readily  perceive  that  Xy  y  and  z  are  sasceptible  of 
such  continuous  values  as  would  belong  to  a  surface^  and 
that  every  equation  between  three  variabiles  admits  of  a 
similar  interpretation. 

Assuming  the  co-ordinates  a:^  y^  2r  to  be  restricted  by 
two  equations, 

^  {^^Jfy  «)  -o,  ^  (a?,y,  z)  -  o, 

we  may  regard  either  of  these,  when  taken  separately, 
as  indicating  a  surbce.  And  as  the  co-ordinates  of  all 
points  in  the  surface  indicated  by  the  first  equation  will 
fulfil  that  equation^  and  as  a  similar  remark  extends  to 
the  second  surface,  it  will  follow  that  when  both  equa^ 
tions  are  simultaneous,  the  co-ordinates  belong  to  both 
surfaces^  or  to  the  line  which  is  their  intersection. 
,  Two  equations  between  these  co-ordinates  are  thus 
shown  to  indicate  a  line,  either  curved  or  straight}  and 
as  the  reasoning  may  be  extended  to  the  intersection  of 
three  surfaces^  or  two  lines,  it  will  also  follow  that  three 
equations  indicate  a  definite  number  of  points  ;  a  result 
consistent  with  the  known  rules  of  analysis^  which  re- 
strict the  roots  of  such  equations,  or  the  values  of  Xj  y 
and  Zy  to  be  equal  in  number  to  the  product  x>f  the  de- 
grees of  the  equations. 

The  principles  here  developed^  render  evident  the 
two  chief  methods  that  may  be  employed  in  the  arrange- 
ment of  lines  and  surfaces. 

According  to  the  first,  the  theory  of  lines  is  com- 
pleted before  the  theory  of  surfkces  is  commenced. 

According  to  the  second^  the  proceeding  is  reversed^ 
and  tlie  theory  of  surfaces  is  regarded  as  leading  to  the 
theory  of  lines. 

The  extent  of  the  subject^  and  the  imperfections  of 
3p 
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analysis^  have  led  mathematicians  to  reject  neither  of 
these  principles ;  but^  to  employ  the  first  in  treating  of 
plane  curves  and  of  surfaces^  and  the  last  in  discussing 
curves  of  double  curvature. 

254.  Following,  whilst  treating  of  these  curves^  the 
arrangement  in  question^  we  shall  regard  all  lines  as  the 
intersections  oT  two  surfaces,  or  as  represented  analyti- 
cally^ art.  253,  by  two  simultaneous  equations. 

A  just  combination  of  the  latter,  serving  to  eliminate 
one  of  the  variables,  will  enable  us  to  reduce  the  equa- 
tions to  others,  in'  either  of  which  a  variable  shall  be 
wanting ;  and  the  equations,  when  so  arranged,  may  be 
regarded,  art.  231,  as  representing  the  ^^  projections" 
of  the  line  on  two  of  the  co-ordinate  planes. 

The  truth  of  this  last  assertion  will  require  some  ftt^ 
ther  development,  and^  for  that  purpose,  let  us  assume 
the  line  as  represented  algebraically  by  the  equations 

1>  (^,  !f9  «)  =  o, 

^P  {^9  y» «)  =  0. 

Eliminating  y  from  the  first,  and  x  from  the  second, 
they  become 

F  (x,  flf)  -  o, 

/  (y»  ^)  -  o. 

The  first  of  these  equations,  taken  by  itself,  repre- 
sents a  surface  that  passes  through  the  given  line ;  and 
if  we  unite  it  with  a  simple  equation  in  x  and  z^  or,  in 
other  words,  with  the  equation  of  a  plane  parallel  to  the 
axe  of  the  y  's,  we  shall  have  for  the  intersection  of  the 
plane  and  surfaice,  two  equations  in  x  and  z. 
Uniting  these,  we  obtain 

X  =r  cons. 
z  «  cons., 
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which^  belonging  separately  to  planes  parallel,  respect* 
ively,  to  those  of  the  yz  ^s  and  o^  \  indicate  a  line  pa- 
rallel to  the  axe  of  the  y  h. 

The  surface,  the  equation  of  which  is  F  {Xy  z)  »  o^  is 
formed,  therefore^  by  right  lines  that  pass  through  the 
given  curve,  and  in  directions  parallel  to  the  axe  of  the 

Now  such  lines  are  precisely  the  perpendiculars  let 
fall  from  the  several  points  of  the  given  curve  to  the 
plane  of  the  xz^s^  and  the  intersection  of  the  latter 
plane  with  the  surface  represented  by  the  equation 

F  {Xy  z)  =  0, 

will,  therefore,  be  the  projection  of  the  curve  in  ques- 
tion upon  the  co-ordinate  plane  above  mentioned. 

The  equation  of  the  plane  of  the  xz  's  is  y  s  0,  and 
if  this  is  combined  with  the  equation  of  the  surface^  the 
result  will  indicate  the  projection  of  which  we  are  in 
search.  But  the  equation  of  the  surface  not  containing 
y^  is  not  altered  by  the  values  assigned  that  quantity^ 
and  we  may  regard 

F  (ar,  ir)  «  0 

as  beings  itself^  the  equation  of  the  projection  in  ques- 
tion. 

The  result  of  this  investigation  confirms  the  proposi- 
tion of  art.  231^  and  establishes  in  a  more  general  man 
ner  that  two  equations 

F  (a:,  z)  =  0, 

/  (y,  ^)  =  0, 

which  taken  simultaneously  represent  a  line^  express 
when,  taken  separately  the  projections  of  the  line  upon 
the  planes  of  the  xz  ^s  and  the  yz 's. 

A  similar  remark  applies  to  the  equation  obtained  by 
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eliminating  z ;  and  as  this  equation  is  an  immediate  re- 
sult fK>m  Uie  two  preceding^  we  conclude,  in  conformity 
with  the  theory  developed  in  the  second  Chapter  of 
Part  II.,  that  either  of  the  projections  of  a  line  is  de- 
pendent upon  the  two  remaining  projections. 

255.  The  theory  here  given  of  lines  of  double  curva- 
ture,  will  be  sufficiently  illustrated  by  one  or  two  exam- 
ples. 

The  first  that  we  shall  employ  for  that  purpose  is  the 
htlixj  a  curve  that  has  already  occupied  our  attention 
in  Part  L,  where  it  is  delineated  in         Fig.  245. 
figs.  4^  5  and  6.  L 

To  investigate  the  equations  of  the 
helix,  we  may  consider  it  as  the  in- 
tersection  of  acylindric  sur&ce  with  a 
surface  which  we  have  yet  to  describe, 

and  which  would  be  generated  by  a  line  r,  subjected  to 
two  uniform  motions ;  one  of  rotation  about  ^,  by  which 
r  described  an  angle  d^  and  the  other  a  motion  which 
caused  the  line  r  to  ascend  upon^,  at  the  same  time  that 
it  remained  constantly  parallel  to  the  plane  of  the  x^  's. 
The  equation  of  the  cylinder,  ai^t  1244,  is 

whilst  the  equation  of  the  second  sur&ce,  as  appears 
from  the  mode  of  its  generation,  will  be 

z  ■■  mfl. 

And  these  two  equations,  taken  conjointly^  are^  there- 
fore^ equations  of  the  curve  sought :  but  as  they  contaia 
four  co-ordinates,  it  will  be  convenient  to  substitute  for 
0  its  value  in  terms  of  x  and  y • 
Now, 
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COS.  da:? 

a 

sin.  d  -■  ^ , 
a 

whence^  substituting  in  the  equation  of  the  second  sur- 
face these  values  of  0,  we  deduce  for  the  equations  of  the 
helix, 

z  sztn  cos.  *  - 

a 

^  ssm  sin."*  ^. 

a 

The  first)  according  to  what  has  been  remarked  in  the 
preceding  article,  representing  the  projection  of  the 
curve  on  the  plane  of  the  xz  's ;  and  the  second  its  equa- 
tion upon  the  plane  of  the  zy  's. 

The  discussion  of  these  equations  will  be  attended  with 
littie  difficulty. 

The  form  of  them  indicates  that  x  and  y  can  only  be 
taken  between  the  limits  plus  and  minus  a ;  and,  also, 
that  for  any  assigned  values  of  these  co-ordinates^  z  has 
an  infinity  of  values,  which  may  all  be  included  in  either 
of  the  formula. 


m  (n»  +  COS.  "•  *  ?\ 


z  mi  m{n>t  +  sin. ""'  ^  V 

where  the  second  terms  in  the  right  hand  members  are 

the  least  values  of  cos. "  *  —^sin.  ~^  ^i  and  where  n  is  a 

a  a 

whole  number. 

From  these  equations  the  curve  appears  to  consist  of 

an  infinite  number  of  branches^  fbrming  so  many  spiral 


518  PART  ly.      INDETERMINATE  ANALrSIS. 

Chmp.  I.    Of  lines  tnd  aarfiusee. 
Art  255.    Of  the  helix. 

eailSy  resembling  those  in  the  thread  of  a  screw :  they  are 
equal,  and  similarly  disposed,  and  are  separated  by  the 
interval  2mr. 

The  section  by  a  plane  parallel  to  one  of  the  co-ordi- 
nate planes,  will  be  obtained  by  substituting  a  constant 
quantity  for  x^  y  or  z. 

The  last  substitution^  if  we  assume  z  =  y,  gives^ 

X  y 

-  =s  +  COS.  ^ 

a       —         tn 

—  =  +  sm*  —J 
a      —        m 

whence  the  intersection  is  a  point. 

The  two  first  substitutions  will  lead  to  results  some- 
what different  from  this^  but  agreeing  with  each  other, 
and  which  will  be  sufficiently  explained  by  examiniag 
either  substitution. 

Making  choice  of  the  first,  and  assuming  with  that 
view  0?  a  a,  we  obtain 

Z  :szm  {ut  4-  COS.  "  ^   -  ), 

aJ 
which  indicates  two  infinite  series  of  points,  arranged  in 
parallel  lines,  and  having  the  consecutive  points  in  each 
series  separated  by  the  common  interval  zmw. 

256.  The  second  example  whereby  we  shall  illustrate 
the  theory  that  has  occupied  our  attention  in  the  present 
section,  is  remarkable,  as  being  the  curve  in  which  the 
sun  would  appear  to  move,  were  the  motion  of  the  lumi- 
nary regular,  and  the  ^<  ecliptic,'^  or  the  annual  path  of 
the  sun,  a  circle.  It  is  best  conceived  by  supposing  a 
point  to  move  uniformly  in  a  great  circle  of  the  sphere, 
whilst  the  sphere  itself  revolves  with  an  equable  motion 
round  one  of  its  diameters. 
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This  diameter  is  called  the  ^^  axis  of  motion^'^  and  the 
great  circle  to  which  it  is  perpendicular  is  termed  the 
"  equator.^' 

Now  let  us  suppose  this  sphere  to  be  placed  within  a 
second  sphere^  concentric  with  the  first ;  and  having 
(the  first  sphere  is  regarded  as  a  solid,  and  the  second  as 
a  spherical  shell)  the  exterior  surface  of  the  former  in 
contact  with  the  interior  surface  of  the  latter.  The 
motion  of  the  point  A,  arising  from  the  rotation  of  the 
interior  sphere^  and  the  proper  motion  of  the  point,  may 
then  be  rendered  sensible,  by  supposing  A  to  leave  a 
trace  of  its  course  upon  the  interior  surface  of  the  fixed^ 
or  outer  sphere. 

It  is  the  curve  so  traced  that  wc  are  now  to  examine. 

Assuming  any  point  0'  in  the  equator  of  the  interior 
sphere  to  be  coincident  with  a  known  point  0  in  the 
sphere  which  is  at  rest^  the  rotation  of  the  former  will 
cause  the  points  0'  and  0  to  separate^  and  the  distance 
between  them,  estimated  on  the  equator^  is  a  measure  of 
the  angle  through  which  the  sphere  has  revolved. 

Let  this  distance  be  ^. 

The  hypothesis  supposes  that  whilst  the  sphere  is 
revolving,  a  point  A,  placed  on  its  surface,  and  partak- 
ing of  the  motion  of  rotation^  has  also  a  motion  peculiar 
to  itself,  and  in  virtue  of  which  it  moves  upon  an  oblique 
circle  of  the  sphere ;  describing  by  this  proper  motion  an 
arc  ^9  whilst  it  is  carried  by  the  motion  of  revolution 
through  the  arc  ^. 

'  As  both  motions  are  uniform^  the  arcs  4^  and  ^  must 
be  proportional^  and  we  have 

This  simple  expression  is  an  equation  to  the  curve 
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tought ;  and  as  it  is  expressed  in  terms  of  arcs^  4^  and^ 
that  are  described  upon  the  surface  of  a  sphere,  we  may 
regard  it  as  equivalent  to  two  equations  between  three 
co-ordinates,  or,  in  other  words,  as  completely  defining 
the  curve  in  question. 

The  arcs  ^^  and  ^  belong  to  a  system  of  oblique  sphe- 
rical co-ordinates,  and  may  be  easily  transformed  by  the 
rules  of  spherical  trigonometry,  into  other  arcs  that  refer 
to  a  system  which  is  rectangular ;  the  amplicity  of  the 
equation,  however,  would  be  lost  by  such  transformatioD, 
nor  is  the  latter  necessary  to  an  analysis  of  the  nature 
and  properties  of  the  curve. 

To  effect  this  analysis  we  may  proceed  as  follows. 

Putting  a  for  the  invariable  angle  that  measures  the 
inclination  of  the  ^^  ecliptic,"  or  oblique  circle,  to  the 
equator,  and  denoting  by  y  the  distance  of  the  point  A 
from  the  latter,  we  have 

sin.  y  s  sin.  a  sin.  ^, 

whence  it  appears  that  y  increases  from  0  to  sin.  a,  as 
i)^  increased  from  0  to  |  r.  When  ^4/  exceeds  this  last 
value,  y  decreases,  until  when  i)/  is  «r  the  value  of  y  again 
becomes  zero.  For  values  of  4^  exceeding  «-,  y  is  nega- 
tive, and  it  is  obvious  that  values  of  y,  corresponding  to 
4^,  and  «-  4.  •4',  differ  only  in  their  sign. 

Now  assuming  m  to  be  a  large  positive  number,  and 
4';  4'S  ^'"9  Ac.  to  be  values  of  4  corresponding  to  ^ 
a<r  +  ^,  4r  4-  ^,  &c.,  the  equation 

gives 

+'  =  ^ 
m 

m 
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4n+^ 


r 


m 


^//  «  ♦  1  ^ 2n7t  +  ^ 

m 


whence; 


•   • 


sin.  v'  =9  An.  a  sin.  ^ 

"  ■  m 

Sin.  v"  a  sin.  a  sin. T 

m 

sin.  V     *■  sin.  a  sin. T 

m 


sin.  y"     ••  + »  „  810.  (X  sin.  —       ^ ^ 


m 

# 

Whilst  2  n  TT  4-  ^  is  less  than  |  mn,  the  series^' ^  y'Sy'", 
&c.  is  increadng;  and  as  these  values  of  y  are  the  ordi- 
nates  of  the  points  where  a  secondary  to  the  equator 
would  be  met  by  the  curve,  we  conclude  the  latter  to  be 
a  spiral  consisting  of  folds  that  rise  at  each  convolution 
higher  upon  the  sphere. 

The  knowledge  we  possess  of  the  relations  between 
angles  and  the  ratios  of  the  type  of  closed  figures,  will 
enable  us  to  examine  more  closely  the  spiral  here  ana- 
lysed.   For  as  the  ratio 

sin.  a 


a 

is  known  from  those  relations  to  decrease  to  zero;  with 
the  increase  of  a,  it  follows  that  constant  additions  to 
angles  of  different  magnitudes  do  not  equally  increase  the 
sines  of  the  angles ;  the  addition  to  the  greater  angle  not 
3q 
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only  producing  the  least  effect  upon  the  sine^  but|  finally^ 
when  the  angle  is  nearly  i  n,  producing  in  the  sine  an 
increase  indefinitely  less  than  the  increase  of  the  anf^e. 

Bearing  this  fact  in  mind^  it  will  be  observed  that 
whilst  2nn+  p  ^imTtf  the  differences  of  the  consecu- 
tive terms  in  the  series  y,  y^,  y'"^  &c.  continue  to  de- 
crease^  which  proves  the  folds  of  the  spiral  not  to  be 
equally  distant^  but  to  approach  as  they  ascend  upon  the 
sphere^  until^  when  2nn  +^^  imTty  the  superior  fold 
meets  that  which  is  next  inferior^  and  the  spiral  thence 
continues  to  descend  towards  the  equator  by  foldsi  simi- 
lar to  those  of  the  ascending  branch. 

The  identity  of  the  portions  of  the  oblique  circle 
that  are  situated  above  and  below  the  equator^  will  alone 
demonstrate^  that  when  2nn  +  ^  ^mnj  the  point  A 
enters  upon  a  branch  of  the  spiral  identical  with  that 
which  it  has  left,  but  placed  below  the  equator,  in  a 
position  agreeing  with  the  position  of  the  latter  branch 
above  the  equator. 

If  ■--  is  a  whole  number^  the  point  A,  after  describing 

the  oblique  circle  once,  will  arrive  at  the  point  with 
which  it  was  at  first  coincident,  and  the  spiral  will  then 
consist  merely  of  the  double  branches  made  known  by 
the  preceding  analysis. 

When  —  is  a  fraction,  ■-,  in  its  lowest  terms,  the  spiral 
will  contain  as  many  pairs  of  double  branches  as  there  are 

units  in  p.    And,  lastly,  when  —  is  an  endless  decimal, 

the  number  of  double  branches  will  be  infinite,  or,  ia 
other  words,  the  point  A  will  never  again  become  coin* 
cident  with  the  point  0. 
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257.  The  last  problem  suggests  a  method  of  chssing 
curves  that  differs  from  those  we  have  hitherto  examined^ 
but  of  which  the  limits  of  the  work  will  only  allow  a 
passing  notice.  This  method  regards  curvesas  described 
by  a  moving  pointy  and  classes  them  according  to  the 
known  motions  that  affect  the  latter. 

The  circle  is  an  obvious  example  of  this  kind,  and 
many  others  might  be  selected,  but  we  shall  prefer  giving 
a  detailed  analysis  of  a  single  class  of  curves^  the  ^cy- 
eloidsy  that  readily  admit  the  arrangement  in  question. 

The  epicycloid  is  the  curve  which  a  point  in  the  cir* 
cumference  of  a  circle  describes,  when  the  latter  revolves 
on  the  circumference  of  a  second  circle. 

The  latter  is  known  as  the  basej  and  the  circle  which 
revolves  upon  it  is  termed  the  generaiing  circle. 

Now  as  every  point  of  the  generating  circle  is  success- 
ively in  contact  with  every  point  of  the  base,  the  arc  of 
the  latter,  intercepted  between  any  two  points  of  con- 
tact^ must  be  equal  to  the  corresponding  arc  described 
by  the  revolving  circle ;  and  the  angles  measured  by 
these  arcs  will  be  reciprocally  as  the  radii.  If,  there- 
fore, A  and  C  are  the  positions  of  the  Fig.  246. 
centres  when  the  motion  commences, 
and  A  and  C  thdr  positions  at  any  other 
time,  we  have 

{be)  =  I  [aa!") 

(<ja"')="(ao"')  +-\aa!") 
b 


a  +  6 


(«»'") ; 


5S4 


PART  IT.      INDBTERIIINATE  A1IALT818. 


Chap,  f .    Oflinee  and  aarfiMMa.    f 
Art  2S7.     Of  eurrea  arranj^  aa  the  loci  oT  pointa  avbjoefsd  to  known 

motiona. 

and  putting  x  and'y  in  place  of  c^"  and  d^  andO  in  place 
of  aof^'y  the  equations  of  closed  figures  give 

a?  =  (a  +  6)  COS.  d  —  6  COS.  — ^ 


e 


y  =  (a  +  6)  sin.  6  —  b  an.  — j- —  d ; 

which  are  the  equations  of  the  curve  in  qaestioo. 

If  the  describing  point  is  not  situated  in  the  circum- 
ference of  the  describing  circle^  but  is  merely  restricted 
to  be  a  fixed  point  in  the  plane  of  the  latter,  the 
e  is  not  equal  to  by  and  the  equations  become 


zsz  {a  +  b)  COS.  0  —  c  cos. 


a  +  b 


e. 


y  »  (a  +  6)  sin.  6  —  c  sin.   — — ^  0. 

This  class  of  curves  are  termed  epitroehaitb. 

The  fi>rm  of  these  curves  will  be  most  rmdily  dis- 
cussed by  regarding  the  centre  of  the  generating  circle 
as  a  movable  origin.  The  co-ordinates  relative  to  the 
fixed  origin  will  then  be  the  distance  r  from  the  centre 
of  the  fixed^  to  the  centre  of  the  revolving  circle^  and 
the  angle  Q  through  which  this  radius  has  revolved ; 
whilst^  relative  to  the  movable  ori^n,  they  will  be  the 
radius  r'  and  the  angle  ^  through  which  it  has  revolved. 

The  equations  of  the  curve,  with  *^-  ^^' 

these  conventions^  will  be  simply  r 
and  r'  equal  to  constants^  and 


When  the  circle  has  made  a  com- 
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plete  re?olQtion,  or  ^  -«  27t^  0  will  be  equal  to 

2r^n  . 

and  hence,  if  the  circumference  of  the  base  is  divided 

into  arcs  equal  to  the  latter  quantity,  the  branches  of  the 

curve  described  upon  these  arcs  will  be  similar  and  equal. 

r' 
If  -J  is  commensurate  with  unity,  the  number 

r  —  r 

r' 

of  branches  will  be  finite :  but  when  ,  is  an  incom- 

r — r' 

mensurable  number,  the  curve  never  returns  into  itself. 

When  the  radius  of  the  base  is  infinite,  the  angle  6  is 

infinitely  small^  and  its  cosine  may  be  coniddered  as  equal 

to  unity^  and  its  sine  as  equal  to  the  arc  which  measures 

6  i  with  these  substitutions  the  values  of  jv  and  y  become 

0?  —  (a  +  ft)  —  e  COS.  ^, 
y  ■■  (a  +  ft)  ©  —  c  sin.  ^ ; 

which,  shifting  the  origin  in  the  direction  of  the  x  's  by 
the  quantity  a,  become 

a:  —  ft  —  c  cos.  ^, 
y  ■■  ft  (^  —  c  sin.  ^, 

equations  that  belong  to  the  trochoid,  a  name  given  to 
that  variety  of  the  general  curve  in  which  the  base  is  a 
straight  line.  If  c  is  equal  to  ft,  or  the  describing  point 
lies  in  the  circumference  of  the  generating  circle^  the 
trochoid  becomes  the  cycbidj  and  the  equations  are 

a:  ■■  ft  (1  —  COS.  ^) 
y  «-  ft  (^  —  sin.  ^). 

Equations  that  are  in  many  cases  more  convenient^  are 
obtained  by  shifting  the  origin  to  the  summit  of  one  of 
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the  cydoidal  branches :  the  summit  of  the  first  branch 
corresponds  to^siTt,  which  gives  xss2b,  and  tf  ^  bn; 
and  we  shall  have  for  the  equations  of  transformation 

a:  =  26  —  afy 
y=jf'    +bnf 

with  these  substitutions^  the  equations  become 

x*  —  6  (1  —  cos.  4^'), 
y'  ■■  4  (^  +  sin.  ^). 


PART  IV.      INDETERMINATE  ANALYSIS.  527 


Sect.  VI.    Method  of  amnging  lines  and  eoffteee  by  ptninetan. 

Art  858.    A  parameter  is  a  yariaUe  by  whieh  the  paange  from  a  sobdiTiaioii 

to  a  diyiflion  is  effected. 


SECTION  VI. 


METHOD   OF   ARRANGING   LINES    AND    SURFACES   BY 

PARAMETERS. 

A  parameter  J  in  the  arrangement  of  maihematieal 
qtiontities,  is  a  variable  hy  means  of  which  we  pass  from 
a  subdivision  to  a  divisionr— parameters  may  be  measured 
as  co-ordinates — of  simple  and  complex  systems  of  lines 
— transformation  of  parameters — dependent  parameters 
are  co-ordinates  of  points  wherein  the  lines  or  surfaces 
of  the  system  intersect  a  line  or  surface  that  does  not 
belong  to  it — two  equations  between  three  co-ordinates 
and  a  parameter^  indicate  a  line  lying  in  a  given  sur- 
face — two  equations  between  three  co-ordinates  and  two 
parameters^  indicate  a  system  of  curves  that  do  not  lie 
in  a  surface. 


258.  We  have  given^  in  Sections  II.  and  IV.,  a  de- 
tailed analysis  of  certain  classes  of  curved  sarfaces,  and 
have  touched^  in  the  preceding  Section,  upon  the  prin- 
ciples of  subdivision  required  in  arranging  these  varieties 
of  form. 
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But  even  the  brief  consideration  that  was  there  given 
to  the  aobject^  sufficed  to  show  the  imperfect  state  in 
which  the  arrangement  of  surfiices  has  been  permitted  to 
renuun. 

Lines,  we  have  seen,  are  chased  as  the  intersectiotts 
of  surfiuscs ;  whilst  sur&ces  themselves^  when  their  equa- 
tions are  complex^  are  arranged  with  reference  to  the 
lines  they  contain. 

This  double  process  cannot  be  avoided  in  the  present 
state  of  the  science ;  and  we  shall  now^  therefore,  proceed 
to  consider  lines  under  the  aspect  they  assume  when  re- 
garded as  composing  a  sur&ce. 

Lines,  according  to  this  view,  must  be  esteemed  as 
existing,  not  separately,  but  in  groups ;  and  equations 
must  be  obtain^  that  will  apply  to  a  whole  group  at 
once* 

A  little  attention  to  the  theory  of  lines  and  surfiices 
will  render  this  comparatively  easy.  We  saw,  in  the 
preceding  Section,  that  an  equation  between  iAree  va- 
riables represents  a  surface,  and  that  two  equations  be- 
tween three  variables  represents  a  line. 

Let  us  now  examine  the  geometrical  relations  that 
would  be  indicated  if,  instead  of  three,  we  had  four 
variables ;  assuming  them,  as  a  first  case,  to  be  connected 
by  the  two  equations. 

If  we  regard  p  as  constant,  the  equations  will  belong 
to  a  line,  but  to  a  line  that  varies  with  every  value  as- 
signed to  p* 

For  two  equations  between  these  co-ordinates,  there- 
fore, to  represent  a  single  line,  it  is  necessary  that  every 
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qiuintity  which  enters  those  equations,  the  co-ordinates 
excepted,  should  be  definite^  and  incapable  o(  tri(in|f 
more  than  one  value ;  in  other  words^  the  equations  must 
contain  merely  numbers,  and  the  three  letters  which  de* 
note  the  co-ordinates;  since  literal  co-efficients^  admitting 
of  any  values  that  we  please  to  give  them,  render  the 
equations  applicable  to  an  infinity  of  lines. 

In  the  case  we  are  considering,  the  two  equations  con- 
tain merely  numbers^  and  the  four  letters  :iri  jfy  x  and j> : 
whence^  eliminating  this  last^  a  third  eqotttion^ 

f  (:r,  y,  z)  =s  0, 

arises^  that,  containing  only  x,  y  and  z,  indicates  a  sur- 
face ;  and  whicb^  as  independent  of  tbe  particular  value 
given  to  j&,  indicates  the  surface  wherein  all  the  lines  in 
question  are  situated. 

The  quantity  p  is  here  viewed  both  as  a  constant  and 
a  variable ;  we  view  it  as  a  constant^  whilst  examining  an 
individual  line^  and  as  a*variable  when  passing  from  one 
line  to  another, 

Such^  as  the  name  implies^  is  the  idea  attached  to  every 
arbitrary  constant ;  the  quantity  is  constant  under  ft  cer- 
tain point  of  view,  and  variable  when  that  view  is  no 
longer  the  same. 

The  distinction  between  the  viewd  under  which  the 
quantity  is  regarded  as  variable  or  constant,  is  more  rea- 
dily perceived  in  geometry  than  in  other  branches  of 
mathematics^  but  in  ally  it  supposes  the  problems,  or  the 
things  treated  of^  to  have  been  classed  into  divisions  and 
stibdivisions ;  it  is  in  reference  to  the  last  that  the  arbi- 
trary constants  are  regarded  as  assigned ;  in  reference  to 
the  latter  that  they  lose  their  character  of  constants,  and 
3r 
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assume  that  of  arbitrary,  and^  therefore^  variable  quan- 
tities. 

The  co-ordinates  w^  y  and  z^  for  example,  in  the  pre* 
ceding  equation,  refer,  when  p\a  ^^  constant/'  to  points 
arranged  in  a  certain  line ;  but  when  p  is  ^^  variable,'' 
they  are  no  longer  restricted  to  a  single  line,  but  have 
reference  to  points  situated  any  where  in  that  group 
among  which  the  individual  line  in  question  b  daased. 

The  group  of  lines  forms,  in  this  case,  a  division, 
under  which  certain  points  in  space  are  arranged ;  the 
individual  line  is  a  subdivision,  distinguishing  certain  of 
the  points  in  the  group  from  the  remainder ;  and  the 
quantities  that  enable  us  to  pass  from  one  to  the  other, 
from  the  subdivision  to  its  proximate  division,  are  termed, 
in  mathematics,  parameterSf  and  act  a  very  important 
part  in  the  analysis  of  form  and  magnitude. 

The  theory  of  such  quantities  will  be  most  readily 
illustrated  when  restricted,  in  the  first  place,  to  plane 
curves. 

The  circle,  for  example,  when  represented  by  the 
equation 

y*  +  a:-  =  r*, 

IS  expressed  in  terms  of  two  co-ordinates,  x  and  y,  and  a 
parameter  r.  And  we  immediately  perceive,  that,  wlulst 
r  is  constant,  the  equation  belongs  merely  to  a  particular 
circle,  and  the  co-ordinates  to  the  points  that  lie  in  it ; 
but  that  when  r  varies,  the  meaning  of  the  equation  be- 
comes more  extended,  and  the  points,  of  which  x  and  y 
are  co-ordinates,  are  no  longer  restricted  to  the  circle 
in  question,  but  may  belong  to  any  circle  having  the 
same  centre. 
The  equation  of  this  system  of  concentric  circles  is, 
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to  a  division  is  effected. 

we  observe^  equivalent  to  the  equation  of  the  plane 
wherein  they  lie ;  for  as  every  point  of  that  plane  must 
He  in  some  one  of  the  circles  in  question^  the  equation 
which  is  common  to  all  the  latter  must  apply  to  every 
point  of  the  plane.  Such,  however^  is  not  always  the 
case ;  the  lines  included  in  the  system  may  cross  each 
other,  and  thus  comprehend  the  same  point  more  than 
once.     The  equation,  for  example, 

belongs  to  a  set  of  ellipses  that  are  concentric  without 
being  similar^  and  where  each  pair  of 
ellipses  have^  therefore^  four  points  in 
common. 

The  parameter  j&,  in  this  equation^  may 
be  measured  upon  the  axe  of  the  y  's ;  for, 
making  x  equal  to  zero^  and  denoting  the  corresponding 
value  of  y  by  y'  we  obtain 

259.  This  remark  will  lead  us  to  perceive  that  a  pa- 
rameter of  a  system  of  plane  curves  may  be  regarded, 
when  only  one  parameter  enters  the  equation,  as  an  ordi- 
nate corresponding  to  some  constant  value  of  the  remain- 
ing co-ordinate.  In  the  system  of  stwught  ^«-  ^^ 
li5r  ^  for  example^  expressed  by  the  equa-  y 


yznox+p, 
it  is  evident^  that^  whilst  p  is  arbitrary^  the 
equation  belongs,  not  to  one  straight  but  to 
an  infinite  number  of  straight  lines;  and  that  p,  the 
parameter  by  which  they  are  distinguished,  is  equal 
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to  the  value  y,  which  y  takes  when  x  becomes  zero: 
and  it  is  further  evident,  that  a  knowledge  of  y*,  or  of 
the  point  where  the  line  cuts  the  axe  of  they  ^s,  together 
with  a  knowledge  of  a,  or  of  the  tangent  of  the  inclim- 
tion  with  the  axe  of  the  x  \  are  data  that  suffice  to  de- 
termine the  line. 

260.  As  a,  in  this  example,  is  supposed  constant,  the 
lines  are  parallel ;  but  a  being  a  quantity  to  which  we 
may  assign  any  numerical  value,  it  may  also  ^'  sbo. 
be  regarded  as  variable ;  and  two  cases  will 
then  present  themselves,  the  case,  namely,  in 
which  a  and  p  are  regarded  as  independent, 
and  the  case  in  which  a  is  regarded  as  a  func- 
tion otp. 

These  cases  indicate,  that  systems  of  lines     >^-^i 
may   be  arranged  under  the  two  clasaes  of 
simple  and  complex  systems,  according  as  the 
individual  lines  which  they  contain  areassiirned 

An  example  that  falls  under  the  first  of  these 
classes  is  exhibited  in  figure  250,  where  every  line  is  as- 
signed by  the  single  point  wherein  it  meets  the  axe  of  the 
y  's :  whilst  in  figure  251 ,  which  represents  a  complex  sys- 
tem, the  individual  lines  are  not  completely  distinguished 
by  the  point  wherein  they  meet  the  axe  of  they  %  but  re- 
quire that  we  should  also  have  given  some  other  p'^t 
through  which  they  pass,  the  point,  for  example,  whtjr- 
in  they  meet  the  axe  of  the  x  's.  This  last  remark  will 
be  more  readily  seen  by  considering  that  every  pcMlnt  in 
the  axe  of  the  y  %  or,  which  is  the  same  thing,  every 
value  of  pf  will  belong  to  each  of  an  infinite  number  of 
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lines,  diverging  from  this  point  in  all  directions,  and  only 
distinguished  apart  by  the  value  of  a. 

When  a  is  a  function  of  pj  the  direction  of  the  line 
depends  upon  the  point  in  which  it  meets  the  axe  of  the 
y  's ;  and  as  only  one  line  then  belongs  to  each  point  of 
that  axe,  the  system  is  simple,  and  is  assigned  by  the  two 
equations 

The  quantities  a  and  p^  of  these  equations,  are  merely 
ordinates  of  those  known  points  through  which  the  seve- 
ral lines  in  the  system  are  supposed  to  pass,  and  will, 
therefore,  be  subject  to  all  the  transformations  that  co- 
ordinates admit :  the  angular  co-ordinate  a,  for  example, 
may,  by  such  transformations,  be  removed ;  and  we  may 
substitute  in  its  place,  as  a  second  parameter,  p'y  the 
value  of  0? that  corresponds  toy  =zO. 

261  •  The  most  obvious  method  of  reducing  the  equa- 
tion to  the  form  necessary  for  this  purpose  is,  to  make 
ar  or  y  equal  to  zero,  and  to  eliminate  p  between  the 
equation  so  obtained,  and  the  original  equation  in  x  and 
y.  This  simple  process  is  evidently  applicable  to  all 
cases,  and  that  without  regard  to  the  number  of  parame- 
ters which  the  equation  may  contain.    Thus,  assuming 

as  an  example  of  the  kind  supposed  the  complex  system 
expressed  by 

^{00yyypjp'):=iO, 

and  denoting  by  tf  and  of  those  values  of  x  and  y  that 
correspond  respectively  with  ;r  ss  0  and  jf  «  0,  we  have 

a 
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which^  with  the  original  equation^  suffice  to  eliminate  p 
andj&'. 

Other  modes  of  elimination^  that  may  be  used  in  con- 
junction with  a  transformation  of  the  co-ordinates,  will 
readily  suggest  themselves. 

Let  there  be  given,  for  example,  the  equation 

a?»  —  2/y  —  a«  —p^  =  0 ; 
by  assuming 

x^x'  —  a, 
we  have 

x'«  _  2  or  —  Zpy  —p*  =  0 ; 
and  again,  assuming 

P  =  ^yj 
there  results,  when  x  «■  0, 

(2m  —  m*)y®  — 0, 

which  is  satisfied  by  making  m  s  2: ;  and  whence  is  de- 
rived the  transformed  equation 

«*  —  2ax  —  4y**y  — 4y^  =  0. 

262.  When  two  parameters  are  found  in  the  equation 
of  a  system  of  lines,  we  have  already  seen,  art.  259  and 
260,  that  we  may  either  measure  them  upon  the  axes,  or  re- 
gard them  as  co-ordinates  of  a  line  that  does  not  enter  into 
the  system :  the  discussion  which  this  subject  has  already 
obtained,  in  the  preceding  articles,  has,  indeed,  antici- 
pated this  remark,  as  well  as  others  immediately  sug- 
gested by  the  case  before  us ;  and  in  reference  to  which 
it  will  be  proper  to  illustrate  the  subject  by  a  second 
example: 

y.  -  Pa,  +  p', 

pp'^1. 
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The  first  of  these  equations  will  indicate  a  system  of  pa* 
rabolas;  whilst  the  relation  expressed  Fig.  268. 
by  the  second  between  p  and  p'y  assigns 
to  those  quantities,  when  measured  from 
the  origin  0^  and  in  directions  parallel 
to  the  axes;  the  values  assigned  to  the 
co-ordinates  of  points  that  lie  in  a  rect- 
angular hyperbola  having  the  axes  them- 
selves for  its  asymptotes. 

Assuming  any  quantity  a,  as  the  value  otp^  the  equa- 
tion pp'  "■  1  determines  the  corresponding  value,  p,  of 
p' ;  and  these  quantities^  measured  in  the  same  manner 
as  the  values  of  x  and  y,  are  co-ordinates  of  the  point 
wherein  the  hyperbola^  or,  in  other  words,  *^  the  line  of 
the  parameters^''  intersects  that  line  in  the  system  whieh 
is  assigned  by  the  parameters  a  and  fi. 

Generalizing  these  remarks^  and  extending  them  to 
lines  not  restricted  to  lie  in  one  plane^  we  perceive  that 
parameters  class  and  arrange  lines  and  surfaces  in  the 
same  manner  as  ordinates  class  and  arrange  points;  and 
that  equations  among  such  quantities  must  express  rela- 
tions common  to  many  systems  of  lines  and  surfaces^  as 
equations  among  co-ordinates  expressed  relations  com- 
mon to  many  points. 

263.  Thus^  two  equations  between  three  co-ordinates 
and  a  parameter^  will  indicate  a  system  of  lines  of  double 
curvature^  lying  in  a  ^ven  surface.  The  truth  of  this 
remark  will  appear  sufficiently  obvious^  if  we  consider^ 
that^  by  eliminating  p  from  one  of  the  equations,  and  x 
from  the  other,  they  may  be  put  under  the  form 

^  (x,  y,  2)  =  0, 
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a  ham  lying  in  a  turfaoe. 

where  the  upper  equation^  not  containing  ^^  Will  belong 
to  a  single  surface ;  whilst  the  lower  eqaatioh,  containing 
Pj  will  belong  to  an  infinity  of  surfaces,  that,  by  their 
intersections  with  the  sur&ce  first  mentioned,  form  as 
many  lines  of  double  curvature  lying  in  the  latter. 

Assuming)  in  the  equations  above  given,  s  >■  0,  they 
become, 

whence,  by  elimination,  we  find  for  p  a  value  that  may 
be  denoted,  algebraically,  by 

and,  snbilltuting  thb  value  in  the  preceding  equatioaB, 
there  results,  for  the  equations  of  the  lines  in  question, 

<?>(«,  y,ir)«0, 

^  (y%  zo)  «  0, 

which  express  the  relations  of  the  lines  Oo,  am^  any  and 
Ob  J  be^  fig.  253;  the  three  first  denoting  the  co-ordinates 
of  a  point  n  in  the  line  criy  and  the  two  last  the  parameters 
of  that  line,  or  the  co-ordinates  of  the  points  wherein  it 
meets  the  plane  of  the  yz  's. 

264.  Extending  the  inquiry,  we  observe,  in  like  man- 
ner, that  two  equations  between  three  co-ordinates  and 
two  parameters,  represent  a  system  of  curves  of  double 
curvature  that  do  not  lie  in  one  surface.  That  such  is 
the  fact,  may  be  established  by  the  method  used  in  the 
preceding  article  to  establish  the  contrary ;  for,  elimi- 
nating the  parameters,  and  substituting,  as  in  the  case 
preceding,  their  values  in  terms  of  y  and  z^ ;  we  may  now 
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argue  that  since  these  values  remain  indeterminate^  the 
intersections  of  the  lines  with  the  plane  of  the  y^'s  will 
not  be  confined  to  lie  in  a  curve^  as  must  have  been 
the  case  had  the  lines  themselves  been  confined  to  lie  in 
a  surface. 

The  disposition  of  the  lines  will  be  more  readily  un- 
derstood by  a  reference  to  the  diagram,  fig.  s253,  where 
it  will  be  observed  that  if  y  is  assumed  equal  to  06^  we 
are  yet  uncertain  to  which  of  these  lines  ^^'  ^^• 
this  equation  belongs^  until  we  have 
also  assumed  be. 

These  two  parameters,  06  and  be  as- 
sign the  curve,  and  thus  distinguish  the 
points  forming  it  as  constituting  a  class 
distinct  from  all  other  points  in  space :  but  although  the 
class  is  assigned^  the  individual  point  is  yet  undetermined, 
and  requires  that  we  should  know  the  co-ordinates  Oa,  can 
and  mn,  or  the  co-ordinates  that  are  distinguished  by  the 
letters  Xj  y  and  x. 

As  an  example  of  this  kind,  let  there  be  given  the 
equations 

^  +  o*y'  +  ^^^  ™  P 

a 

z—py  =0 

Eliminating^  by  means  of  y^  and  ^^  the  parameters  p 
and  pj  we  obtain^ 

.  •  .  /? 

yz^  —  zf  =0 

where,  assuming  a?  —  0,  y  and  z  become,  as  they  ought, 
y^  and  «^ 
3s 


OS 

•   •   •  • 
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Substituting,  in  the  first  of  these  equations,  the  value 
of  z  obtained  from  the  second,  it  becomes 

The  last  of  the  equations,  /9,  is  that  of  a  plane  passing 
through  the  axe  of  the  x  's,  and  inclined  to  the  plane  of 

the  ocy  \  at  the  angle  tan.  ~  ^  -r  J  whence,  denoting  by 

If'  the  ordinate  measured  parallel  to  the  intersection  of 
this  plane  with  that  of  the  zy\  we  have,  putting 

tan.-^-o=e, 

y  sec.  6  mmy' 
and  the  equation  y  becomes, 

which  indicates  an  ellipse,  having  its  centre  at  the  ori- 
gin, and  its  axes  equal  to  ay^  and  y^. 

These  ellipses  are,  manifestly,  not  only  concentric,  bat 
similar,  and  their  arrangement  will  be  understood  by 
attending  to  the  equations  a. 

Of  these  equations,  the  first  represents  an  infinite 
number  of  concentric  and  similar  ellipsoids ;  whilst  the 
second  belongs,  as  we  have  before  remarked,  to  a  plane 
passing  through  the  axe  of  the  x  \  or  the  axe  of  the 
ellipsoids  represented  by  the  first  equation. 

The  intersections  of  the  plane  with  the  concentric 
ellipsoidal  surfaces,  will  be  represented  by  the  two  equa- 
tions regarded  as  simultaneous,  and  will  form  the  system 
of  concentric  and  similar  ellipses  that  resulted  from  the 
preceding  ansllysis. 
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The  parameters  y^  and  z^  are  here  independent ;  but, 
assuming  an  equation 

to  exist  between  them,  they  lose  this  independency^  and 
the  case  agrees  with  the  preceding ;  the  form  of  the 
function  F^  however^  must  be  known,  for,  should  it  be 
arbitrary^  it  is  manifest  that  no  part  of  the  generality  of 
the  problem  is  lost. 

265.  From  this  theory  of  parameters  it  will  be  seen^ 
that  equations  between  variables  admit  of  more  than 
one  geometrical  signification.  The  case^  for  example, 
where  a  single  equation  exists  between  three  variables, 
may  be  understood  as  representing  a  surface^  or  an  infi* 
nite  system  of  lines,  according  as  we  consider  the  varia- 
bles as  three  co-ordinates^  or^  as  two  co-ordinates  and  a 
parameter.  When  more  than  three  variables  remain 
independent^  we  must  either  vary  the  method  hitherto 
adopted  in  measuring  the  co-ordinates  of  a  pointy  and  fix 
the  position  of  the  latter  by  the  parts  of  an  open  figure 
having  more  than  three  sides^  or^  adhering  to  that  me- 
thod^  we  must  regard  as  parameters  all  the  variables  hut 
three. 

A  similar  remark  applies  in  the  case  where  all  the 
points  are  restricted  to  lie  in  a  plane ;  but^  assuming  the 
equations  to  contain  n  variables^  the  number  of  para- 
meters will  be  n  —  2. 

The  equations 

y  =  (m  +  v)  cos.  $  —  {v  —  a)  cos.  ^ $, 


I* 
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X  =z  (u  +  v)  sin.  6  —  (v  —  a)  sin.  6, 

where  Xy  y^  u^  v,  6  are  regarded  as  variable^  and  a,  a^ 
P  and  y  as  constant^  may  be  taken  as  an  example  of  this 
kind. 

Assuming  x  and  y  to  be  co-ordinates,         ^«-  ^^• 
u  a  parameter,  and  Q  and  v  dependent 
variables,  that  are  to  be  eliminated,  be- 
fore the  curve  can  be  expressed  by  a 
nngle  equation,  we  perceive,  art.  257, 
the  two  first  equations  to  belong  to  a 
system  of  epitrochoids ;  whilst  the  last 
assures  us  that  the  parameter  u  can  neither  exceed  a +  7 
nor  be  less  than  a  *—  / ;  and  that  v  has,  in  like  manner, 
the  limits  (i  +  y  and  /? —  y.  When  6  is  zero,  x  is  also  zero, 
and  y^  which  is  then  written  y^,  becomes  equal  to  v  +  a. 

The  values  of  y^  are  confined  within  the  limits  a+a  + 
Yj  and  a  +  a  -^  / ;  whence,  assuming  this  quantity  as  a 
parameter,  and  measuring  it  in  the  usual  way,  the  equa- 
tions will  be  seen  to  represent  a  system  of  epitrochoids, 
also  confined  within  limits.  The  extent  of  the  latter  will 
be  gathered  from  art.  257,  whence  the  inferior  limit  of 
each  epitrochoid  appears  to  be  a  circle,  having  the  radius 
ti  +  a,  and  the  superior  limit  a  circle,  with  the  radius 
u  +  2v  —  a. 

For  the  whole  system,  these  limits  become 

a  +  a  —  y, 
and, 

—  a+2i3  +  4jJl, 

^5 

and,  describing  with  these  radii  two  concentric  circles, 

fig.  254,  they  form  boundaries  within  which  the  system 

of  epitrochoids  is  confined. 
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SECTION  VII. 


ARRANGEMENT  OF  SURFACES  BY  THE  LINES  THET 

CONTAIN. 

Of  the  plane ^  regarded  as  a  system  of  straight  lines — 
of  the  generatrix  and  directrix  of  a  surface ,  regarded  as 
formed  by  motion — of  cylindrie  surfaces — of  conical 
surf aces-'^f  surf  aces  of  revolution — of  surfaces  of  sin- 
gle curvature^<f  developable  surfaces — of  spiral  sur^ 
faces. 

266.  The  theory  of  parameters^  developed  in  the  pre- 
ceding Section,  will  enable  us  to  apply  to  surfaces  the 
method  of  arrangement  proposed  in  article  253. 

According  to  this  principle,  surfaces  would  be  classed 
by  the  lines  they  contain.  Or,  from  what  has  been 
said  in  the  preceding  Section ,  a  method  of  arranging 
surfaces  would  be  obtained  by  previously  arranging 
systems  of  lines,  since,  eliminating  the  parameter,  we 
should  thence  deduce  the  surface  wherein  they  lie. 

Subh  a  method,  it  is  evident,  will  be  subject  to  all  the 
imperfections  incident  to  the  arrangement  of  lines ;  and 
on  this  account  will  scarcely  warrant,  as  a  general  me- 
thod, tKe  praise  that  it  has  obtained :  under  another 
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aspect,  it  must  be  allowed,  however,  to  have  considerable 
claims  to  our  attenUon.  The  surfaces  afforded  by  it 
more  nearly  resemble  those  used  in  the  arts,  than  can  be 
obtained  with  the  same  facility  from  other  principles  of 
classification ;  whilst,  in  presenting  some  of  the  best  illus- 
trations of  a  very  difficult  branch  of  the  integral  calcu- 
lus, this  method  of  arrangement  performs  an  essential 
service  to  an  important  department  of  science. 

Passing  from  these  general  remarks  to  the  theory  which 
gave  rise  to  them,  let  us  assume  the  three  equations 

y  =  az   +  y*      • 

x^  ciz  •\-  of" 1 

y^=a'V-h  h 
where  y®  and  a?S  the  values  of  y  and  x  that  correspond 
to  z  "*  0,  are  regarded  as  parameters,  and  Oj  dy  d^  ^ 
constants,  assumed  at  pleasure,  but  which  remain  inva- 
riable throughout  the  reasoning  used  in  relation  to  the 
problem. 

These  equations  evidently  belong  to  a  system  of  straight 
lines,  subjected  to  the  restriction  imposed  by  the  third 
equation,  and  which  requires  the  points  wherein  the 
lines  intersect  the  plane  of  the  xy  %  to  He  in  a  right 
line  given  in  that  plane. 

Such  a  line  C,  regarded  as  moving  along  a  second 
straight  line  AB,  and  constantly  preserving  a  direction 
parallel  to  itself,  will  agree,  successively,  ^«-  ^^• 

with  every  line  in  the  system ;  and  as  C 
by  its  motion  describes  a  given  plane, 
not  only  must  the  lines  be  restricted  to 
lie  in  that  surface,  but  the  equation  of 
the  plane  must  be  deducible  from  those 
of  the  system,  by  removing  the  quantities  that  serve  to 
distinguish  the  individual  lines  apart.     But  the  para- 
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meters  are  the  symbols  by  which  this  distinction  is  made, 
and  hence,  eliminating  the  parameters,  the  result  will  be 
an  equation  common  to  all  the  lines ;  or,  it  will  be  the 
equation  of  the  plane  sought* 

Now,  multiplying  the  second  equation  by  an  indeter- 
minate quantity  X,  and  adding  the  three  equations  toge* 
ther,  we  obtain 

y  +  Xa:  =  (a  +  o'^)  ^  +  (a"  +  a)  ar^  +  6, 
where  the  elimination  in  question  will  be  effected  by 
assuming  ;i  =  —  al*\ 

Performing  the  operation,  we  deduce 

y  —  d'x  =  (a  —  a!d')  z  +  b^ 

for  the  equation  of  a  plane  expressed  in  terms  of  the  in- 
clinations of  the  axes  with  two  lines  assumed  at  pleasure 
in  it,  and  through  one  of  which  the  plane  of  the  xy^s  is 
made  to  pass* 

267.  When  a  surface  is  formed  in  this  way,  by  a  line 
which  moves  along  a  second  line,  the  former  is  called  the 
generatrix  J  and  the  latter  the  directrix.  And,  by  com- 
paring the  preceding  example  with  the  examples  that 
occupied  our  attention  in  Sec.  YL,  we  observe  the  con- 
nection between  the  theory  of  parameters,  and  the 
method  of  classing  surfaces  by  the  nature  of  their  gene- 
ratrixes. 

The  lines  that  in  the  former  method  are  regarded  as 
existing  simultaneously,  are  looked  upon  in  the  latter  as 
existing  in  succession ;  a  single  line,  the  generatrix,  re- 
places, by  a  change  of  position,  the  system  before  used, 
and  we  recognise  in  the  directrix  of  the  present  method, 
the  ^^  line  of  parameters''  made  use  of  in  the  former. 
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268.  In  the  question  solved  in  art.  266^  the  directrix 
was  rectilinear^  but  this  restriction  is  not  essential  to  the 
reasoning  employed,  which  will  apply  with  equal  facility 
to  a  directrix  of  any  form. 

Assuming  this  extension  of  the  problem^  the  equations 
of  art.  266  become, 

whence^  the  first  equation  may  be  put  under  the  form 

^x^  =  y  —  or, 
or, 

a:^  =  4  (y  —  or) ; 

and  substituting  this  value  of  aP  in  the  second  equation, 
there  results, 

X  —  a!z  rz'^{y  —  az) 2 

as  the  equation  of  any  surface  that  can  be  generated  by 
the  motion  of  a  straight  line  which  remains  parallel  to 
itself. 

Such  surfaces  are  termed  cylindric ;  and  may  be  more 
conveniently  expressed  in  terms  of  co-ordinates  that  are 
symmetrical,  in  respect  to  the  known  direction  of  the 
generating  line. 

Assuming  the'axe  of  the  z  's  to  be  parallel  to  this,  the 
ordinate  z^  art.  254,  will  disappear  from  the  equatio&i 
and  as  the  latter  will  then  contain  only  two  variables,  we 
conclude  that  every  equation  of  the  form 

y  =  Fa? 3, 

when  taken  in  reference  to  the  three  co-ordinates  of 
space,  is  the  equation  of  a  cylindric  sur&ce. 


269.  Assuming  the  generating  line  to  pass  through 


a 
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Now  as  —  is  the  tangent  of  the  angle  which  the  gene- 

rating  line  makes  with  the  axe  of  the  x  %  if  we  assume 
this  angle  to  increase  uniformly  with  the  motion  of  the 
line  in  question^  along  the  directrix,  or  the  axe  of  the 
z  \  we  shall  have  the  ordinate  z  proportional  to  the 
angle  so  described^  or 

z  =  a  tan.  ""^  ^, 

X 

the  equation  of  the  surface  required^  and  which^  by  sub- 
stituting for  tan.  ^  ^  its  value  in  terms  of  sin.  "  '^  page 
302y  assumes  the  form 

r  =  asin.""*  J y 

The  equation  of  a  cylinder  that  has  its  axis  coincident 
with  that  of  the  z  %  will  be 

and  comparing  this  result  with  that  deduced  for  the 
spiral  surface,  we  have 

r*  -  J?*  +  »■, 

r 

for  the  equations  of  their  common  intersection. 
Now  the  formulas  of  page  302  give 

sin.  "^a  mm  cos.  "  *  v  i  —  a*\ 

whence^ 


r  r 

a  result  which,  from  the  first  of  the  two  equations  of  the 

X 

section,  may  be  again  reduced  to  cos.  ~~  ^  z- ;  ^nd  the 
3u 
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equations  of  the  section  may^  therefore^  be  written  under 
the  more  convenient  form 

z  mmU  sin.~  ^  ^ 

r 

r 

when  we  recognize  them  as  the  equations  of  the  helix, 
art  255. 
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SECTION  VIII. 


OF  SYSTEMS  OF  SURFACES. 

A  single  equation  between  three  co-ordinates  and  a 
parameter  belongs  to  a  simple  system  of  surfaces — eqiia- 
tions  between  three  co-ordinates  and  several  parameter^ 
indicatCy  when  the  number  of  the  latter  exceeds  that  of 
the  equations  J  a  complex  system  of  surfaces — examples 

of  simple  systems. 

« 

274.  The  method  of  parameters,  by  which  we  have 
been  enabled  to  arrange  lines  in  systems^  will  apply, 
with  equal  fecilityy  to  the  similar  arrangement  of  surfaces. 

Thus,  having  given  an  equation 

between  three  co-ordinates  and  a  parameter,  we  may 
eliminate  this  last,  and  substitute  in  its  place  the  value 
which  either  of  the  co-ordinates  assumes  at  the  origin. 

Choosing  for  this  initial  co-ordinate  the  value  of  z 
that  corresponds  to  ar  ■>  0  and  j^  »  0^  the  elimination  in 
question  must  be  performed  between  the  equations    ' 
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z  =  <^  (a:,  y, />), 

and  the  result  will^  consequendy,  assume  the  fornix 

z  -  iKar,  y,  z*) 

which  represents  a  system  of  sur&ces  passing  into  each 

other  by  insensible  gradatioos^^  and  distinguished  apart 

by  the  point  wherein  they  intersect  the  axe  of  the  z  's« 

Such  a  system  is  represented  in  figure  ^*«-  ^5^- 

256^  and  the  position  of  P,  any  point 

in  it,  is  given,  "  first,''  by  the  values 

of  Oa,  or  2:®,  which  is  the  parameter  of 

the  individual  surface  wherein  the  point 

is  situated ;  and  '^  secondly,"  by  Om, 

m  n  and  nP  ;  or,  in  other  words,  by  the  ^ 

ordinates  or,  y  and  2r,  that  distinguish  it  from  any  other 

point  in  that  surface. 

275.  Systems  of  lines,  it  will  be  recollected,  are 
classed  into  simple  and  complex,  and  a  like  division  may 
be  made  of  surfaces. 

Simple  systems  of  surfaces  are  those  which  have  only 
one  parameter,  fig.  256,  and,  consequently,  wherein  only 
a  definite  number  of  surfaces  cut  the  axe  of  the  parame- 
ters in  the  same  point. 

Complex    systems   are   those  Fig.  257. 

which  have  more  than  one  para-    a 
meter,  or,  in  other  words,  where- 
in, to  each  point  in  an  axe  of  pa- 
rameters an  infinity  of  surfaces 
will  correspond. 

Such  a  system  may  be  repre- 
sented by  the  equation 
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or  its  equivalent  equation 

where  z^  has  the  same  meaning  as  before,  and  ^  is  the 
value  of  y  corresponding  to  :r  =  0  and  2r  =  0. 

Now  taking  OA^  OB  and  OC^  fig.  257,  for  the  axes 
of  the  z  \  y  's  and  x  h ;  and  assuming  Oa^y  and 
Ob  =  p^  the  curved  line  ab  and  b  n  may  be  taken  to 
represent  the  traces  of  that  surface  of  the  system 

which  has  the  parameters 

z«  =  y, 

/=^- 

But  if,  af  remaining  the  same,  y^  becomes  Oft',  the  sur- 
face will  no  longer  be  that  which  has  occupied  our  atten- 
tion, but  a  new  surface  of  the  ^ystem^  passing,  in  com- 
mon with  the  former,  through  the  point  a,  but  having, 
in  place  of  a  6  and  b  n,  the  traces  a  V  and  b'n\ 

By  merely,  therefore,  varying  y®,  whilst  2r^  remains 
the  same,  we  may  arrange  together  an  infinity  of  sur- 
faces into  a  ^^  simple'^  system,  every  surface  of  which 
passes  through  the  point  a. 

A  similar  result  will  follow  for  any  other  value  of  z^ ; 
or,  in  other  words,  for  every  point  that  can  be  assumed 
in  the  axe  of  the  z  h. 

And,  connecting  these  remarks,  we  perceive  a  com- 
plex system  to  consist  of  an  infinity  of  simple  systems, 
arranged  together  by  the  medium  of  a  parameter. 

276.  As  a  first  example  of  the  case  discussed  in  arti- 
cle 274,  let  there  be  given  the  equation 


10. 
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This  example  coataining  two  arbitrary  quantities,  it 
may  be  taken  to  represent  either  a  simple  or  a  complex 
system,  according  as  we  regard  one,  or  both  of  these 
quantities  as  parameters.  Upon  the  latter  hypothec, 
the  equation  would  represent  every  ellipsoid  which  has 
one  of  its  axes  equal  to  unity ;  but  as  our  present  object 
is  to  illustrate  the  subject  under  consideration  by  an  ex- 
ample chosen  from  among  simple  systems^  we  will  re- 
duce the  problem  to  that  form  by  assuming  one  of  the 
parameters  as  a  function  of  the  other. 

Let  us  suppose,  for  example^  that  y®  and  t?  are  con- 
nected by  the  equation 

the  equation  10  will  then  become 

and  making  ;r  =  0^  with  the  view  of  obtainiDg  the  traces 
of  the  surfaces  upon  the  planes  of  the  yz  %  we  find  these 
traces  to  constitute  a  system  of  curves^  represented  a1- 
gebraically,  by 

an  equation  already  noticed  in  art.  ^8^  where  the  lines 
included  under  it  were  delineated,  in  fig.  248. 

If  the  assumed  relation  between  y^  and  ^  had  been 
expressed  by 

the  system  of  sur&ces  would  have  varied  with  every 
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form  of  F^  as  we  shall  perceive  more  distinctly  by  ob* 
serving: 

First ;  That  whilst  ^  and  z''  are  independent^  art. 
275,  the  compound  system  expressed  by  the  equation 
10^  is  composed  of  an  infinity  of  simple  equations,  each 
distinguished  by  some  assigned  value  of  ar^. 

Secondly ;  That  assuming  a  determinate  form  for  Fy 
the  equations 

express  a  simple  systowiiot  found  among  the  systems  ob- 
tained by  regarding  j^  and  z^  as  independeat  parameters, 
but  formed  by  taking  one  surface  out  of  each  of  these 
systems. 

And^  thirdly;  That  surfaces  so  chosen  will  vary 
withF. 

As  these  remarks  are  ejtplained  at  some  length  in  the 
preceding  article,  we  shall  not  dwell  further  upon  them ; 
but  proceed  to  illustrate  the  subject  under  discussion  by 
a  second  example. 

The  problem  diat  we  shalt  select  for:  this  purpose^  re- 
quires  us  to  determine  the  equation^,'  and  examipe  the 
relations,  of  a  system  composed  of  all  the  plants  that  pass 
through  a  given  point. 

The  first  of  these  objects  is  easily  effected,  since^ 
taking  the  given  point  as  the  origin,  the  equation  of  the 
system^  art.  224,  will  be 

z  s=  ax  +  by^ 

where  a  denotes  the  tangent  of  the  angle  which  the  trace 
on  the  plane  of  the  xx  h  makes  with  the  axe  of  the  x  ^s ; 
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and  where  b  denotes  the  tangent  of  the  corresponding 
angle  on  the  plane  of  the  yz  's. 

Taken  by  itself^  this  equation  denotes  a  complex  sys- 
tem^ and  as  our  present  object  is  to  obtain  a  system  that  is 
ample,  we  must  limit  the  parameters^  by  assuming  them 
to  be  mutually  functions  of .  each  other ;  this  relationi 
however,  is  perfectly  arbitrary^  and  the  equations 

z  ^  ax  +  hf/y 

may,  therefore,  be  taken  to  represent  any  system  of 
planes  that  has  the  property  required. 

To  illustrate  the  subject  further,  let  us  assign  to  the 
function  F  a  particular  form,  the  form,  for  example, 
found  to  exist  between  the  co-ordinates  of  a  circle; 
this  done,  and  putting  for  a  and  b  the  letters  p  and  p', 
we  have,  in  place  of  the  preceding  equations, 

z:^px+p'y, 

r^^P*+P'% 
which  express  a  system  readily  understood  from  some 
of  its  characteristic  properties. 

Thus,  denoting  a  perpendicular  to  any  plane  of  the 
system  by  the  letter  r,  and  comparing  the  first  of  the 
two  equations  with  the  equation  of  a  plane,  ^yen  in  art. 
224,  we  find 

-,      COS.  rx 
p  » 

COS.  rz 

;_cos.  ry, 
COS.  rz ' 
and,  squaring  and  adding  the  results,  there  arises, 

^2  _  COS.  Var  ^  cos.  Vy 
COS.  Vz 
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which,  having  regard  to  the  equation 

COS.  'rj?  +  COS.  *ry  +  cos,  *rz  »  1 , 
reduces  to, 

cos.  rz^ 
or, 

r*  =  tan.  Vz ; 

whence  it  appears  that  all  the  planes  in  the  system  are 
inclined  at  a  constant  angle  to  the  axe  of  the  z  's. 


3v 


CHAPTER  II. 

RELATIONS  THAf  EXIST  BETWEEN  THE  LINES  OR  THE  SUR- 
FACES OF  ONE  SYSTEM,  AND  THOSE  OF  ANOTHER. 


PRELIMINARY  REFLECTIONS. 


We  discovered,  in  discussing  the  properties  of  the 
circle  and  the  sphere,  certain  lines  and  planes  named 
tangents,  and  tangent  planes,  that  had  remarkable  rela- 
tions with  those  figures. 


INQUIRIES  SUGGESTED  BY  THESE  REFLECTIONS. 


Do  all  corves  and  curve  surfaces  admit  of  tangents  and 
tangent  planes  ? 


SECTION  I. 


OF  TANGENTS  AND  NORMALS  OF  PLANS  CURVES. 

Definition  of  a  tangent — equations  of  the  tangents  of 
a  plane  curve— examples-^polar  equations  of  tangents 
— examples — asymptotes — examples — of  normals— 'eX' 
amples — of  lines  making  known  angles  with  curves— 
examples. 

277.  Id  discussing  the  properties  of  the  circle^  art 
162^  we  sought  its  relations  with  a  system  of  straight 
lines  diverging  from  a  given  point ;  and  finding  these 
linesy  when  the  point  is  pTaced  without  the  circumfe- 
rence, to  divide  themselves  into  two  classes^  according 
as  they  intersect  the  circle,  or  pass  beyond  that  curve, 
we  came  to  the  knowledge  of  a  line  not  arranged  under 
either  of  the  classes,  and  remarkable  as  a  limit  by  which 
the  latter  are  divided. 

This  line  was  named  the  tangent. 

And  as,  on  further  examining  the  properties  of  such 
lines,  and  the  relation  they  bear  to  the  circle,  we  find 
them  to  assign,  at  every  point  of  the  curve,  its  deflection 
from  a  rectilinear  course,  it  becomes  an  object  worthy 
of  consideration  whether  all  curves  are  not  susceptible  of 
a  similar  relation. 
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The  nature  of  the  latter,  an  inquiry  into  which  wc 
shall  be  called  upon  to  enter,  will  be  found  to  involve 
a  metaphysical  difficulty ;  the  definition  of  a  tangent 
assumes  it  to  be  a  right  line  that  agrees  in  direction  with 
a  curve,  and  the  mind  cannot  readily  perceive  an  agree- 
ment of  direction  between  a  curve  which  continually 
deflects  from  its  course,  and  a  straight  line,  the  direc- 
tion of  which  is  every  where  the  same.  To  place  this 
subject  in  its  true  light,  it  will  be  necessary  for  us  to 
state,  with  some  detail,  the  view  of  it  that  is  ccnimonly 
taken. 

Having  assigned  the  point  of  tangency,  A,  it^is^sual 
to  as5nme  points  i,  6',  A",  &c.  in  the  curve ; 
and  to  argue,  that  as  the  points  approach 
towards  A,  the  directions  of  the  chords  will 
approach  to  that  of  the  curve  itself,  since 
the  chords,  becoming  at  last  of  insensible 
magnitude,  may  be  ultimately  considered  as 
blending  themselves  with  the  former;  a 
case,  however,  that  only  happens  when  b  and  A  become 
identical,  or  when  the  chord  ceases  to  exist. 

The  difficulty  met  within  this  reasoning  depends  upon 
the  idea  denoted  by  the  term  '^  direction.^*  Regarding 
this  idea  as  implying  4;he  direction  of  a  line  uniting  two 
points,  the  direction  of  the  chord  Ab  will  be  intelli- 
gible only  so  long  as  the  chord  exists,  and  will  become 
altogether  without  meaning,  when  the  point  b  is  assumed 
to  coincide  with  the  point  of  tangency. 

The  direction  m,  to  which  the  chords  A6,  Ab\  &a 
continually  tend  as  b  approaches  A,  is  not,  therefore, 
to  be  regarded  as  a  position  ever  attained  by  the  latter, 
but  merely  as  a  limit  whereto  the  directions  of  the 
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chords  approach  to  within  less  than  any  assignable  differ- 
ence. 

From  this  reasoning  it  will  follow^  that  however  small 
the  portion  of  the  curve  examined ,  a  perfect  agreement 
between  it  and  the  line  is  not^  as  the  vague  expressions 
of  many  writers  would  seem  to  imply^  included  in  the 
idea  of  a  tangent ;  the  latter  being  merely  a  line  limiting 
the  directions  of  the  chordSs  drawn  thix»ugh  a  given  point 
in  the  curve. 

Seen  under  this  view,  the  imperfect  relation  between 
a  straight  line  and  a  curve  will  appear  sufficiently  intelli- 
gible; but  a  phraseology  maybe  employed  that  is  still  les^ 
objectionable^  and  which  seems  to  remove  fill  difficulty, 
since  we  may  define  a  tangent  as  a  line  which  agrees  with 
a-  curve^  at  a  given  point  of  the  latter^  ^^  more  nearly^' 
than  any  other  straight  line. 

Adopting  this  definition^  we  shall  not  only  perceive 
that  every  curve  admits  the  relation  comprehended  under 
the  idea  of  a  tangent^  but  shall  be  enabled  without  'iifi- 
culty  to  find  the  position  of  the  latter. 

The  differential  calculus^  which  is  iTounded  on  the 
notion  of  omitting  those  parts  of  quantities  that  can  be 
made  indefinitely  less  tlian  the/  parts  retained^  is  excel- 
lently adapted  to  expp^s  the  imperfect  relations  now 
under  discussion^  and  has  according  been  used  for  that 
purpose  from  the  period  of  its  first  invention. 

The  process  is  as  follows. 

278.  Putting  the  equation  of  the  curve  under  the  gene- 
ral form,  * 


¥x 


and  expvessingjby 
3  w 
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y  =^  ax  ^b 

the  equation  of  any  straight  line ;  the  condition  restricting 
the  latter  to  pass  through  the  point  of  tangency,  will 
require  the  equation  of  the  line  to  be  fulfilled  by  the 
co-ordinates  belonging  to  the  point. 

Denoting  these  co-ordinate!  by  x  and  y^we  have  the 
simultaneous  equations 

y  ,=z  ax  +  b 

y'  ^ax*  +  V 

y  =  Fa:', 

where  the  two  latter  merely  assert  the  point  of  tan^ncy 
to  be  commcm  to  the  cuT*ve  and  line. 

Now  subtracting  the  second  of  the  equations  from  the 
first,  there  results 

y  —  y'  =  a  (a:  —  ar')  .  .  .  .  « 

as  the  equation  of  all  right  lines  passing  through  the 
point  in  question. 

The  second  condition  which  requires  the  curve  to 
agree  with  the  line  more  nearly  than  with  any  other 
straight  line^  will  be  most  conveniently  investigated  by 
examining  the  ordinates  in  the  immediate  neighbourhood 
of  the  point  of  tangency.  By  such  a  research  we  shall 
discover  the  departure  of  the  line  from  the  curve,  and, 
rendering  this  the  least  possible,  shall  arrive  at  the  para- 
meter, (equation  a)  belonging  to  the  line  which  has  the 
property  in  question. 

Now  assuming  the  abscissa  ^'  of  the  point  of  tangency  to 
increase  by  the  indeterminate  quantity  A,  and  represent- 
ing, respectively,  by  y^  and  y,  those  ordinates  of  the  curve 
and  line  that  correspond  to  the  abscissa  so  increased;  we 
shall  have  by  the  theorem  of  Taylor, 
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and  subtracting  the  latter  from  the  former^  the  depar- 
ture of  the  curve  from  the  line  will  be  expressed  by  the 
difference 

^'      ^      \dx        dxj  dx'^1'2^     ^ 

and  as  the  equation  a  places  at  our  disposal  only  one 
parameter  a,  we  must  render  the  difference  here  founds 
the  least  possible^  by  so  assuming  a  as  to  destroy  the 
greatest  term  which  is  found  in  the  value  of 

But  it  is  shown  by  the  writers  on  the  differential  cal« 
culus^  that  in  any  series  which  proceeds  by  the  ascend* 
ing  powers  of  an  indeterminate  quantity  h,  the  value  of  h 
can  be  taken  so  small  as  to  render  the  first  term  of  the 
series  greater  than  the  sum  of  all  the  remaining  terms; 
and  it  will  therefore  follow  that  y'  —  y  becomes  the  least 
possible  when  a  is  so  assumed  as  to  make  the  term 


\dx'      dxr 


to  disappear  from  its  value* 

This  result  will  be  obtaijied  by  assuming 

and  we  have  only  to  show  that ^  can  be  taken  in  such  a 
manner  as  to  agree  with  this  assumption* 
But  "differentiating  the  equation  a;  there  arises 
a  w  2^,^ 
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dx 

and  making  this  substitution^  and  bearing  in  mind  that 
we  have  taken  the  differentials  at  the  point  of  tangency, 
where  x  and  y  become  a/  and  y*^  we  obtain 

for  the  equation  of  the  tangent  sopgbt. 

279.  Let  it  be  required,  for  example^  to  determine 
the  equations  of  the  systems  of  lines  which  are  tangential 
to  the  circle. 

Assuming  the  origin  at  the  centre^  the  equation  of  the 
curve  win  be 

of*  +  y'*  «  r* 

whence^  by  differentiation^ 

x'dx/  +  y'djf  =  0 

'   substituting  which  in  the  equation  ^,  we  have 

or  ••' 

for  the  equation  of  any  line  that  is  tangential  to  the 
circle.  ,       ' 

The  parameters  y'  andV  are  quantities  that  reniain 
the  same  while  the  point  of  tangency  is  invariable ;  and 
in  this  respect  differ  from  x  and  y,  which  aK  the  co- 
ordinates whereby  thie  several  points  in  the  tangents  are 
distinguished. 


I 


I 

1 
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As  the  equation  of  the  circle^  whilst  the  origin  is  taken 
at  the  centre,  does  not  vary  with  the  position  of  the  axes, 
we  may  assume  the  axe  of  the  or's  to  pass  through  the 
point  of  tangency ;  a  condition  that  will  give  the  values 

and  consequently  reduce  the  equation  of  the  tangent  to 

a  result  that  indicates  (art  216)  a  line  parallel  to  the 
axe  of  the  y's^  or  perpendicular  to  the  radius  which 
passes  through  the  point  of  tangency  (art.  162).  As  a 
second  example^  let  us  assume  the  curve  to  be  expressed 
by  the  equation 

whence 

^ 6»    ^ 

daf'~       a*'  y' 
which  gives,  for  the  equation  of  the  tangenty 

y^tf'^^^.  ?;  {x  —  af) 

ay 
or, 

The  points  whei«in  the  tangents  meet  the  axes  will  be 
found  by  assuming  xoxy  equal  to  zero ;  adopting  the 
latter  assumption^  and  substituting  this  value  in  the  equa- 
tion last  found;  we  have '  '  t ' 

fbr  the  ordinate  of  the  point  wherein  the  tangent  meets 
die  axe  of  the  ^r's.^ 
And  as  this  result  is  ind^ndent  of  h^  we  deduce  a 
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remarkable  relation  of  the  tangents  belonging  to  the  sys- 
tem of  curves  expressed  by  the  given  equation.  Observ- 
ing with  this  view^  that  when  a  and  b  are  real  and  posi- 
tive^  the  equation  in  question  is  that  of  an  ellipse,  and 
bearing  in  mind  what  has  been  said  above  concerning  the 
intersection  of  the  tangent  and  the  axe^  we  conclude  that 
in  a  system  of  concentric  dlipses  having  the  same  major 
axe,  the  tangents  corresponding  Fig  359. 

to  a  given  abscissa  a?',  would  all 
intersect  the  axe  of  the  cc^sin  the 
same  point.  This  proposition 
.would  also  hold  for  a  system  of  hyperbolas,  or  for  the 
more  general  case  wherein  the  system  was  composed  of 
any  curves  of  the  second  degree,  provided,  however, 
they  were  concentric,  and  had  the  same  major  axis. 

280.  The  analysis  used  to  deternofine  the  lines  tan- 
gential to  a  curve,  will  be  equally  applicable  when  the 
equation  of  the  latter  is  given  in  terms  of  other  co-ordi- 
nates. 

As,  for  example,  when  the  equation  is  polar,  or  is  ex- 
pressed in  terms  of  a  radius  vector  r',  and  the  angle  ^, 
which  thie  latter  makes  with  some  primordial  line. 

The  equation  to  the  curve  may  then 
be  written  under  the  form 

and  the  equation  to  the  tangent  under 
a^  similar  form :  whence,  e]^panding  by 
Taylor's  Theorem,  and  reasoning,  as 
before,  we  shall  deducet  in  the  case  of 
tangency. 


dr' 


dr 


d^'    'dp 
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where  the  ordinates  r'  and  ^'  belong  to  the  curve^  and 
the  ordinates  r  and  ^  to  the  line. 

Now  if  $  is  taken  to  denote  the  inclination  of  the  tan- 
gent to  the  radius  vector^  the  three  co-ordinates  r,  ^  and 
dy  will  suffice  to  assign  the  position  of  the  tangent ;  and 
as  the  two  first  of  these  quantities  will  be  given  whenever 
the  point  of  tangency  is  known  ^  it  is  only  necessary,  in 
order  to  complete  the  analysis  of  the  problem^  to  assign 

6  by  means  of  the  equation  __-—---. 

But  whilst  the  line  remains  invariable,  we  have 

r  sin.  0  =  c' 

where  c  and  &  are  constants. 

From  the  first  of  these  equations  there  is  obtained 

and  from  the  second 

dr  sin.  d  »  —  r  cos.  Q  dBy 


or, 


dr  dr  .    . 


whence, 


cot.0  =  ^^; 

and  the  position  of  the  tangent  is  completely  assigned. 

281.  Let  it  be  required,  for  elKample,  to  determine 
in  this  manner  the  tangents  of  a  circle. 
The  equation  of  the  latter  will  be 

r  sa  c; 
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whence, 


and 


1    df^ 
a  result  that  gives 

As  a  second  example  of  the  siBime  kind,  let  it  be  re- 
quired to  determine  the  tangents  of  an  ellipse. 
The  polar  equation  of  the  curve,  aft.  241,  is 

r'^ ?! 

1  +  e  COS.  ^' 

and  if  we  denote  by  r"  the  radios  drawn  to  the  other 
focus,  and  by  ^",  the  angle  which  this  radius  makes  with 
the  major  axe,  we  shall  have,  when  the  angles  ^'  and  p" 
are  taken  towards  the  same  side, 

m 


1  —  e  cos.  ^" 

Inverting  these  formals,  and  differentiating,  we  obtain 

1  dr' 


\ 


But 


whence, 


1  dr"         ..  . 

r'  sin.  4>'  -  r"  sin.  ^", 

2_rfr|^    *      1  rfr" 
I'  d^' '^  ~'  7' di^' 
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and  consequently^ 

cot.  t'  =  —  cot.  ♦" 
or, 

©'=  in  —  r 

The  angles  6'  and  d"  are,  respectively,  the  inclinations 
of  the  tangent  with  r'  and  with  r";  and,  as  in  the  pre- 
ceding analysis  these  angles  are  measured  towards  the 
same  side,  if  we  measure  them  towards  opposite  sides, 
the  last  equation  will  become 

e'  =  r , 

whence  the  tangent  is  seen  to  make  equal  angles  with  the 
radii  drawn  from  the  two  foci. 

282.  As  the  position  of  the  tangent  at  any  point,  de- 
termines the  direction  of  the  curve,  the  theory  of  tan- 
gents is  an  essential  branch  of  the  analysis  of  curve  lines, 
and  it  will  be  necessary,  as  we  proceed  with  the  present 
inquiry,  to  examine  the  most  important  applications  of 
this  theory  that  present  themselves:  a  particular  case,  in 
which  the  point  of  tangency  is  assumed  at  an  infinite 
distance  from  the  origin,  is  especially  useful  in  deter- 
mining the  infinite  branches  of  a  curve ;  and  will  be  con- 
veniently discussed  before  we  proceed  further. 

The  object  of  the  inquiry  is  to  determine  whether  the 
infinite  branches  of  a  curve  retain  their  character  at 
great  distances  from  the  origin,  or  tend,  as  in  the  case  of 
the  hyperbola,  to  approach  towardi«  right  lines. 

Upon  the  latter  hypothesis,  a  branch  of  the  curve,  and 
the  tangents  of  these  distant  points  in  it,  would  approach 
towards  the  same  straight  line  as  their  limit ;  and  the 
hypothesis  will  therefore  be  tested  by  examining,  from 
the  equations  of  the  tangents,  whether  the  latter  do  in- 
3  X 
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tangency  recedes  from  it,  and  being  also,  as  we  have 
shown,  parallel  to  a  given  direction,  become  at  last  in- 
definitely near  to  a  line,  which  they  yet  never  attain: 
this  line  is  an  asymptote  to  the  curve,  and  its  position 
will  be  determined  by  the  condition  that  it  passes  through 
the  origin^  and  makes  with  the  axe  of  the  xh  the  angle 

tan."*-. 
a 

If  we  take  as  a  second  example  the  ciasoid  of  Diocles, 

a  curve  expressed  by  the  equation 


r       >-    ^ 


we  shall  have 


whence. 


a  —  of 


y'-«- 02?'"*  — «'■»•? 


rfySfl  — 20?;^,, 


But|  from  the  equation  of  the  curve,  jf'  is  infinite  when 
x'  ss  Of  and  with  these  values  of  x^  and  y',  we  obtain 

Making  the  same  sabsdtution  in  the  equation 
there  results 

X  zs:  a^ 

whence  a  line  parallel  to  the  axe  of  the  y's,  and  at  the 
dbtance  a,  is  an  asymptote  to  the  curve. 

284,  The  theory  of  lines  that  make  a  given  angle 
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MTith  a  curve^  will  follow,  by  an  easy  transition  from  the 
theory  of  lines  in  which  that  angle  is  zero ;  but  pre- 
viously to  entering  upon  the  general  inquiry,  we  shall 
examine  the  particular  case  wherein  the  angle  in  question 
is  a  right  angle. 

Such  lines  are  called  nannab,  and  are  of  frequent  use 
in  analysis. 

The  method  of  determining  their  position  will  be 
merely  an  application  of  the  proposition  demonstrated  in 
art  219.  Thus,  assuming  of  andy'  as  the  co-ordinates 
of  the  point  wherein  the  curve  and  line  meet,  the  equa- 
tion of  any  straight  line  passing  through  that  point  will  be 

y— y'  —  a{x  —  af) 

where  a  is  a  parameter  distinguishing  the  individual  lines 
in  the  group.  And  assuming  any  two  of  these  lines  to 
be  mutually  perpendicular,  they  can  be  expressed,  as 
we  learn  from  the  article  in  question,  by  means  of  the 
equations 

and 

Now,  by  taking  a  equal  to  JL  the  first  of  these  lines 

will  become  a  tangent,  and  as  the  normal  is  a  line  per- 
pendicular to  this  last,  and  passing  through  the  point  of 
tangency,  we  have 

for  the  equation  of  the  normal. 
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285.  Let  it  be  required  for  example,  to  determiDe  the 
normal  to  any  point  of  a  circle. 

The  equation  of  the  latter  is 

y'*  -  r-  —  x'% 
whence, 

and  substituting  in  the  equation  of  the  normal,  this  last 
becomes 

y— y'=J(^  — ^); 

or, 

yx'  —  y'a?  =  0. 

As  y  ■■  0  and  or  =  0  satisfy  thb  equation,  the  line 
denoted  by  it  passes  through  the  centre,  and  the  normal 
is  therefore  a  radius. 

286.  The  equation  of  the  normal,  as  that  of  the  tan- 
gent, may  be  expressed  in  terms  of  a  polar  system  of 
co-ordinates.  In  fact,  as  the  tangent  and  normal  are 
mutually  rectangular,  the  inclination  of  the  first  to  the 
radius  vector  will  be  the  complement  of  the  inclination 
of  the  second  to  that  line.  Whence,  denoting  the  last  of 
these  angles  by  0,  we  -have,  art.  280, 

tan.  0  =  -  .^y-* 

287.  Applying  this  formula  to  determine  the  normal 
at  any  point  of  an  ellipse,  we  have  for  the  equation  of 
the  latter,  art.  241, 
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r'=  *" 


i  +e  COS.  ^ 


/  9 


whence, 


1  /fr' 

-  -T^  =  e  r'  sin.  4>'  —  tan.  6 ; 

r  d^ 

and  substituting  for  r'  its  value,  we  obtain 

tan.e=  ^  ^  sin.,- 
1  +  e  cos.  ^' 

which  determines  the  normal. 

It  is  often^  however,  convenient  to  express  the  position 
of  the  normal  of  the  ellipse,  in  terms  of  a  radius  vector^ 
drawn  from  the  centre  of  the  curve.  Denoting  this 
radius  by  r^  and  its  inclination  to  the  major  axe  by  ^,  we 
have 

1 — 6*C0S.t*' 

whence^ 

1  dr      .  ^  ^  c*  cos.  A  sin.  # 

r  a^  1  —  e*  cos.  *np 

Supposing  the  ellipse  to  revolve  about  the  minor  axis, 
the  solid  generated  would  be  an  oblate  spheroid  ;  and  as, 
by  observing  a  due  proportion  between  the  axes,  this 
solid  could  be  made  to  coincide  with  the  figures  of  the 
earth,  the  proposition  we  are  illustrating  would  enable 
us  to  determine  the  direction  of  the  *^  plumb  line/^  or  of 
a  line  perpendicular  to  the  earth^s  surface.  The  value 
of  €f  in  this  case,  is  extremely  small,  and  the  preceding 
equation  may,  therefore,  without  sensible  error,  be 
written 

tan.  d  =  —  i  c*  cos.  ^  sin.  t, 
or, 
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tan.  d  =  —  i  c*  sin.  2  ^ ; 

and  as  it  appears  from  this  result  that  6  will  also  be  very 
small;  we  may  put  the  equation  under  the  form 

sin.  d  =:  —  i  e*  sin.  2 1)/ : 

whence  there  arises  for  the  distance  Sf  of  the  nonnal, 
from  the  centre  of  the  ellipsoid, 

j  ss  r  sin.  d  wm  —  —  sin.  2  L : 

2 

where  L  is  the  latitude,  or  the  distance  from  the  equa- 
tor to  that  point  on  the  surface  through  which  the  nor- 
mal is  drawn. 

288.  Resuming  the  more  general  case,  wherein  the 
line  sought  makes  any  given  angle  a  with  the  curve ;  let 
us  denote  by  m  and  m'  the  tangent  and  th^  line  which 
is  sought :  the  expression^  art.  100, 

cos.  mm'  s=  COS.  mx  cos.  m'x  +  sin.  mx  sin.  m'x^ 

will  then  become 

COS.  a  «■  COS.  {m'x  —  mx) ; 
whence, 

m'x  mma  +  mx^ 

a  result  sufficiently  apparent  from  other  considerations. 
Now  the  equation  of  a  right  line  m'y  that  passes  through 
a  point  in  the  curve,  will  be 

y  —  y'  =  tan.  m'x  {x  —  a/), 

where  tf  and  a/  are  the  co-ordinates  of  the  point  in 
question. 

Hence,  substituting  for  tan.  m'x  its  value,  tan.  (a  +  fnx)f 
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Best  I.    OfteBgwitoaBiAiHMnuJBof^aiM 
ArtSS88.    OfliiieviiMkiBi^kiMiniaiiglAiwithotirTef. 

replacing  tan.  ma;  by  ^,  art  278^  and  denoting  tan.  a 
by  o,  we  obtain^ 

for  the  equation  of  the  line  sought. 

But  the  position  of  this  line  may  be  more  readily 
determined  by  previotely  cateulatiw  that  of  either 
the  tangent  or  the  normal :  one  or  otner  of  theae  Kites 
may  then  be  regarded  ag  a  new  axe,  and  taking  the  point 
of  intersection  with  the  curve  as  a  new  origin,  the  line 
sought  will  pass  through  this  ori^n^  and  make  a  known 
angle  with  the  axe  so  obtained.  Or^  if  it  is  convenient 
to  express  the  position  of  the  line  sought  without  the 
intersection  of  the  tangent  or  normal^^  we  may  either 
employ  th^  expression  already  dedueed  for  that  purpose^ 
or  transform  it  into  another  which  contains  only  pidar 
co-ordinates. 

Employing,  with  this  view,  n  and  $  to  represent  f he 
angles  which  the  radius  vector  makes  with  the  fine  sought^ 
and  with  the  normal,  and  putting  a  for  the  angle  inter- 
cepted  between  these  two  last  Knes^  we  have 

tS  wm  Q Oh 

and 

tan.© — tan.  a 

tan.  4r  ■>  r 3^ : 

1  -f  tan.  0  tan.  a 

a  result  that  may  be  written,  art.  286,  under  the  form 

289.   Let  the  curve,  for  example,  be  the  common 
parabola ;  and  let  it  be  required  to  determine  the  posi- 

3  Y 
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Chap.  II.    Relatioiui  tint  east  between  the  linea  or  the  miftoas  of  one  wjb" 

teniy  and  thoae  of  another. 

Art.  289.    Examples. 

tion  of  a  line  which  shall  have  the  same  inclination  to  the 
curve «  as  the  radius  vector  drawn  from  the  focus. 

The  equation  of  the  curve^  expressed  in  terms  of  the 
radius  vector  in  question,  is,  art.  241, 

1  +  COS.  ^ 

and  inverting  and  differentiating, 

-~  —  ^   — X-  sin.  o« 


or, 


tan.  e  =  _5Bll_  =t8n.i^, 

1  +  COS.  ^ 


or, 


d  -  4  ^. 
But  ia  the  case  before  us,  the  angle  —  6  is  that  inter- 
cepted between  the  line  sought  and  the  normal ;  whence, 
substituting  in  the  expression  for  tan.  «-,  —  Bin  place  of 
Of  the  expression  becomes 

tan.  ^  -  /  ^"- ^..  ,tan.afl, 
1  -f  tan.  V 

and  replacing  9  by  the  value  above  obtained^  there  re- 
sults, 

tan.  «.  =  tan.  p, 
or, 

and  the  line  sought  is  parallel  to  the  axis  of  the  eurve. 
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Sect  II.    Of  tangents  and  of  normal  planes  to  lines  situated  in  space. 
Art.  290.    Equations  of  the  tangents  of  lines  given  in  space. 


SECTION  II. 


OF  TANGENTS  AND  OF  NORMAL  PLANES  TO  Lll^fiS  SITU- 
ATED IN  SPACE. 

Equations  of  the  tangents  of  lines  given  in  space — 
examples--^  normal  planes. 

290.  The  method  used  to  determine  the  tangents  of 
lines  situated  in  a  given  plane,  will  extend  to  the  general 
case  of  the  problem^  and  enable  us  to  determine  the  tan* 
gents  of  every  species  of  line^  whether  of  single  or  of 
double  curvature^  and  without  regard  to  the  parts  of 
space  in  which  they  may  be  situated* 

The  truth  of  this  assertion  will  become  apparent^  by 
referring  to  the  process  used  in  art.  278^  and  adapting 
it  to  the  problem  now  under  consideration. 

Thus^  supponng  the  curve  to  be  represented  by  the 
equations 

;»'  =  Fa?' 
and  taking 


68S  rAST  IF.    inoeTfiBaf m AT£  AsrAi.Tsi«. 

torn,  and  thoM  of  anoU&er. 
Art  390.    Equations  of  the  tangenti  of  linei  given  in  ■pace. 

Z    mm  cue     +  b, 

y  —  (fx  +  6', 
to  be  the  equations  of  the  straight  line  sought^  we  shall 
have,  as  in  art.  278, 

/  dx  (&*     1-2 

where  A  is  an  arbitrary  increase  assigned  to  or,  and  z/ 
and  jf/  are  the  values  of  z\  and  y  correspondii^  to  tfie 
abscissa  (^r'  +  A). 

Denoting,  in  like  manner,  by  z^  and  y^  the  valaes  of 
z  and  y  that  correspond  to  ^  +  A^  we  have, 

dz      w 
Whenee^^ince  z  ss  z^^  and  y  «*  y'^ 

•od  reawaiog  m  in  art.  278,  the  difference  between  the 
ordinates  of  the  line  «nd  the  curve  will  be  the  least  pon- 
ible^  when  the  terms  cootatning  the  fint  power  of  h 
^sappear ;  or  when  we  have  the  equations 


(to'         dx        ' 


'rf 
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8«6t  U.    Of  IsBfiPti  and  of  nomiil  pkuMf  to  lines  ntaatod  m  space. 
Art.  290.    Equatknu  of  the  taaj^nts  of  linea  ^ven  ia  space. 

Now  the  condiUoQ  that  requires  the  straight  line  to 
pass  through  the  point  ^signed,  by  the  co-ordinates  x^^ 
tf  and  s^y  reduces  the  equations  of  the  lyie^  art  278,  to 
the  form   , 

z  —  z'  «3  a  (x  —  t!) 
y  — y'  =  a'(ar— aj'); 

where;  differentiating^ 

«      ^^ 
ax 

ax 

And  substituting  these  values^  and  having  regard  to  the 
equations  a,  there  arises^ 


•f  —  ••'  -  ^  (x  —  JC') 


^ 


for  the  equations  of  the  tangent  sought. 

The  principle  used  in  this  investigation  is  the  same 
as  that  employed  for  plane  curves :  the  straight  line  and 
the  curve  are  assumed  to  have  a  point  in  common^  and 
their  departure  at  any  distance  from  thb  point  is  esti- 
mated by  the  difference  between  the  co-ordinates^  and 
which  difference  is  finally  made  the  least  possible.  It 
will  be  observed;  however^  that  in  estimating  the  de- 
parture,  we  have  measured  it  in  the  directions  of  three 
known  axes;  Xy  y  and  Zy  without  inquiring  whether  the 
minima  departures^  in  these  directions^  insure  the  least 
departure  in  every  other;  but;  that  such  is  the  fact, 
may  be  shown  by  the  fbrmultt  for  transforming  co-ordi- 
nates, art.  101,  where;  it  will  immediately  be  seen,  that 
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Chap.  11.    Relalions  that  exist  between  the  lines  or  the  em&cea  of  one  sys- 
tem, end  those  of  another. 

Art  291.    Examples. 

when  the  difference  of  the  ordinates  of  the  Kne  and  curve 
is  of  the  order  h%  for  each  of  the  axes  x,  y  and  z^  it  will 
be  of  the  same  order  for  every  other  ordinate :  and  the 
agreement  between  the  line  and  curve^  will -thus  be  the 
nearest  possible. 

291.  Let  the  given  curve,  for  example^  be  the  helix^ 
art.  255. 
The  equations  are 

7f  =zm  cos.     '  — 

r 


:»'  =  m  sin.  "■  ^^ 

r 


whence 


and  the  equiettions  /S,  of  the  tangent,  become 

The  tangent  of  the  inclination  of  the  curve  to  the  plane 
of  the  oey^s  is  evidently  expressed  by  the  equation 


tan.t«v^/^_Jz-! ^ 


and  substituting  in  this  expression  the  values  of  —^ 

dx' 

and    —-.  we  obtain 

dy 

tan.  9  ss  — 
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Sect  II.    Of  tangents  and  of  normal  planes  to  lines  sitaated  in  space. 

Art.  292.  Of  normal  planes. 

whence  it  appears  that  the  inclination  of  the  curve  to 
the  plane  of  the  xj/s  is  constant. 

292.  The  normal  of  a  curve  given  in  space  may  also 
be  investigated  upon  the  same  principles  as  the  normal 
of  a  curve  restricted  to  lie  in  a  plane,  but  the  result 
indicates  that  an  infinity  of  normals  can  be  drawn  to  a 
ctirve  through  any  point  of  the  latter.  The  problem^  in 
fact^  is  the  same  as  that  discussed  in  art.  218 ;  and  if  in 
the  equation  ^ 

mm!  +  nn'  +  1  ar  0 
there  deduced^  we  substitute  for  m  and  n  their  values, 

^^  and  -^ ,  obtained  from  the  equation  to  the  tangent, 
uz         oz 

the  result  will  be  the  only  condition  whereby  m'  and  n' 
are  restricted ;  and  as  there  will  then  be  two  indetermi- 
nate quantities  m'  and  n\  and  but  one  equation  to  be  ful- 
filled, we  conclude,  as  in  the  article  alluded  to^  that 
innumerable  values  of  these  co-efficients  will  satisfy  the 
given  conditions ;  or^  as  is  also  concluded  in  the  same 
article^  that  if  a  plane  is  drawn  at  right  angles  to  the 
curve^  the  latter  will  be  a  normal  to  every  straight  line 
that  lies  in  the  plane. 

The  methods  of  determining  the  asymptotes  of  curves 
given  in  space^  and  the  lines  that  form  known  angles  with 
tiiem,  follow  so  readily  from  the  theory  given  in  sect.  1, 
that  it  will  be  unnecessary  to  enter  further  upon  the 
subject. 
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ton,  and  Hmm  of  aaotber. 
Art. 803.    Eqvitioiii>rthetiiigetttplantttoaiiitftoow 


SECTION  m. 


OF  THE  TAirOBMT  PliAMBS  AKD  NOinfAL.8  OF  8ITBFACES. 

Equation  ^fiM  <arlS^  pione  to  a  wrfai»^exam' 
fika^-tquatiane^cil^  Wrmal  to  a  wrfaGb—tacamflla 
---ineHnatim  cf  the^  tmgent  phne$  U  dtkar  of  the 
eo-ordinak  filane^j  and, of  the  normal  to  either  of  the 
oxee. 

I 

293.  The  defbitioii  that  has  heen  given  of  the  fine 
that  is  tangentuil  to  a  curve^  is  equally  applicable  to  a 
surfiice  and  a  plane.  The  tai^ent  planes  of  the  sphere 
have  already  occupied  our  attention  and  it  now  only 

S mains,  to  generalize  the»  probkm^  and  seek  among  aB 
e  planes  that  meet  a  surface  in  a  given  pmnt^  that 
which  has  the  nearest  coincidence  with  the  surfkce. 

Representing  the  surface  and  the  plane  by  the  equa- 
tions 

and 

z  '^  ax  +  by  +  c 
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Sect  III.    Of  the  tangent  planes  and  nonnals  of  snrfiusea. 
Art  293.    Equation  of  the  tangent  plane  to  a  anrfaee. 

the  value  of  z'  that  corresponds^  theco-or^nates  x^  +h 
and  y' -f  ^  will  be 

and  the  value  of  z  that  corresponds  to  the  same  co-ordi- 
nates is 

whence^  by  subtraction^ 

And  as  the  terms  which  follow  the  two  firsts  contain 
higher  powers  of  h  and  k^  the  values  of  the  latter  may 
be  taken  sufficiently  small  for  these  terms  to  exceed  all 
the  remainder  of  the  series. 

Whence^  limiting  ourselves  to  very  small  values  of  h 
and  kf  it  is  manifest  that  we  shall  make  z/  —  z^  the  leasts 
by  destroying  as  far  as  possible^  these  two  first  terms  of 
the  series. 

Now  the  equation  of  the  plane  contains  thore  arbitrary 
constants,  a,  b  and  c;  one  of  which^  c,  is  determined  by 
the  condition  that  requires  the  plane  to  pass  through  a 
given  point  in  the  surface^  or  to  make  x^oijy^if  and 
z™  z'\  but  substituting  these  values^  the  equation  of  the 
plane  becomes 

z'  zszoocf  +  by*  +  c, 
and  subtracting  this  result  from  the  expres^on 

ztsox  +  by  +  e 
there  arises 

ar  —  z'  -  a  (a?  —  ar')  +  (y  — y') 1, 

3z 
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Chap.  II.    Ralalioiw  that  exist  between  the  lines  or  ths  euftoee  of  one  sfs* 

tenii  and  those  of  another. 
Art.  293.    Eqaation  of  the  tangent  plane  to  a  snr&ce. 

for  the  equation  of  the  plane  that  passes  through  the 
point  required. 

And  as  this  expression  still  contains  two  arbitrary  con- 
stants, the  condition  which  requires  the  first  terms  to 
disappear  from  the  difference  zj  —  0  can  be  fulfiUed. 
In  Ceict,  differentiating  the  equation  of  the  plane^  we  have 

whence^  substituting  for  -f  and  —  their  values  -73  and 

ox  Qfl  axr 

^9  obtained  from  the  condition  in  question^  the  express- 
ion  1  ¥all  become 

'-• '-^t«— ■)  +  ^(y-y) % 

which  representing  a  plane  that  fulfils  all  the  conditions 
required  by  die  definition  of  the  tangent  plane^  is  the 
equation  of  the  latter. 


294.  Let  it  be  required^  for  example,  to 
the  equati^  of  the  plane  that  is  tangential  to  the  common 
cone  at  a  given  point  on  its  surface. 

The  equation  of  the  cone,  when  the  ori^n  is  taken  at 
die  vertex,  and  the  axe  of  the  ^r^s  cmnddes  with  the 
axis^  is,  art.  246, 

ar"  +  y'*  =  a»  «'• ; 
whence 

and  the  equation  2f  of  the  tangent  plane^  becomes 
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fleet.  III.    Of  the  tangent  planes  and  nonnalB  of  sorfiwee. 

Art.  294.    Ezamples. 

Clearing  this  expression  of  fractions,  and  having  regard 
to  the  equation  of  the  surface,  we  obtain 

and  as  this  is  fulfilled  when  x,  y  and  z  are  each  made 
equal  to  zero,  the  tangent  planes  of  all  the  points  iti  the 
surface  pass  through  the  origin;  and  must,  therefore, 
touch  the  surface  in  the  straight  line  determined  by  the 
latter,  and  the  point  of  tangency. 

Taking,  as  a  second  example;  the  ellipsoid,  art.  249, 
we  have  the  equation 


F)'H^'y-(F-)*=" 


r 


whence, 


daf 


and  the  equation  of  the  tangent  plane  hecomes 

.-^— (*:)-.^(,-^-(^y.|(y-y) 


or,  clearing  of  fraetioa$  and  rimplifyingy 


XX'       yj^       zz'   _ , 


^5*  The  equations  of  the  normal  to  a  surfiice,  or  of 
the  line  which  is  perpendicular  to  the  tangent  plane, 
may  be  found  from  art.  232,  where  the  projections  of  the 
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Chap.  II.    Behttona  that  eztat  between  the  lines  or  the  muftces  of  one  ay»- 

tem|  and  those  of  another. 

Art.  295.    Equations  of  the  nonnal  to  a  snrftce. 

perpendicular  are  shown  to  be  at  right  angles  to  the 
traces  of  the  plane* 
Assuming 

ax  +  btf  +  cz  +  d:=0^ 

as  the  equation  of  the  latter^  the  traces  on  the  planes  of 
the  zx  ^s  and  zy  ^s  will  be  represented  by  the  equations 


or. 


z 

c 

e 

z 

-?- 

— > 

e 

z 

=s  —  X' 

dx 

-tt 

z 

dz 

-d. 

But  from  art.  219^  the  equations  of  lines  perpendicular 
to  these  may  be  derived  from  them^  by  inverting  the  co- 
efficients of  X  and  y  and  changing  their  signs ;  and  since 

in  the  case  before  us  we  have  ---  =  ._.  and  -7-  b  —.., 

dx     dxl         ay      djf- 

the  equations  of  the  normal,  or  of  a  line  perpendicular  to 
the  tangent  plane^  and  passing  through  the  point  of  con- 
tact, will  be, 

0?— a?'--— ^  (z  —  z') 

dx'    ^        ^ 


296.  Let  us  take,  to  illustrate  this  subject^  the  same 
examples  that  were  used  in  art.  294. 
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Sect  in.    Of  the  tangent  planes  and  normale  of  iorfiusee. 

Art  296.    Examples. 

From  the  first  we  have. 

and  substituting  in  the  equations  of  the  normal^  ^nd  sim- 
plifying, they  become, 

ofz  +  a^xz'  =  «'«'  +  aVflf', 
jfx  +  a^yx^  —  !f'^  +  ayz'. 

If  we  assume^  in  the  first  of  these  equations,  that  x  is 
zero^  and  substitute  the  result  so  obtained  in  the  second^ 
it  will  be  found  that  y  is  also  zero ;  whence,  the  normal 
to  any  point  of  the  surface  passes  through  the  axis. 

297.  The  inclinations  of  the  tangent  plane  to  the  seve- 
ral co-ordinate  planes^  and  of  the  normal  to  the  several 
axes— elements  of  frequent  use  in  analyas^  may  be  rea- 
dily obtained  fix>m  what  has  gone  before. 

These  elements,  we  may  remark,  are  not  distinct; 
since  the  angle  formed  between  the  tangent  plane  and 
either  of  the  co-ordinate  planes,  is  measured  by  the  iu'- 
clination  of  their  perpendiculars  $  or^  in  other  words,  by 
the  inclination  of  the  normal  to  one  of  the  axes.  Now, 
to  determine  the  latter^  denote  the  normal  by  n^  and 
put  the  equation^  art  214^ 

cos.  nsi^  +  COS.  ny*  -f-  cos.  nz*  s  1, 

under  the  form 

/cos^N-        /COB,  ny  y  ^,  i^/_i_Y  _  .  4. 
Vcos.  nzJ         \cos.  nz )  Vcos.  nzj 

Differentiating  the  equations  of  art.  232^  and  recol- 
lecting that  n,  in  the  case  before  us,  takes  the  place  of 
oi  in  the  article  alluded  to^  we  have, 
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Chap.  IL    RelatioiM  that  exist  between  the  lines  or  the  snrfteeB  of  one  sja- 

tem/and  those  of  another. 

Art  S97.    Inclination  of  the  tangent  planes  to  either  of  the  co-ordinate  planes, 

and  of  the  normal  to  either  of  the  axes. 


COS.  nor 


1      COS.  ny         1  f. 

COS.  nz        az    cos.  nz        dz 

dx  ^ 

and^  from  the  relation  of  the  surface  to  the  normal 

1             dz'      I             dz'  r., 

dz'^'^^'  3^."""3P ^' 

dx  '   dy 

whence,  substituting  these  values  in  the  equatiou  4^ 
there  arises, 

whence  we  finally  obtain 


COS.  912?  = 


dz!\*     /dz'\* 


V( 


for  the  cosine  of  the  angle  included  between  the  normal 
and  the  axe  of  the  2?s^  an  angle  we  have  Yemarked  that  is 
equal  to  the  inclination  of  the  tangent  plane  to  the  plane 
of  the  xy  's. 

The  angles  formed  between  the  normal  and  the  re- 
maining axes,  andy  consequently^  between  the  tangent 
plane  and  the  remaining  co-ordinate  planes^  may  be  ob- 
tained from  combining  the  preceding  value  of  cos.  nz 
with  the  equatbns  5  and  6^  and  are^ 


cos«  fiy  s 


V( 
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and  of  the  normal  to  either  of  the  avM. 

—  ^ 


COS.  nx  =; 


vQ^cy^ 


Taking  as  an  example^  the  cone  of  art.  294,  we  have 


a 

cos*    Im>    S5    r«T9BaB 


Vl+o* 


which^  since  a  is  the  tangent  of  the  half  angle^  e,  at  the 
vertex,  becomes 

COS.  nz  =s  rin.  e^ 

and  shows  that  the  system  of  planes  in  the  second  example 
of  art.  276,  are  the  tangent  planes  of  a  cone. 
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SECTION  IV. 


OF  THE  SINGULAR  POINTS  OF  CURVES, 


Definition  and  subdivision — of  multiple  points — eri- 
terion  by  which  it  is  discovered  whether  a  given  portion 
of  a  curve  is  concave  or  convex-^-^points  of  inflexion — 
conjugate  points^serpentine  points — examples. 

298.  In  the  theory  of  tangents  and  normal^  which  the 
differential  calculus  has  enabled  us  to  develope,  we  have 
evidently  gained  an  instrument  of  much  use  in  discusnng 
the  forms  of  curves,  but  the  powers  of  the  same  agent 
may  be  employed  in  carrying  the  investigation  of  the 
latter  further^  and  will  then  enable  us  to  determine  their 
singulis  points^  or  those  points  in  any  given  curve  that 
have  a  character  sufficiently  peculiar  to  distinguish  them 
apart  from  the  portions  of  the  curve  immediately  adjacent. 

The  points  to  which  we  have  made  alludon^  are  usually 
classed  under  the  several  heads  of:  Multiple  points— 
points  of  inflexion— points  of  rtflexion—eonjugate 
points  and  serpentine  points. 
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Saet  ly.    Of  the  singtilar  pointa  of  cuitm. 
Art.  299.    Of  multiple  points. 

299.  Multiple  points  are  merely  the  intersections  of 
two  or  more  branches  of  a  curve,  and  will  be  found 
either  by  taking  the  equations  of  the  branches  simultane- 
ously, or  by  means  of  the  expressions  for  the  tangents. 

Assuming^  for  example, 

x^  —  a  "ar*  +  y*  =  0 

as  the  equation  of  a  plane  eurve^  we  have,  by  Solving  it 
with  regard  toy, 


and 


as  the  equations  of  the  branches. 

And  regarding  these  as  simultaneous^  we  deduce    , 

I 

ar  =  0,  and  a?  =  +  a 

as  v&lues  that  satisfy  them  both^  and  which  roust  there- 
fore belong  to  points  common  to  both  branches.  This 
fact,  however,  is  not  sufficient  of  itself  to  establish  the 
existence  of  a  multiple  point,  for  as  the  branches  of  a 
closed  curve  unite  themselves  into  one  and  the  same  line, 
the  points  found  maybe  those  where  the  branches  so  unite^ 
and  on  discussing  the  curve^  fig.  Fig.  26i. 

261  y  we  find  with  regard  to  two 
of  the  values;  that  such  is  actually 
the  case;  the  values  a?  s  +  a  and 
J?  =  —  a  indicating  merely  the 
points  at  B  and  B'^  where  branches  of  tiie  ci^rve  unite. 
The  third  value;  ^  b  0;  belongs  to  the  point  A ;  and 
as  this  is  really  aa  intersectian  of  two  branches^  we 
•ee  that  flome  criterion  is  necessary  <o  distinguish;  among 
the  values  obtained  from  the  preceding  process;  those 
4  a 
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teiDf  end  those  of  another. 

Art.  230.    Of  multiple  points. 

indicating  multiple  points,  from  the  values  that  merely 
a»ign  the  place  where  a  branch  returns  into  itself.  The 
mere  algebraic  discussion  of  the  equation  of  the  curve, 
when  the  latter  has  been  solved,  is  fully  equivalent  to 
this  purpose ;  and  is  indeed  the  most  convenient  method 
that  can  be  used :  but  as  it  is  not  always  possible  to  re- 
solve the  equations  of  curves^  mathematicians  have  had 
recourse  to  another  method ;  and  have  both  determined 
the  position  of  A,  and  distinguished  it  from  such  points 
as  B  and  B',  by  the  property  that  the  curve  at  the  point 
A  possesses  more  than  one  tangent. 

Proceeding  on  this  method  of  inquiry,  we  observe, 
that  since  the  several  tangents  at  the  common  point  will 
merely  be  distinguished  by  their  directions,  the  fact  of 
the  point  being  single  or  multiple,  will  depend  upon  the 

number  of  values  which  the  expression  -^^  is  found  to 

possess. 

Now  the  equations  of  the  curve  containing  only  two 
variables^  its  differential  can  be  put  under  the  form 

Mdx  +  Nrfy  »  O ; 

whence 

dy       M  . 

di  "■       K'' 

and  denoting  either  side  by  a,  we  have 

M  +  Na-0. 

But  the  quantities  M  and  N,  when  the  equation  of  the 
curve  has  been  cleared  of  functions  having  more  than  one 
value,  will  have,  for  given  values  of  ^  and  y,  but  one  value 
each ;  and  as  we  suppose  a  to  have  more  than  one  value, 
it  follows  that  M  is  either  equal  to  the  same  multiple, 
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of  two  different  numbers^  which  is  impossible,  or  that 
M.OandNaaiO. 

But,  again,  since  a  has,  at  least,  two  distinct  values, 
it  is  not  the  factor  which  causes  Na  to  vanish,  and  we 
have,  Anally,  . 

M  «  0,  N  =  0. 

Slaving  arrived  at  these  equations,  the  process  to  be 
used  is  immediately  obvious.  For  since  at  a  multiple 
point,  the  equations,  on  the  hypothesis  assumed,  are  ne- 
cessarily true  ;  we  have  merely  to  regard  them  as  such, 
and  as  existing  simultaneously  with  the  equation  of  the 
curve,  in  order  to  determine  the  co-ordinates  of  those 
points  where  multiple  branches  men/  exist.  It  does  not 
follow,  however,  since  the  process  is  founded  on  a  con- 
verse proposition,  that  multiple  points  (h  really  exist 
there ;  but  if  such  points  are  not  found  in  the  places  so 
determined,  we  may  then  be  assured  that  the  curve  is 
without  them. 

300.  A  more  general  principle,  that  embraces  every 
species  of  singular  points,  may  be  obtained  by  extending 
the  theory  of  tangents;  a  theory,  it  will  be  observed, 
that  has  with  the  subject  in  hand  obvious  connections,' 
since  these  lines  being  directions  to  which  the  curve 
approaches,  the  form  of  the  curve,  at  the  point  of  con- 
tact^ must  depend  upon  the  degree  of  departure  from  the 
tangent. 

The  departure  in  question  is  expressed,  art  278,  by 
the  equation 

and  the  species  %t  the  point  sought  will,  therefore,  de- 
pend upon  the  nature  of  the  terms  which  this  series 
contains. 
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Chap.  II.    ReUtioiui  thai  exiat  between  the  llnea  or  the  awftces  of  one  ays- 
tern,  and  thoae  of  another.  • 

Art  30]«    Criterion  by  which  it  ia  aaoertained  whether  a  giyen  portion  of  a 

canre  \b  ooncave  or  eonrez. 

301.  With  respect  to  this  last  we  may  remark,  that; 
supposing  none  of  the  co-efficients  to  be  imaginary,  illu- 
sory or  infinite ;  and  having  ascertained  which  of  the  terms 
is  the  first  that  does  not  vanish,  A  may  always  be  taken  suffi- 
ciently small  to  render  this  first  term  greater  than  the 
sum  of  all  those  which  remain ;  a  result  that  renders  the 
series  better  adapted  to  the  inquiry  in  hand. 

The  object  of  the  latter,  we  recollect,  is  to  discover 
the  form  of  the  curve  at  the  point  bf  contact ;  and  as 
some  of  the  chief  peculiarities  in  this  form  depend  upon 
the  side  on  which  the  curve  is  concave  or  convex,  it  will 
be  useful  to  obtain  a  criterion  whereby  the  direction  of 
the  concavity  can  be  known. 

This  criterion  is  immediately  afforded  by  the  series  a ; 
for  since  every  curve  presents  its  convex  side  to  the  tan- 
gent, we'  have  merely  to  determine  the  side  tb  which  the 
curve  turns ;  or,  in  other  words,  to  determine  whether 
y,  —  y  is  positive  or  negative,  in  order  to  obtain  the 
object  sought. 

Now  the  sign  oft/,  —  y,  by  what  has  been  said,  is  de- 
termined by  the  sign  of  the  first  term  which  remains  in  lYie 
series  a. 

If  this  term  is  multiplied  into  an  even  power  of  A,  the 
difference,  y,  —  y,  fig.  262,  will  have  the  same  sign 
on  either  side  of  the  point  of  tangency,         ^*«-  ^^ 
and  will  be  convex  to  the  axe  of  the  x\  or 
concave  to  it,  according  as  the  first  term 
in  question  is  plus  or  minus. 

302.  Should  the  first  term  that  remains 
be  multiplied  into  an  odd  power  of  A,  the 
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Fig.  263. 


Soot.  IV.    Of  tho  nngolor  poi&to  of  cunrofl. 
Art.  302.    Of  points  of  inflexion. 

difference  y^  —  y  will  change  its  sign  on 
opposite  sides  of  the  point  of  contact,  and 
the  curve  on  one  side  will  turn  its  conca- 
vity to  the  axe  of  the  x  's,  and  on  the 
other  it  will  turn  its  convexity. 

The  point  of  contact  is  said,  in  this 
case^  to.be  a  point  of  inflexion.  And  to 
discover  whether  such  points  exist  in  a  curve^  we  should 
commence  by  regarding  the  equation  of  the  latter  as 
existing  simultaneously  with  the  equation 

the  values  of  x  and  y,  found  from  these  equations,  are 
then  to  be  substituted  in  the  higher  differential  co-effi- 
cients ;  and  if  the  order  of  the  first  co-efficient  that  does 
not  vanish,  is  odd,  and  the  remaining  co-efficients  are 
neither  imaginary,  nor  infinite,  nor  illusory,  we  may 
regard  the  point  corresponding  to  the  co-ordinates  so 
found,  as  a  point  of  reflection. 

303.  When,  for  given  co-ordinates,  any  of  the  terms 
in  the  series  a  become  imaginary,  not  only  the  differ* 
ence  y,  —  y,  but  the  value  of  y,  itself  becomes  imaginary } 
and  either  the  curve  must  terminate  at  this  point,  or 
turn  back  towards  its  former  direction. 

Fi^.264. 


O/ 


K 


< 


The  first  of  these  cases,  if  not  altogether  impossible,  is 
at  least  so  with  regard  to  curves  represented  by  any  of 
the  expressions  of  analysis  that  we  have  yet  seen ;  for  as 


• 
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tern,  and  those  of  another. 

Art.  303.    Pointd  of  reflexion. 

in  all  such  expressions  imaginary  quantities  enter  by 
pairs^  it  will  follow  that  either  none^  or  tioo  values  of  y 
become  imaginary  for  the  same  values  of  x ;  or,  in  other 
words^  two  branches  of  the  curve  must  meet  and  termv 
oate  at  the  same  point. 

The  several  cases  of  this  kind  that  can  happen,  are 
shown  at  a,  b  and  c^  fig.  264 

The  two  first  are  called  points  of  reflexion  of  the  first 
and  second  species  ;  the  third  is  not  regarded  as  a  singu- 
lar point,  since  it  varies  with  the  directions  which  the 
axes  of  the  co-ordinates  are  made  to  assume. 

A  point  of  reflexion  of  the  first  species  is  distinguished 
from  one  of  the  second  by  the  directions  in  which  the 
branches  turn  their  concavities ;  and  the  same  character 
enables  us  to  distinguish  these  points  from  the  case  re- 
presented at  c.  The  branches  in  the  case  first  alluded 
to,  have  their  convexities  opposed  to  each  other ;  and 
hence,  in  the  immediate  neighbourhood  of  this  point,  the 

value    -T^  will  have  opposite  signs  in  the  two  branches^ 

the  sign  for  the  superior  branch  being  positive,  and  for 
the  inferior  branch  negative.  The  former  condition 
applies  also  to  the  cas^  at  c ;  which  is  distinguished  from 
a  point  of  reflexion,  by  the  positive  value  of  the  co-effi- 
cient belonging  to  the  inferior  branch. 

The  character  of  the  second  species  of  points  of  re- 
flexion is  that  of  turning  the  concavities  of  either  branch 
towards  the  same  direction,  or  of  giving  in  each  branch 

the  same  signs  to  the  differential  co-efficient  —^  ;  and 

da?* 

as  this  character  is  not  observed  in  the  case  delineated 

at  c,  either  sign  may  belong  to  the  superior  branch. 
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Sect.  IV.    Of  Uie  angular  points  of  enrret. 
Art.  304.    Conjugate  points. 

304.  The  complete  analysis  of  points  of  reflexion  re- 
quires that  we  should  resolve  the  equation  of  the  curve^ 
in  order  to  determine  the  separate  equations  of  the 
branches ;  and  as  this  resolution'may  be  effected  by  means 
of  infinite  series^  and^  when  accomplished^  will  lead  imme* 
diately  to  a  knowledge  of  the  points  of  reflexion ;  the 
assistance  of  the  differential  calculus  is  only  required  to 
determine  in  what  directions  the  convexities  of  the 
i)ranches  are  turned. 

A  similar  remark  applies  to  conjugate  points ;  which 
may^  therctfore^  be  determined  without  employing  the 
series  a,  but  which  have  with  it  relations  of  the  same  kind 
as  the  preceding. 

Conjugate  points  are  points  detached  from  a  curve, 
and  that  stand  isolated  from  every  other  point  belonging 
to  the  latter. 

They  are  best  illustrated  by  means  of  the  theory  of 
parameters. 

Thus  assuming^  as  an  example^  the  system  represented 
by  the  equation 

where  x'  and  xf'  are  parameters  measured  oh  the  axe  of 
the  x?Sf  but  corresponding  to  different  branches  of  the 
curve ;  we  have,  by  solving  the  equation^ 

y  =  ±x/  \x.{x  —  x').{x  —  a/')}; 

where^  excluding  the  cases  in  which  the  parameters  are 
either  zero  or  negative^  y  vanishes  with  x,  and  remains 
posidve  and  real  as  long  as  x  is  positive  and  less  than 
either  of  the  parameters.  Assuming  the  latter  to  be 
arranged  in  the  order  of  their  magnitude,  and  sup- 
posing X  to  continue  increasing,  y  again  becomes  zero 
when  X  has  either  of  the  values  x  =s  x',  or  x  =  a/': 
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tenii  and  thoae  of  another. 
Art.  304.    Conjugate  pointa. 

between  these  values  y  is  imaginary ;  and  beyond  the 
last  it  continues  real,  and  increasing  with  Xj  to  infinity. 

From  the  analysis  which  has  been  here  given,  the  form 
of  any  of  the  curves  of  the  system,  Fig.  ass. 

contained  within  the  limits  assigned 
to  the  parameters,   will  be  such  as  ^kllX- 
that  delineated  in  fig.  265,   where 
the  points  A,  B  and  C  correspond  to 
the  values  xsso^  x=^  of  and  x  "-  oc^'. 

Now,  observing  that  AB^af^  and  supposing  the 
smallest  of  the  two  parameters  to  decrease  to  zero,  the 
oval  AB  will  in  like  manner  decrease,  until,  when  ^=0, 
it  becomes  merely  a  detached  point.  A,  which  is  then 
called  a  conjugate  point  of  the  curve. 

The  method  of  investigating  points  of  this  kind  when 
the  equation  of  the  curve  has  been  solved,  will  be  apparent 
from  what  is  here  said,  since  it  is  merely  necessary  to 
examine  whether  such  values  can  be  found  for  or  andy, 
that  if  X  were  made  either  to  increase  or  decrease  by  a 
small  indeterminate  quantity  A,  the  values  ofy  would  be 
imaginary. 

The  series  a  will  contain,  in  this  case,  imaginary 
quantities  that  do  not  destroy  each  other  when  A  is  either 
positive  or  negative. 

But  as  that  fact  cannot  be  ascertained  without  solving 
the  equation,  geometricians  have  had  recourse  to  the 
property,  that  conjugate  points,  as  well  as  points  of  in- 

flexion^  cause  the  term  JL  to  become  ~. 

dx  0 

This  property  may  be  demonstrated  by  the  process 

used  in  relation  to  points  of  inflexion ;  since,  arranging,  as 

before,  the  differential  equation  of  the  curve  under  the  form 

M$  +  N  =  0 1 

ax 
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And  continoing  to  differentiate  until  we  come  to  that 
differential  co-efficient  ^^  which  is  the  first  to  con- 
tain imaginary 'quantities,  w«  have 

Mg  +  P  =  0, 

where  P,  containing  only  differentials  of  an  order  lower 
than  n^  does  not  become  imaginary  with  the  assumed 
values  of  x  and  y. 

But  as,  substituting  these  values  in  the  equation  2,  they 
cause  the  first  term  to  become  imaginary  whilst  the  second 
remains  real ;  the  equation  will  reduce  itself  to  the  two^ 
M  -■  0,  and  P  —  0 ;  the  first  of  which,  combined  with 
the  equation  1^  gives 

M-0,    N-O. 

And  agreeing,  in  this  respect^  with  the  results  deduced 
for  points  of  inflexion^  supposes  an  analysis  that  only 
differs  from  the  latter,  when  we  come  to  determine  to 
which  of  the  cases  the  point  discovered  is  to  be  assigned. 

The  process  whereby  the  latter  is  effected,' consists  of 
an  algebraic  discussion  of  the  values  of  y  at  points  imme-r 
diately  adjacent  to  that  in  question ;  but  as  this  cannot  be 
accomplished  in  a  general  manner  without  the  equation 
is  solved  by  a  series^  it  is  to  this  we  are  obliged^  in  all 
cases  of  difficulty^  to  have  recourse. 

Prior  to  leaving  the  subject  of  conjugate  points^  it 
may  not  bci  amiss  to  notice  the  fact  indicated  in  that 

instance  by  the  ambiguous  sign  -9  assumed  by  the  direc- 
tion of  the  tangent.  The  ambiguity  in  the  case  of  multiple 
points  referred^  we  said^  to  the  existence  of  several  tan- 

4  B 
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gents^  and  to  the  quantity  ^  having,  in  consequence, 

several  values. 

But  in  the  instance  before  us,  the  ambiguity  is  some- 
what different,  the  symbol  —signifying  that  we  may  give 

to  ^  any  values  at  pleasure ;  »  fiu^t^  indeed^  that  might 

have  been  suspected^  since  tfie  oval,  before  mentioned, 
having  gathered  itself  into  a  pointy  its  system  of  tangents, 

which  corresponded  to  all  possible  values  of  ^>  have 

ax 

now  a  common  point  of  tangency. 

305.  What  has  been  said  concerning  conjugate  points, 
will  render  the  nature  of  serpentine  and  other  invisible 
points  more  readily  understood  ;  for  we  have  merely  to 
suppose  such  alterations  made  in  the  parameters  of  a 
curve  possessing  a  conjugate  point,  as  will  cause  some 
other  branch  of  the  curve  to  pass  through  the  latter, 
and  we  immediately  perceive  that  points  of  a  curve 
which  appear  simple^  may  in  fact  be  complex. 

A  curve^  for  example,  that  has  a  waving  or  serpentine 
form,  may  be  so  altered  by  a  change  *'«•  *^ 

in  the  parameters,  that  the  wave  at  A 
shall  diminish  in  size,  still  retmning  ' 
all  the  characters  of  its  inflexion ;  until  at  last  it  becomes 
a  mere  point,  no  longer  to  be  distinguished^  by  the  senses, 
from  other  points  in  the  curve,  but  still  recognized  by  its 
analytical  characters. 

Such  a  point  is  said  to  be  serpentine^  and  bdongs  to 
one  of  the  classes  of  invisible  points. 
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Sect  IV i    Of  the  tin|akf  points  of  ourres. 
Art  305.    Serpentine  pointe.    Art  906.    Ezaotples. 

Of  the  nature  of  these  last^  our  limits  will  not  permit 
us  to  speak  further ;  and  we  can  therefore  only  briefly 
notice^  that  as  serpentine  points  are  merely  cases  of  points 
of  inflexion^  they  require  the  order  of  the  first  differ- 
ential co-efficient  that  does  not  vanish,  to  be  odd ;  the 
number  of  co-efficients  which  vanish  sufficing  to  show 
whether  the  point  is  of  simple  or  terpentine  inflexiorf. 

We  shall  terminate  this  subject  with  some  examples 
taken  from  Lacroix. 

306.  1.  Let y*  jf  +  a^  X T- a^ op  =s  Ohe  the  equation 
of  the  curve. 

If  :p  =  *— '  >  y  ^11  equal  +  — =r9  and  there  are  points 

of  inflexion  corresponding  with  each  of  these  values. 
2.  Let  the  equation  be  ay*  —  ar^  —  ba^  ss  0. 

At  the  origin  of  the  coordinates^  =z  +  jJz.^  and  as 

dx     —  ^  a^ 

as  this  indicates  two  tangents^  there  must  be  a  node  or 
double  paint  « 

When  b  =sOy  the  curve  becomes  the  semicubical  para- 
bola ;  and  in  this  case,  the  two  tangents  coincide  with 
each  other;  and  the  node  is  changed  into  a  point  of  re- 
flexion of  the  flrst  kind  •     But  if  6  be  negative,  the  values 

of  ^  become  imaginary,  and  this  point  is  an  insulated  or 
dx 

conjugate  point. 
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Ch^.  IL    Rektioiis  thai  exist  betwesn  the  lines  or  the  soxftoee  «f  ooa  lyfl- 

tem,  and  those  of  another. 
Art  907.    Corret  tangential  to  a  ajaiem* 


SECTION  V, 


OP  CURVES    TANGENTIAL   AND    NORMAL   TO    SYSTEMS, 
AND  OF  THE  SINGULAR  POINTS  OF  SYSTEMS. 


Curves  tangential  to  a  system  of  curves — curves  nor- 
mat  to  a  system  of  curves — singular  paints  of  a  system 
of  curves — suffaces  tangential  to  a  system  of  surf  aces-- 
envelope  of  a  system  of  surfaces — surfaces  normal  to  a 
system — singular  points  and  lines  ofa^system. 


307.  The  principles  of  reasoning  that  led  us  in  articles 
277  and  278  to  determine  a  system  of  straight  lines  tan- 
gential to  a  given  curve,  would  have  sufllced  where  the. 
touching  lines  were  themselves  curves;  and  thus^  re  vers* 
ing  the  problem,  we  may  either  seek  a  system  of  curves 
that  shall  touch  a  given  curve^  or  the  curve  that  shall 
touch  a  given  system. 

The  analytical  conditions  when  the  osculating  lines  are 
both  curved,  is  still  the  same  as  in  art.  278 — ^the  lines 
will  have  the  same  tangent  at  the  point  where  they 
meet,  and  will  therefore  require  the  first  differential 
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Sect.  V.    Of  curret  tangential  and  normal  to  aystenui,  and  pf  the  singular 

points  of  systems. 

Art  307.    Gnryes  tangential  to  a  system. 

co-e£BicieTits  to  be  equal*  But  although  the  same  analy- 
tical condition  is  common  to  both  problems,  they  cannot 
be  solved  by  following  analogous  routes ;  since  in  the  lat- 
ter problem^  the  species  of  the  curve  sought  is  not 
g^ven  ;  a  restriction  that  was  observed  in, regard  to  the 
former.  •  • 

Assuming,  on  this  account^  the  curve  sought  to  be  re- 
presented by  the  general  equation 

^  (a?,  y)  =  0, 
and  the  system  of  given  curves  by  the  known  equation 

F  (ar',  y,  J&)  =  0 ; 
we  must  seek  from  these  equations  to  fulfil  the  conditioh 

dx       dx 
Now  differentiating  the  ^ven  equation;  and  elimi- 
nating, by  means  of  the  primitive^  p  from  the  result ; 
we  observe^  that  the  equation  so  deduced,  and  which 
we  will  denote  by  a,  must  exist  simultaneously  with  the  . 
result  obtained  by  differentiating  the  equation 

*(a?,y)-0, 

since  the  values,  of  xl  y*  and  Mjl  that  satisfy  one^  are^ 
at  the  points  of  contact^  the  same  with  the  values  of 

X,  V  and  ^  that  satisfy  the  other. 
dx  • 

This  analysis  immediately  reduces  the  inquiry  to  a 
problem  of  the  differential  calculus ;  since^  as  we  have 
formed  a  differential  equation,  Oj  of  the  curve  sought^ 
the  integral  of  that  equation  must  be  the  curve  itself. 

This  integral,  however,  was  limited  not  to  contain  pj 
since  otherwise  the  touching  curve  would  vary  with  the 
curve  that  was  touched ;  and  hence  it  must  be  either 
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Cl]«p»  II.    Rolf  tioDB  that  eziBt  between  the  linei  or  the  siirfteee  of  one  q^ 

tern,  and  thoae  of  another. 
Art  307.    Caryes  tangential  to  a  ajatem. 

one  of  the  integrals  obtained  by  substituting  particubr 
values  of  p  in  the  equation 

or  it  must  be  an  integral  not  contained  in  the  latter. 
Now  the  equation 

is^  itself,  an  integral  of  05  and  eoutaining  an  arbitrary 
constant  p  that  a  does  not  contain,  will,  accordmg  to  the 
known  rules  of  analysis,  include  every  integral  of  the 
equation,  excepting  those  known  as  singular  sabiHans; 
and  which  last,  not  containing  the  parameter  p,  and  not 
beii^  included  in  the  system  expressed  by  the  equation 

represent  curves  such  as  we  require. 

But  although  this  solution  becomes  iihportant  froro  the 
relations  that  it  bears  with  the  integral  calculus,  it  leads 
immediately  to  another,  better  adapted  to  the  purpose 
under  discussion,  and  which  we  shall  now  explain. 

Assuming,  with  that  view,  any  two  consecutive  pomts 
a  and  6,  in  the  curve  sought,  we  may  •        **•  ^^• 
regard  them  as  points  of  tangency 
to  two  consecutive  curves  of  the  sys- 
tem. 

And  as  within  such  distances  from 
the  point  of  contact  as  are  expressed  by  the  small,  but 
variable  quantity  dx,  the  difference  between  the  curve 
and  tangent  involves  no  quantities  of  an  order  lower 
than  d^x ;  we  may  substitute,  whilst  speaking  of  first 
differentials,  the  tangent  in  place  of  the  curve. 

Now  the  tangents  at  a  and  b  will  meet,  when  produced, 
at  some  point  0 ;  and  as  the  difference  between  0  and  a 
point  in  the  curve  is  expressed  by  a  second  differentia), 
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* 

S«ot.  V.    Of  ooryes  tangential  and  normal  to  aystema,  and  of  the  Mttgnhr 

point!  of  systema. 

Alt.  307.    Cnrraa  taagantial  to  a  ayatem. 

we  are^  again,  permitted  to  neglect  siieh  quantities,  and 
to  regard,  whilst  reasoning  oq  first  differentials,  the 
curve  that  passes  through  all  the  points  0|  as  identical 
with  the  curve  that  passes  through  the  several  points  of 
tangency. 

Or,  since  the  points  analogous  to  0  are  formed  bji  the 
intersections  of  consecutive  tangents,  w6  may  determine 
the  curve  which  is  the  object  of  the  present  investiga- 
'  tion,  by  seeking  the  intersections  of  each  pair  of  consecu- 
tive tangents.  The  equation  of  the  curve,  when  so 
determined,  will,  it  is  trae,  involve  the  parameter  p ; 
but  BS  this  last  may  be  eliminated  by  the  assistance  of  tite 
equation  of  the  system^  we  shall,  finally,  arrive  at  an 
equation  of  the  tanjgential  curve,  involving  no  other  va- 
riables but  X  and  y. 

The  method  to  be  pursued  in  determining  the  inter- 
section in  question,  will  be  immediately  apparent ;  dnce 
it  will  be  merely  necessary  to  obtain  the  equations  of  two' 
consecutive  lines  in  the  system,  and  regard  them  as 
existing  simultaneously. 

The  equation  of  any  one  of  the  lines  in  q^^estion  being 
obtained  by  assigning  the  value  of  j>,  in  the  equation  » 

F  {^>!f9p)  —0, 6  . 

that  of  the  consecutive  line  will,  in  like  manner,  be  ob- 
tained by  giving  the  same  value  to  p,  in  the  expression 

F(ar,y,/^  +  d/i)  =  0; e 

whence,  expanding  c,  subtracting  b  from  the  result,  and 
neglecting  the  differentials  of  an  order  higher  than  the 
first,  we  obtain 

^■F(ag,  y,p)      ^  ^ 

dp  ' 
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Clup.  !!•    Be|atioii0  that  exist  between  the  lines  or  the  sorfitees  of  one  sj»> 

tern,  and  those  of  another. 

Art.  307.,  Curves  tangential  to  a  system. 

which^  taken  simultaneously  with 

is  the  equation  of  the  curve  sought. 

Let  there  be  given  as  an  example  illustrating  thia 
theory,  the  system  of  paralbolas  repre-    .      Fig.  ab- 
sented by  the  equation 

where  y^  is  the  value  of  y  correspond- 
ing to  x\ 

Differentiating,  with  r^rd  toy%  we 
#btain,  for,  the  equation  df 

2yV— 1  ^0; 

and  combining  this  with  the  equation  of  the  system,  and 
eliminating  y^,  there,  results 

4rF»y  =  1, 

as  the  equation  of  the  tangential  curve. 
Taking,  as  a  second  example,  the  equation 

y«  +  y«  V  =  y«, 

that  is  shown  in  article  258  to  belong  to  a  system  of  con- 
centric ellijftes,  we  have,  by  differentiating  with  regard 

2  y®«ar*  —  Jf^  =  0, 
an  equation  that  is  equivalent  to  the  two 

y«  =  0 
2  y^ar»  —  1=0 
taken  separately. 
Combining  the  second  with  the  equation 

y*  +  y"*  V  =  y", ' 

we  deduce 

4  «»y*  —  1  =  0 
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Sect.  v.    Of  etures  tangential  and  normal  to  ■ystemsi  and  of  the  nn^rnlar 

points  of  Byitems. 

Art.  307.    Cnrrea  tangential  to  a  Bystem. 

as  the  equation  of  the  curve  tangential  to  the  system ;  and 
as  we  may  first  divide  this  last  result  into  the  two  equa* 
tions 

2:1^  —  1=0 

and 

2a:y  +  1  =  0 

we  discover  the  curve  sought  to  be  formed  of  two  hyper- 
bolasy  having  the  axes  as  their  asymptotes. 

It  will  be  observed  that  we  have  not  yet  employed  the 
solution  y^  =  0^  that  equally  resulted  from  the  preceding 
analyi^s;  this  value  substituted  in  the  equation  of  the 
curve  leads  to 

or  to  the  axe  of  the  a?9 ;  a  Hne  that  is  not  tangential  to 
any  of  the  curves  in  the  system. 

This  apparent  anomaly  will  be  explained  by  referring 
to  the  method  of  analysis  employed,  and  which  merely 

requiring  the  value  of  ^ ,  corresponding  to  given  values 

of  X  and  y,  to  be  the  same  in  the  system  and  the  curve^ 
leads  to  every  solution  that  possesses  this  property. 
Now,  in  the  case  before  us,  the  curves  corresponding  to 
an  indefinitely  small  value  of  y^^  differing  from  lines 
parallel  to  the  axe  of  the  o^s^  by  an  indefinitely  small 

difference^  have  every  where  the  same  value  of  ^. 

dx 

308.  The  lines  normal  to  the  system  will  be  obtained 
by  a  process  similar  to  the  first  of  those  used  in  obtaining 
the  curves  that  were  tangential^  and  which  may  indeed  be 
4c 
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Chftp.  II.    Relittons  that  exist  between  the  lines  or  the  BoifiKes  ef  one  tfn- 

tenii  and  those  of  another. 

Art  308.    Of  lines  normal  to  sjr&iems. 

regarded  as  a  general  method  of  finding  curves  that  shali 
form  any  giveii  angles  with  a  system  of  known  curves. 
Representing,  as  before,  the  system  by  the  equation 

F(a:',y',j&)-0; 

taking  the  differential 

* '  (^.y.  /»)  -  oi 

and  observing  that  in  the  normal  curvet  we  have 

dx 

the  curve  in  question  will  be  found  by  substituting  these 
values  in  the  equation  e,  and,  by  means  of  the  equation 
of  the  system,  eliminadng  the  parameter. 

Assuming,  for  example,  the  system  of  similar  and  con- 
centric ellipses,  expressed  by  the  equation 

we  obtain,  by  differentiation, 

and,  making  the  substitutions  in  question^  there  arises 

which,  not  containing  the  parameter  y^^  is  the  equation 
of  the  system  sought. 
Separating  the  variables  and  integrating,  we  deduce 

for  the  equation  of  the  system  of  normal  curves ;  the 
constant  a  being  in  this  case  the  parameter. 


i 
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8«ct  V.    Of  cmroB  tangential  and  normal  to  ajfltemfl^  and  of  the  aingiilar 

points  of  ayfltems. 

Art  309.    Sinipilar  pointi  of  a  aystem  of  cnrrea. 

309.  Reasons  analogous  to  those  used  in  relation  to 
the  singular  points  of  curves  will  lead  us  to  perceive  that 
S3rstem8  have  also  their  singular  lines  and  points,  and 
Knes  of  singular  pointSy  which  are  determined  by  a 
similar  analysis :  but  as  this  subject  has  not  been  inves- 
tigated^ it  would  be  improper^  in  an  elementary  treatise^ 
to  do  more  than  indicate  the  existence  of  such  rela- 
tions. 

To  illustrate  the  subject,  let  us  assume  the  system  re- 
presented by  the  equation 

y=^p  +  {x^py. 

Taking  tiie  second  differential^  and  equating  it  witii  zero, 
we  have 

whence,  nnce  the  curves  taken  separately  have  each 
a  point  of  inflexion^  a  fact  that  will  appear  from  art. 
302,  these  points  must*^all  fall  in  a  straight  line  passing 
through  the  origin,  and  making  an  angle  of  45^  with  the 
axe  of  the  o^s.  Such  a  line  we  have  termed  a  line  of 
singular  points ^  intending  to  include  in  the  term,  lines 
made  up  of  the  singular  points  found  in  the  individual 
curves  of  the  system. 

A  singular  line  will  differ  from  the  last,  in  being 
itself  a  part  of  the  system  ;  namely^  isome  one  line  be- 
longing to  the  latter,  that  is  distinguished  by  a  character 
not  found  in  the  remainder  to  the  same  extent. 

The  straight  line  AB,  for  example^  that  serves  as  a 
boundary  between  the  lines  in  fig.  j^^   <^ 

269  that  are    concave,  and    those 
i^hich  are  convex^  is  ^^  a  singular^^ 
line"  of  this  system :  and  a  similar  re- 
mark may  be  extended  to  all  lines 
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Chtp*  n.    Relatioiis  that  exist  between  the  lines  or  the  sniftoee^  ene  sye* 

teniy  and  thoee  of  another. 

Art  309.    Singolar  pointa  of  a  ayatem  of  correa. 

thaty  being  parts  of  the  system,  are^  also,  bouDdaries; 
as  to  the  inner  and  outer  boundaries  of  the  system  de- 
lineated in  fig.  254. 

And^  in  the  same  way^  a  singuiar  paint  in  a  system 
is  a  point  in  the  neighbourhood  of  which  the  carves 
approach  a  form  that  is  lost^  or  departed  from  more 
widely  as  we  leave  that  point  An  example  of  this 
kind  may  be  taken  from  the  systems  of  curves  ob- 
served in  the  different  species  of  grained  wood%  where 
the  knots  are  singular  points^  round  which  the  carves 
assume  a  character  not  observed  in  other  parts  of  the 
system. 

The  point  A,  fig.  270,  is  a  sin-  ^-270. 

guhr  point  of  the  system^  expressed 
by  the  equation 

being  a  centre  round  which  the 
^nodes  of  the  system  are  formed. 

310.  The  theory  of  tangential  curves,  that  occupied 
our  attention  in  the  preceding  section,  may  be  used  to 
show  the  existence  of  a  similar  relation  among  surfaces. 
For,  supposing  a  system  of  curves,  such  as  that  in  fig. 
268,  to  revolve  about  one  of  the  axes  as  a  diameter ; 
each^curve  will  generate  a  surface  that  osculates  with 
the  surface  generated  by  the  tangential  line:  and  as 
this  is  true  of  every  curve  in  the  system,  the  revolu- 
tion of  the  whole  will  produce  a  system  of  surfaces, 
each  touched  throughout  the  circumference  of  a  circle 
by  the  tangential  surface  in  question. 

Nor  is  it  necessary,  except  for  the  purpose  of  illastra- 
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Sect  V.    Of  cunres  tangential  and  normal  to  ayatenw,  and  of  the  singiilar 

points  of  systems. 

Art.  310.    Snrfiices  tangential  to  a  system  of  surfaces. 

tion^  to  suppose  the  system  of  surfaces  to  be  thus  formed 
by  revolution ;  the  same  principles  that  were*our  guide 
in  regard  to  curves,  will  equally  apply  to  a  system  of 
surfaces. 

Thus  arguing  as  in  art.  307^  that  when  first  differ- 
entials only  are  used,  the  line  wherein  two  surfaces  in- 
tersect may  be  regarded  as  a  line  in  the  surface  of  tan- 
gency ;  we  shall  investigate  the  latter  by  mingling  the 
equations  of  two  simultaneous  surfaces^  and  finally,  elimi- 
nating the  parameters  from  the  result. 

Let  us  assume  for  example^  the  system  of  ellipsoids 

a:»z«  +  y*2r^  +  z*  =  2r~ 

mentioned  in  article  276. 

Differentiating  with  regard  to  z^^  we  obtain 

x^z""  +  2  y^z''^  —  «® ; 

which  is  equivalent  to  the  two  equations 

and 

af +2y»it~-  1. 

Employing  the  latter  we  derive 

1— _^. 
2y*  ' 

and  substituting  this  value  in  the  equation  of  the  surface^ 
and  simplifying  the  result,  there  arises 

2y  ^=1  +  ^; 
where^  as  the  sections  parallel  to  two  of  the  co-ordinate 
planes^  are  parabolas ;  and  the  sections  parallel  to  the 
third  plane,  hyperbolas ;  the  surface  is  the  hyperbolic 
paraboloid  of  art.  252. 

When  the  system  of  surfaces  contains  two  independent 


2?^  = 
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Chap.  IL    Relations  that  exist  between  the  lines  or  the  mrfaeeB  of  one  tys- 

teniy  and  those  of  another. 

Art  310.    Sorfiuiss  tangential  to  a  system  of  sarfaees. 

parameters^  art  275^  the  results  will  become  more  gene- 
rah  Since  regarding  one  ot  them  to  remain  constant, 
whilst  the  other  varies^  there  will  be  a  distinct  tangen- 
tial  surface  for  every  value  given  to  the  parameter 
which  is  regarded  as  constant :  and  a  similar  result  will 
follow,  if  we  assume  one  of  the  parameters  to  be  a 
function  of  the  other ;  since,  in  this  case^  we  shall  have 
a  distinct  tangential  surface  for  every  form  assigned  to 
the  function  in  question. 

Systems  with  two  independent  parameters  wilf  thus 
have  an  infinity  of  tangendal  surfaces;  but  in  each,  it 
may  be  remarked^  the  curve  of  contact  is  of  the  same 
degree. 

This  fact  is  readily  established ;  for,  suppodng  the 
equation  of  the  surface  to  be 

F  {x,  jf,  z,  a,  /?)  =  0, 

and  putting  it  under  the  form 

F  (a?,  tff  z,  a,  ^a)  =  0, 

where  one  of  the  parameters  is  assumed  to  be  an  ari>i- 
trary  function  of  the  other,  we  may  reason  as  foUows  \* 
Difierentialing  this  function,  with  the  view  of  deriv- 
ing the  intersection  of  any  two  coipecutive  sur&ces,  we 
obtain,  for  the  equations  of  this  intersection^ 

F  (a?,  y,  z,  a,  ^a)  -  0, 

da        dq>^ 

But  since  ^  relates  only  to  the  connection  between  the 
variable  parameters  a  and  /3,  and  does  not  affect  the 
manner  in  which  they  are  attached  to  the  variables  Xy  y 

*  The  remaindor  of  the  proof  is  abridged  from  Le  Roy's  An.  Geo.  p.  211. 
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Sect  V.    Of  eonres  tangential  and  normal  to  BTttemf,  and  of  the  singnlar 

points  of  syfltems. 

Art  310.    Sorfiusea  tangential  to  a  syatem  of  anrftoee. 

and  Zj  it  will  follow  thati  whilst  a  and  ^  remain  the 
same^  the  two  preceding  equations  will  always  involve 
Xf  y  and  z  to  the  same  degree.  The  intersection  is^  on 
this  account,  called  the  characterisHe. 

311.  The  tangential  surfaces  that  we  have  considered^ 
are  called  by  Mongb  the  envelopes  of  the  system ;  as 
they  correspond^  however^  to  the  tangential  lines  of  plane 
curves^  I  have  merely  spoken  of  them  by  their  property 
of  tangency ;  and  one  of  these  tangential  surfaces  being 
distinguished  from  the  rest^  by  the  fact  that  it  enve- 
lopes the  whole  compound  system,  I  have^  for  want  of 
any  other  method  of  distinction^  used  the  name  ^^  enve- 
lope'^ as  implying  this  particular  tangential  surfiu^. 

Its  equation  i&  obtained  by  differentiating  the  equation 

F  {x,yyZ,a,P)  -0, 
with  regard  to  each  of  the  independent  parameters  a 
and  ^y  successively,  and  equating  the  results  with  zero. 

The  equation 

a  a 

obtained  by  the  first  of  these  differentiations^  expresses^ 
when  taken  in  conjunction  with 

F-0, 

the  intersection  of  two  consecutive  surfaces  in  that  sim- 
ple system^  for  which  a  alone  varies  j  whilst  the  equa- 
tion 

has  a  oiinilar  agnificaticm  in  regard  to  the  system  where 
/3  varies. 
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Chip,  n.    BAtiong  that  ezirt  between  the  linee  or  the  eor&oee  ^  one  lyt* 

tern,  end  thoee  of  uwther. 

Art.  311.    Envelope  of  a  •jfltem  of  mirfiieee.    Art.  312.    Bnrfibcan  nonEialto 

a  syatem. 

When^  therefore^  the  three  equations 

F=0 

da 

-—  =  0 
rf/? 

are  regarded  as  simultaneous,  the  result  belongs  to  the 
point  wherein  the  two  preceding  curves  mutually  inter- 
sect. And^  eliminating  the  parameters  a  and  /?,  where- 
by these  points  are  distinguished^  the  result  will  be  a 
surface  common  to  them  all — ^the  envelope^  namely,  of 
which  we  were  in  search. 

312.  After  what  has  been  here  said,  the  theory  of  sur- 
faces that  are  normal  to  a  system  Fig.  271. 
will  only  require  a  passing  notice. 
Their  existence  may  be  illustrated^ 
as  in  the  preceding  case,  by  the  re- 
volution of  a  system  of  plane  curves 
upon  one  of  the  axes.    Assuming 
for  example  the  system  of  concen- 
tric ellipses,  art.  308,  to  revolve,  with  their  normal 
curves,  about  the  axe  of  the  z\  and  the  form  of  the  re- 
sulting systems  of  ellipsoids  and  normal  surfaces  will  be 
understood  from  fig.  271. 

The  analytical  process  to  be  employed  in  cases  where 
the  given  surfaces  are  not  of  revolution,  is  merely  an 
extension  of  that  used  in  art  308^  which  teaches  us, 
first,  to  substitute  in  the  differentia)  of  the  given  equa- 
tion Xy   y  and  z^  for  af^  y'  and  z'y   and   secondly, 
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Sect.  V.    Of  curvet  tangential  and  normal  to  syatenu,  and  of  the  lingular 

pointa  of  Byatems. 
Art  312.    Sorfacea  normal  to  a  ayatem.    Art.  313.    Singnlar  pointa  and 

Uneaof  aayatem. 

■    aftcrreplacing-I ,  and  -  1,  by  $!  and^.  to  in- 
^       "      dz  dz'    '  dx'        dyt 

^  dy 

tegrate  the  result. 

313.  In  concluding  the  subject^  we  may  remark  that 
-  systems  of  surfaces  will  also  admit  the  relations  of  singular 
points  and  lines  noticed  in  art,  309 ;  as  well  as  some  that 
are  peculiar  to  themselves;  such  as  the  line  formed  by 
the -intersections  of  the  consecutive  characteristics^  or,  in 
other  words^  the  curve  tangential  to  that  system;  it  forms 
a  species  of  ridge  known  by  the  name  of  the  ^^  edge  of 
regression/'  and  in  developable  surfaces  is  always  a  right 
line. 


4d 


{ 


NOTES. 


Note  1,  page  124. 

The  hesitation  of  tnalhematicians  to  introduce  the  notion  of 
infinity  into  treatises  of  elementary  geometry,  seems  contrary 
to  every  principle  of  sound  logic.  The  idea  is  an  essential  ele- 
ment in  the  relations  of  place  and  position,  and  can  only  be 
hidden  from  view  by  having  recourse  to  an  ambiguity  of  ex- 
pression, that  renders  the  demonstrations  where  it  is  used,  more 
specious  than  just  The  very  idea  of  an  angle  involves  the 
infinity  of  space  :  since  we  cannot  define  an  angle  to  be  the 
opening  formed  by  two  lines  that  meet  in  a  point,  without 
admitting  the  dilemma,  that  either  this  opening  is  a  space 
enclosed  on  all  sides,  which  cannot  be  allowed ;  or  that  it  is  a 
space  extending  in  one  direction  to  infinity.  The  usual  method 
of  avoiding  the  latter  alternative  is,  to  allow  the  student  to 
discover  for  himself  the  idea  attached  to  the  word  opening ; 
an  artifice,  that  removes  nothing  of  the  real  diflScuIty,  but 
has  the^efiect  of  giving  to  the  subject  an  appearance  of  rigour, 
foreign  to  its  nature. 

Expecting  that  many  will  object  to  my  views  on  this  point, 
I  have  looked  over  every  theory  of  parallel  lines  that  fell  in  my 
way;  from  that  of  Euclid,  to  those  recently  published  in  the 
Southern  Review,  and  in  an  American  edition  of  Legendre, 
and  can  discover  none,  without  excepting  even  Legendre's  cele- 
brated functional  demonstration,  that  are  not  altogether  based 
on  the  idea  of  infinity. 

With  regard  to  the  functional  demonstration,  I  wish  to  say 
a  few  words : 

The  two  principles  whereon  it  is  founded,  are,  first,  that  all 
geometrical  relations,  whether  of  number,  quantity  or  position. 
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can  be  expressed  by  equations.  And,  secondly,  that  angles  and 
lines  are  necessarily  heterogeneous,  because  the  former  are  num- 
bers, which  the  latter  are  not. 

As  an  axiom  immediately  to  follow  the  doctrine  of  pare 
number,  and  by  which  the  student  is  to  discover  the  nature 
of  quantity  and  position,  and  their  relations,  the  first  of  these 
propositions  is  manifestly  inadmissible.  It  is,  in  &ct,  only 
known  to  be  true,  when  we  have  learned  that  all  the  relations 
of  quantity,  and  space,  and  position,  reduce  themselves  to  mere 
relations  of  number ;  a  fact  far  from  being  at  first  obvious,  and 
that  cannot  be  demonstrated  without  using  the  principle  which 
Legendre  employs  this  axiom  to  establish. 

With  respect  to  the  second  proposition,  that  angles  and  lines 
are  heterogeneous,  because  the  former  are  numbers ;  it  may  be 
remarked,  first,  that  angles  and  lines  are  only  heterogeneous 
fi'om  involving,  when  compared  with  the  whole  of  space,  a 
different  power  of  infinity  ;  and  not  in  the  sense,  that  a  physi* 
oal  quantity  is  heterogeneous  to  one  purely  geometrical  And, 
secondly,  ihsLineither  angles  nor  Unes  are  numbers^  but  that  both 
can  be  expressed  by  numbers,  when  referred  to  their  several 
units,  namely,  the  whole  of  plane  space,  and  an  infinite  straight 
line.  The  true  difference  between  them,  lies  in  the  nature 
of  the  factor  whereby  they  are  referred  to  those  units ;  and  this 
diderence  caimot  be  properly  exhibited,  without  stating,  that  in 
one  case  the  factor  is  infinite.^ 

It  remains  for  me  to  mention,  that  in  the  demonstration  to 
which  this  note  is  attached,  I  took  the  idea  of  expressing  the 
angles  of  the  triangle  in  terms  of  its  area,  from  a  demonstra- 
tion suggested  by  my  predecessor  at  the  university. 


Note  2,  page  1S5. 

In  place  of  demonstrating  in  each  particular  case  of  the 
problem  the  dependence  of  commensurate  and  incommen- 

*  It  may  perhaps  be  worthy  of  notice,  as  a  carious  fact,  that  a  theory  which 
has  occasioned  so  much  discussion  when  applied  to  lines  described  on  a 
pUme,  presents  no  difficolty  when  applied  to  Unes  described  on  a  jgiJUrs. 
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surate  quantities,  it  was  thought  advisable  to  defer  a  truth  of 
such  universal  application,  until  it  could  be  established  with 
complete  generality. 

The  student,  in  this  view  of  the  subject,  is  made,  first,  to 
investigate  the  relations  of  commensurate  quantity,  and,  sub- 
sequently, to  extend  them,  by  a  single  operation,  to  those  which 
are  incommensurate*  • 

This  step,  which  it  was  intended  to  make  by  a  process  of 
algebra,  I  have  since  replaced  by  the  following  geometrical  de- 
monstration, that  ought  to  have  found  a  place  in  the  body  of 
the  work. 

1.  The  demonstrations  of  all  geometrical  problems  have  been 
shown  to  proceed  by  the  continued  superposition  of  elemen- 
tary figures. 

2.  When  this  superposition  is  made  with  regard  to  parts 
that  are  incommensurable,  one  of  the  points  wherein  an  angle 
of  the  last  elementary  figure  ought  to  fall,  is  not  attained. 

S.  The  error  may  be  diminished  to  less  than  any  assignable 
quantity. 

4.  The  directions  taken  by  the  sides  of  the  elementary  fig- 
ures, and  whereby  the  points,  not  determined  by  superposi- 
tion, are  found,  are  the  same  in  one  case  as  the  other. 

5.  The  only  difference,  then,  which  occurs  between  the 
analysis  of  incommensurate  and  that  of  commensurate  quan- 
tities, may  be  stated,  by  saying,  that,  a  definite  number  of  the 
points  whereon  the  figures  depend,  and,  consequently,  the 
figures  themselves,  differ  by  less  than  any  assignable  quantity. 

6.  But  to  prove  that  figures  have  no  assignable  difference, 
is  merely  to  establish  their  ajgreement  by  an  indirect  process.* 


Note  S,  page  191. 

Analysing  the  triangle  fig.  113,  p.  131,  into  two  right 
angled  triangles,  we  have,  art.  80 — 2, 

*  It  ii  remarkable  that  Mr  J.  Touno,  whose  works  have  reached  America 
■ince  this  book  was  in  the  press,  should  blame  LzoxvnBX  for  his  demonstra] 
tions  of  incommensurate  quantities,  the  happiest  invention  in  a  masterly 
work. 
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Area  ABmi^iAmxBm 
Area  BCmsiCmxBm 
Hence,  by  addition, 

Area  ABC^ia'  xBm 

4t    ^      B  tti 
a  xa 

a 

0 

B  }  a'  X  din.  aa' 
which  is  the  expression  used  in  the  text. 


Note  4,  page  204. 

In  art  SIS,  it  is  shewn  that  six  of  the  relations  of  four 
points  must  be  given  to  determine  the  remainder;  now  in 
the  type  of  closed  solids,  it  is  shown  to  follow  from  the  con- 
struction, that  three  of  the  angles  are  right  angles,  and  conse- 
quently we  have  three  parts  yet  to  be  given  before  the  re- 
mainder can  be  formed :  one  of  the  remaining  parts,  the 
fourth  right  angle,  is  shown  in  art.  61  to  be  a  necessary  con- 
sequence of  the  three  other  right  angles,  and  is  therefore  not 
assumed  as  a  fourth  given  part 


Note  5,  page  242. 

Algebra  consists  of  two  parts,  the  method  of  putUng  pto- 
blems  into  equations,  and  of  interpreting  the  results  when  ob- 
tained ;  these  last,  if  the  reasoning  has  been  correct,  must 
always  give  a  correct  account  of  the  errors  made  in  the  pre- 
mises, and  consequently,  of  the  changes  required  to  correct 
them. 

In  the  case  where  the  errors  are  those  of  addition  and  sab- 
traction  only,  or  of  the  positive  and  negative  sign,  the  method 
of  interpreting  the  results  is  explained  in  all  the  elementary 
treatises  upon  algebra. 
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Note  6,  page  295,  written  by  an  modoerteticy  note  6. 

The  introduction  of  this  notation,  and  of  the  very  useful 
case  of  it  where  the  exponent  is  negative,  is  claimed  by  Bab- 
BA6E :  it  is  however  so  obvious  as  to  have  been  in  frequent  use 
before  the  works  of  thut  eminent  mathematician  were  in 
general  circulation. 


Note  7,  page  334. 

See  art*  204.  It  was  intended  to  add  here  some  further  re- 
marks to  those  in  the  text,  but  as  the  second  demonstration 
in  art  145,  is  only  intended  for  students  that  have  made  some 
progress,  they  appear  unnecessary. 


Note  8,  page  393. 

It  has  escaped  the  numerous  editors  of  Legendre,  that  his 
demonstration  of  this  problem  is  erroneous.  It  may,  how- 
ever, be  rendered  complete  by  a  process  of  which  it  is  only 
*  necessary  to  mention  the  general  principle. 

Assuming  A  and  B  for  the  points  on  the  sphere,  m  for  the 
point  taken  in  the  supposed  shortest  line,  and  Bn  for  an  arc  of 
A6,  equal  to  the  arc  Bm ;  describe  with  a  radius  An,  a  small 
circle  which  has  A  for  its  pole. 

1.  The  shortest  distance  from  A  to  any  part  of  this  circle 
will  always  remain  the  same. 

2.  The  point  n  lies  in  the  circumference  of  the  circle,  and 
the  point  m  without. 

3.  Hence  the  distance  from  A  to  in\a  always  greater  than 
the  distance  from  A  to  n;  which  is  the  step  in  Legendre's  rea- 
soning that  is  established  on  erroneous  principles. 


THE  END. 


ERRATA. 

Pmge  5,  bottom  line,  for  on,  read  or.  ' 

Pag€  17;  one  of  the  letters  B,  in  Hum  figure,  ihoald  hare  <im  aeemts. 

Page  89,  line  four  from  bottom ;  ifier  A'B'C  insert  and  ABC. 

Page  109,  table  No.  7,  l&st  line,/or  a'"  read  a^. 

Page  120.  fourth  and  ninth  line  from  bottom  Jbr  ^.  103  read  &g.  104. 

Page  191,  the  .^.  48  is  repeated. 

Page  122,  the  number  o^ibefrst figure  in  this  pa^  is  the  bum  with  that 
of  the  last  figure  in  po^e  120. 

Page  126;  in  thejS|fttre,  and  that  part  of  the  text  which  refers  to  it,  c  is  pat 
for  a. 

Page  127,  ninth  line  from  bottom, /<m»  convictions  read  conyentionaL 

Page  141 ;  the  letter  B,  at  the  bottom  of  thefigure,  should  be  seoetHtetf  ;  and 
the  laet  Utter,  in  the  same  paga,  shoald  be  B«.  Tfaroagbont  the  efmatinu  in 
the  same  page,  a"  skouLd  he  a'",  and  V  ehould  he  V\ 

Page  142,  fifth  Une  from  bottom,/or  (6V')  read  (V^oT). 

Page  143 ;  in  ihe  figure,  for  e  read  «. 

Page  146 ;  throughont  this  psge,/or  e  read  c'\ 

Page  147 ;  do.  do. 

Page  158,  fifth  and  seventeenth  line  from  top, /or  A'  read  A/. 

Page  154 ;  in  the  figure,  the  letter  E,  which  occnn  in  the  line  AE,  Aauid 
heT.  ' 

Page  155,  ninth  line  from  bottom,  for  i  (AA")  +  (A''A"0  +  (AA"^), 
raod,  4  {(AA'O  +  (A-'A'")  +  (AA"")  j. 

Page  170 ;  in  the  j^^icre,  the  letters  A  end  E  en  omitted^ 

Page  219  -,  the  letter  z,  adjacent  to  F,  in  thisJ^^«re,fAsiitf  As  s. 

PageZSi;  th»  number  of  the  figure  17U,  ia  omitted. 

Page  203 ;  the  combination  3,  is  merely  the  preceding  cominnation  wnltaii 
backward  ;  it  shmdd  he  a    h'    e  "a'. 

Page  278,  sixteenth  line  from  top,/er  Art  120  read  Art.  119. 

Pagfi 280,  seyeoth line  from  topjor  6-2883185 racuf  628318&. 

Page  290,  eleventh  line  from  top,  for  artioles  19  and  20  read  aitiolae  119 
and  120. 

Page  292,  formula  17,  fir  «°*-«tt.^  reid  ™'^  — "J^.^ 

COS.  A  -f-  COS.  /B  sin. «  -f-  sin.  /B 

Page  311 ,  eighth  line  from  top,  far  art.       ,  read  art.  49. 

JPflf  e  311,  tenth  line  from  top,  for  art       ,  read  art.  129. 

Page  328,  fifth  line  from  bottom,/or  supposing  BCD  sttnated  at  its  angle, 
read,  supposing  ABCD  situated  at  its  angles.— The  angles  wholly  aeote  an 
situated  at  A  and  B. 


Pages  ^  I  two  figures208. 


